George E. Andrews 
Bruce C. Berndt 


Ramanujan's 
Lost Notebook 


Part V 


A Springer 


Ramanujan's Lost Notebook 


George E. Andrews « Bruce C. Berndt 


Ramanujan's Lost Notebook 
Part V 


A Springer 


George E. Andrews Bruce C. Berndt 


Department of Mathematics Department of Mathematics 
The Pennsylvania State University University of Illinois 
University Park, PA, USA Urbana, IL, USA 

ISBN 978-3-319-77832-7 ISBN 978-3-319-77834-1 (eBook) 


https://doi.org/10.1007/978-3-319-77834- 1 
Library of Congress Control Number: 2018935289 


© Springer International Publishing AG, part of Springer Nature 2018 

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of 
the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, 
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information 
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology 
now known or hereafter developed. 

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication 
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant 
protective laws and regulations and therefore free for general use. 

The publisher, the authors and the editors are safe to assume that the advice and information in this book 
are believed to be true and accurate at the date of publication. Neither the publisher nor the authors or the 
editors give a warranty, express or implied, with respect to the material contained herein or for any errors 
or omissions that may have been made. The publisher remains neutral with regard to jurisdictional claims 
in published maps and institutional affiliations. 


Printed on acid-free paper 
This Springer imprint is published by the registered company Springer International Publishing AG part 


of Springer Nature. 
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland 
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We are especially grateful to these mathematicians 
whose work and guidance on mock theta functions 
made it possible to complete this volume. 


I have shown you today the highest secret of my 
own realization. It is supreme and most mysteri- 
ous indeed. 


Verse 575 of Vivekachudamani, 
by Adi Shankaracharya 
Sixth Century, A.D. 


Preface 


This is the fifth and final volume that the authors have written in their ex- 
amination of all the claims made by S. Ramanujan in The Lost Notebook and 
Other Unpublished Papers. Published by Narosa in 1988, the treatise contains 
the “Lost Notebook,” which was discovered by the first author in the spring 
of 1976 at the library of Trinity College, Cambridge. Also included in this 
publication are partial manuscripts, fragments, and letters from Ramanujan 
to G.H. Hardy. In his last letter, Ramanujan introduced mock theta functions 
to the mathematical world for the first time. Most of this volume is devoted to 
Ramanujan’s beautiful identities involving mock theta functions, which popu- 
late his “Lost Notebook.” Also featured are Ramanujan’s many elegant Euler 
products, found in scattered entries and in a manuscript published with the 
“Lost Notebook.” A few continued fractions are also examined. 
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Introduction 


'This is the fifth and final volume devoted to an explication of the content 
of Ramanujan’s Lost Notebook and Other Unpublished Papers [232]. As the 
title indicates, [232] features the original *Lost Notebook," discovered by the 
first author in the library at Trinity College, Cambridge in the spring of 1976. 
However, [232] also contains several unpublished manuscripts by Ramanujan, 
letters that Ramanujan wrote to G.H. Hardy from nursing homes, Ramanu- 
jan's last letter to Hardy, and miscellaneous pages by Ramanujan. It has been 
our goal to cover all of this material. 

After a respite from q-series in our fourth book [35], we return to q-series 
in this final volume. In particular, we examine the material on mock theta 
functions found in the lost notebook. Undoubtedly, the mock theta functions 
are among the most important of Ramanujan's contributions to mathematics. 
They are currently a prominent topic of contemporary research, and their in- 
fluence is being felt in several areas of mathematics and physics. It is far too 
early to offer a definitive assessment of their value on the future of mathemat- 
ics, but suffice it to say, it will be substantial. Readers may wish to consult one 
of the several surveys on mock theta functions, in particular surveys by the 
first author [26], [29, pp. 247-267], the treatise of K. Bringmann, A. Folsom, 
K. Ono, and L. Rolen [75], the lectures of K. Ono [223] and D. Zagier [280], 
W. Duke's brief paper [129], Folsom's excellent surveys [134], [136], and Ono's 
engaging article [224]. 

Having already emphasized the prominence of “q” in this volume, it seems 
appropriate here to introduce the g-notation that will be used in the remainder 
of the sequel. Always, it is to be assumed that q is a complex number with |q| < 
1. First, define, for any complex number a and each non-negative integer m, 


n—1 
(aiqjo:- 1, (ag) = [[G-ag*), 221, (1.0.1) 
k=0 
and . 
(a;q)s, :— lim (a; q)a. (1.0.2) 
n— oo 
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If the base q is “constant” throughout a section, then we may delete it from 
our notation and write 


(a), :— (a;d)u, n>O0, and (a)æ:= (A; qQ)oo- (1.0.3) 


Occasionally, we encounter products of several products. In such instances, it 
is convenient to use the notation 


(a1, 42,---,@m3Q)n = (41; 9)n(42;Q)n°**(G@midn, mm>i1, (1.0.4) 


and 

(41, 42,---,@m3Qoo = (a1; q)oo(a2; q) ^^ (amid)eo, m 2 1. (1.0.5) 
In some instances, we may abbreviate the notation by writing (a1, a2,.-..,@m)n 
and (a1, d2,---,@m)oo, respectively. Second set, for each non-negative integer 


n and complex number a Z 0, 


[a;]n :— (aiq)n(q/a;q)n and [aig] = (a; q)oo(q/a;q)oo> (1.0.6) 
For every pair of non-negative integers n,m, define 
[@1,@2,---,@m3Q)n :— [a1; a] [a2; dln +++ lam; Qn; (1.0.7) 
and 
[a1, a2,- - - , am; Joo :— [415 qJ]ool@2; qloo***[@mi doo, mz 1. (1.0.8) 
Furthermore, set 
[a1, a2, ..., &m]n := [01, d2,---,Am3 qn; (1.0.9) 


and 
[04, 42, ..., Gm]oo :— [01, @2,---, am; Gloo- (1.0.10) 


The g-analogue of the binomial coefficient a n,m > 0, m < n, is defined 
by 
M TC _, (1.0.11) 
m| — (qa)m(d:a)n-m 
The term, “order,” for mock theta functions is, at best, somewhat vague. 
Ramanujan, in his last letter to Hardy (Chapter 14), describes third order, 
fifth order, and seventh order mock theta functions. He gives no explanation 
for this characterization. We hazard a guess that the “order” is associated 
to the modulus of the related theta functions. The third order functions are 
related through identities to Euler's classical pentagonal number theorem. 
Fifth order functions are linked closely to the Rogers-Ramanujan identities 
(and thus the number 5). The seventh order functions (of which Ramanujan 
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only says that “These are not related to each other.” ) must have been named 
owing to their natural similarity to identities (59)-(61) in [250] and which 
Ramanujan had access to in [238] and [239]. 

The discovery subsequently of unnamed mock theta functions in the Lost 
Notebook and elsewhere left many researchers with the vexing question of 
what order to give each of these new functions. Generally, a choice was made 
from the examination of terms in related Appell-Lerch series or Hecke-type 
series involving indefinite quadratic forms. We have retained the names from 
the literature even though we have no more justification than making our text 
compatible with what had gone before. 

'Third order mock theta functions are discussed in Chapter 2. Chapter 3 
is analogous to Chapter 2 in that basic properties of fifth order mock theta 
functions are established. We return to the third order mock theta functions 
in Chapter 4 and derive partial fraction expansions that are intimately con- 
nected with the generating function for ranks of partitions. Returning to fifth 
order mock theta functions in Chapter 5, we prove the equivalence of identities 
involving fifth order mock theta functions in each of two sets of five identities; 
each set of identities came to be known as the mock theta conjectures. Chap- 
ter 6 is devoted to proofs of the mock theta conjectures. Sixth order mock 
theta functions are addressed in Chapter 7. The entries on tenth order mock 
theta functions are difficult, especially the fifth, sixth, seventh, and eighth, 
and consequently five chapters, Chapters 8-12, are devoted to the proofs of 
the eight entries on tenth order mock theta functions. 

Most readers probably have some acquaintance with Ramanujan's arith- 
metical function T(n), which is generated by a Dirichlet series possessing an 
Euler product. Scattered throughout the Lost Notebook are many further re- 
sults providing Euler product representations for important Dirichlet series, 
and these are discussed and proved in Chapter 15, which is based on a paper 
that the second author coauthored with B. Kim and K.S. Williams [63]. 

Most of Ramanujan's claims on continued fractions in the Lost Notebook, 
especially the Rogers-Ramanujan continued fraction, are discussed in our first 
book [32]. A few scattered entries are examined in our following three books on 
the Lost Notebook [33], [34], and [35]. This volume contains our examination 
of the remaining entries on continued fractions, which were first examined in 
a paper that the second coauthor wrote with S.-Y. Kang and J. Sohn [62]. 

Although this is our final volume on the Lost Notebook, a plethora of 
questions need to be answered—in particular, questions about the paths and 
reasoning that Ramanujan took to his discoveries. Throughout the years, the 
authors have asked countless questions as they marvelled about Ramanujan's 
thinking and ingenuity. We have addressed only a small proportion of these 
in Chapter 19. Readers will undoubtedly have their own such questions. 

Many mathematicians contributed proofs to this volume, and so we would 
like to personally thank them, for if it were not for their many beautiful 
and deep contributions, this volume would never have been written. To that 
end, we are extremely grateful to Song Heng Chan, Youn-Seo Choi, Frank 
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Garvan, Dean Hickerson, Soon-Yi Kang, Byungchan Kim, Eric Mortenson, 
Jaebum Sohn, Kenneth S. Williams, Hamza Yesilyurt, and Sander Zwegers. 

We are particularly grateful to Shaun Cooper who offered many helpful 
comments on our manuscript, to Jaebum Sohn who read almost all of our 
manuscript in complete detail uncovering a plethora of misprints and offering 
numerous suggestions, and to Eric Mortenson who brought us up to date with 
several references and many additional helpful suggestions. Several useful sug- 
gestions and corrections were also supplied by S. Bhargava, Mike Hirschhorn, 
Michael Somos, and Youn-Seo Choi. 


| Check for 
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Third Order Mock Theta Functions: 
Elementary Identities 


2.1 Introduction 


In his last letter to G.H. Hardy (see Chapter 14), Ramanujan listed four third 
order mock theta functions, namely, 


ids Enn 
$3(q) :— 3 id (2.1.2) 
Vs(q) = 2 m (2.1.3) 
and 
3 a (2.1.4) 


Xs(q) := a IL METETZ 


(We use above the basic notation (1.0.1).) In addition to these, the following 
third order mock theta function appear in the Lost Notebook: 
oo grat 


ws(d) :2 Y So, (2.1.5) 
— (aa?) 
oo n?-En 
q 
V3(q) := — , (2.1.6) 
2. (74:4?) 
and 
g2n(n+1) 
- : 2.1.7 
-> s TT =o (1 vmm + q4i+2) ( ) 
© Springer International Publishing AG, part of Springer Nature 2018 5 
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G.N. Watson [269, p. 62] believed that these last three mock theta functions 
were his discoveries, but he apparently only had Ramanujan’s last letter avail- 
able to him at the time he wrote. The methods that Watson introduced in 
[270] inspired the more general theorems in the next section as well as the 
theorems in [13] and [16]. 

In this chapter we consider the identities connecting these third order 
mock theta functions to each other and to various classical theta functions. 
The chapter concludes with Entry 2.3.9 in which Ramanujan generalized a 
couple of previous results by introducing a second variable. Two methods will 
be employed: (1) q-series manipulation (cf. our second book [33, Chapter 1]), 
(2) partial fractions (cf. our first book [32, Chapter 12]). Indeed, it would have 
been natural to include all of the entries in this chapter in one or the other 
of the two chapters just cited. We feel, however, that this final volume should 
contain everything from the Lost Notebook related to mock theta functions. 


2.2 Basic Theorems 


For the convenience of readers, we reproduce two theorems from [33, p. 6, 
Theorem 1.2.1; p. 7, Theorem 1.2.2]; see also [12]. (We employ the nota- 
tion (1.0.2).) 


Theorem 2.2.1. If h is a positive integer, then, for |t|, |b| < 1, 


Oo Al OO ipa (c: q)sc 


cs fau sb m rales ud a) bs (c/b; g^ g^ 
PM : E MC q Bos "s 


(2.2.1) 
Theorem 2.2.2. For |t|, |b| < 1, 


3 (a; q7)n (b d)n n _ (b: doo - E ~ 2 (c/b; d)an (t; n pan (2.2.2) 


(PSP )nlGQn (c; Woo (a; Dan (at; 9?) n 


(b; i> (atq; q? Jas a (c/b; q)2n+1 (tq; q 3 n p2n+1. 
(c; q)æœ(tq; q?) (a; q)2n+1 (atq; d?) 


In [12], purely elementary identities were derived which implied many of 
the results in Ramanujan’s last letter to Hardy. We shall prove limiting ver- 
sions of Theorems 1 and 2 of [15]. 

Theorem 2.2.3. For b,c € C, b #0, 
99 n nn Be n n? 
y^ Gies CD" ("a © Cab; q?)se (cb; g?) Y (95; @)n(—1)"4 
A0 G59)(6)». (C5) 00(45 9? )oo(—B; Doo 4 (0°; Gn (cb; a?) 


eb goo (cba; a) 20 > CT e V ll 
1 (c TUM (q; q?)s.(— b; d) oo EU (q2; q2),, (cbq; q2),, . 
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Proof. In Theorem 2.2.2, replace a by cq/(bt) and let t — 0. This yields 


»» (bia). (—1)^(c/b)q"" — (bq)es(cq/0;q?)oo $ (c/b; q)2,,7^ 


HS BPGn (c: q)o0 £— (a; d)an (cab; @)n 
H (b; d) (cq? /b; q?)oo N74 (c/b; a), 1021 
(c; Q)oo nci (q; q)2n41 (ca? /b; Gq?) n 
— (bia) (ca/b; g?) Ru 2 2), b?" 
(c; d)oc Le )n(45 4?)5 
b(b; q)ss (c/b; q?) (og big?) p 
*- 0-959 hen :q?)n(q*: q?)n 
_ (b; q)ec(ca/o; 0?) T. a = Jal- yeg” 
(c; Q)oo (q; d? m» )n(eb; q?)n 


4 Vb: 9) 00(¢/b; 7). es 4 we (P; g?), (-1)ng #2" 
(1—q)(Gq)ee (9959? )o0 (P^: 9? oo A=) (9? 9?) n (cha; q?)s 
where the last equality follows by two applications of Theorem 2.2.1 with 
h = 1, b = 0, t = b?, and q replaced by q?. In the first application, a is 


replaced by c/b and c = q; in the second, a is replaced by cq/b and c = q?. 
Simplifying the last equality now yields the desired result. 


Theorem 2.2.4. For b,c € C, b z 0, 
2. (g; a)n (c: a)n 


_ (ba; 7? oc (—ai d) (c/b; qd?) ss < Jn (c/b)? q-e 
To 2 TD, 


n (b; 97) 00(—93 Doo (c ee Wes 2 (bq; q? )n (c/b)? +q +n 
(c; q)ec(—c/b; g)> nao (a; d)2n1(c?a/b; q?)s, 


Proof. In Theorem 2.2.1, set h = 1, replace a by —q/t, and let t — 0. Hence, 


Gagne 


Y (bg) 00/7 — (b; es x gs x i d 


omar n -H P 
_ (b; D »- q) oo M )nb” 
va s Qn 
_ (bia)os(—4; Doo (c ve a 25 )«(c/bjngnn-0 
= (c; d)on ej c/b; q)sc eu (q; Qn (c? /b; @)n 


(alba jas 5 (bq; Pci 
(—c/b; q) sc (ba; q?) = (a; Dans1(c2q/b; @)n ’ 


8 2 Third Order Mock Theta Functions: Elementary Identities 


where we applied Theorem 2.2.2 with t = b, a = (c/b)?, c replaced by —c/b, 
and b — 0. Simplification completes the proof of Theorem 2.2.4. 


2.3 The Third Order Identities 


First recall the definition and product representation for Ramanujan's theta 
function y(q), namely [33, p. 17, equation (1.4.3)], [55, pp. 36, 37; Entry 22(1), 
equation (22.4)] 


oo 


non? _ (Goo 
p(—-q) := —1)"g" =>. 2.3.1 
e o qe (2.3.1) 
In his last letter to Hardy [230, p. 354], [67, p. 222], Ramanujan offered the 
following identity relating the three third order mock theta functions f3(q), 


$3(q), and v3(q), defined, respectively, in (2.1.1)- (2.1.3). 


Entry 2.3.1 (p. 31, 2nd and 3rd equations). With (q), fa(q), óa(q), 
and wW3(q) defined in (2.3.1), (2.1.1), (2.1.2), and (2.1.3), respectively, 


e^ (-4) 
203(—q) — fs(a) = fa(a) + 4vs(—a) = — (2.3.2) 
(45 d) se 
Proof. In Theorem 2.2.3, set b = q and c = —q. Using Euler’s theorem and re- 
placing n by n—1 in the second series on the right-hand side in Theorem 2.2.3, 
we find that 


fa(q) = ós(—a) — 2vs(—4). (2.3.3) 
Next, in Theorem 2.2.3, set b — —q and c — q to deduce that 


oo q" 7 1 E 
26 Casale ~ Eg 1 t?» (2.3.4) 


Once we recall that [17, p. 21, equation (2.2.9)] 


2 d 1 
z , 2.3.5 
2. (aj4)2 (Goo (2.3.5) 


we see that (2.3.2) follows directly from (2.3.3) and (2.3.4). 


The next entry involves two further third order mock theta functions p3(q) 
and w3(q), defined, respectively, in (2.1.7) and (2.1.5). Also recall Ramanu- 
jan’s theta function v (qg) and its product representation given by [33, p. 17, 
equation (1.4.10)], [55, p. 36, Entry 22(ii)] 


— 7 n(n+1)/2 _ (a d ee 
v(q) : 2a [Oro (2.3.6) 
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Entry 2.3.2 (p. 15, top equation). With p3(q), w3(q), and w(q) defined 
above, 


2(. 43 
o? ot q) d Son a} = EEO. (2.3.7) 

G.N. Watson proved this result in [269, p. 63]; however, he states, “Rather 
strangely (particularly in view of his having discovered both sets of functions 
of order 5) he [Ramanujan] seems to have overlooked the existence of the set 
of functions which I call w(q), v(q), p(q)-" This strongly indicates that Watson 
either did not possess or had totally ignored the Lost Notebook [232] in 1935 
when he wrote [269]. 


Proof. We follow Watson [269]. Employing [32, p. 263, equation (12.2.5)], 
namely, 


ee n 43n(n Mid n? +n 
a PSS lee 099 
Gea = Laeger L (ed? a)n ga (a7? /e5 a) 
with q replaced by q? and c = 1, we find that 
1 oo (21 morer) 
w3(q) = (23 q2) x0 De. 1— q?"1 
H 1 S (Tyger ES grt (2 P 9) 
PP sa Jpn l U 


Next, apply (2.3.8) with q replaced by q? and c = e?7//? to deduce that 


B 1 oo (—1yspnin FO = get?) 
p3(q) = (q?; q2) L (1 — e2"i/3g2n+1) (| — @— 21/3 q2nF1) (2.3.10) 
Hence, combining (2.3.9) and (2.3.10) term by term, we find that 
oo y gern + o Efe 
2ps(q) + ws(q) -55 ] — qon*3 
99 n=0 
NEM Cul y? (g?) 
- =3 ; 2.3.11 
"Px x C hans ipe 
where we have used [32, p. 264, equation (12.2.9)], i 
oo —1)” n(n+1)/2 en)2 
l= eg” (c: q)œo (4/6; d) sc 


T;——oo 


with q replaced by qf and c = q?, and where we also invoked (2.3.6). This last 
identity (2.3.11) is equivalent to (2.3.7), and so the proof is complete. 
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defined in (2.1.4). 


Entry 2.3.3 (p. 15, 2nd equation). If fs(q) is defined by (2.1.1), 


given by (2.3.1), and xa(q) is given by (2.1.4), then 


e?*(-q) 
ICT E 


xa(q) = > fa(q) + ; "Tm 


4 


Proof. We begin by employing [32, p. 263, equation (12.2.3)], i.e 


1 po (- 1)"q n(3n+1)/ 


n? 
2, 1— cq” DON 


twice, first with c = e7//? to find that 


, oo (-1y*(1 n gums 
T b» {= q? + q?n 2 


n=l 


and second with c = —1 to find that 


by an appeal to (2.3.12) with c = —1 and q replaced by q?, 
This last identity is equivalent to (2.3.13), and so the proof is complete. 


fa(q) = 


yr q” (3n+1)/2 


Therefore, by (2.3.15) and (2.3.16), 


Um 


Axa(q) — fa(q) 


The next entry involves another third order mock theta function xa(q), 


q(—q) is 


(2.3.13) 


(2.3.14) 


(2.3.15) 


(2.3.16) 


1 34 D» yr gr(3nt1)/2 (d y! (1 2 )) 
= +q” ES E q” +q n 
(d; d)oc E Tg 
j? gon (n--0/2 
1+ iv ss 
3 2, 3 
— —q ), 
(a; Qo” x 


and to (2.3.1). 


Entry 2.3.4 (p. 17, 3rd equation). If fs(q) is defined by (2.1.1) and p(—q) 
by (2.3.1), then 


o9 gr B 1 1 y?(—q) 


q;q AE (~; q?)n A 


We have replaced q by q? in Ramanujan’s original formulation. 


(2.3.17) 
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Proof. We begin by employing (2.3.14) with q replaced by q? and c = —q to 
deduce that 


( 1)? q8” 8n+1)/2 


oo gar 2 oo 
1 = 
e B.q3y. — (ganas 25 T+ qnt (2.3.18) 


4 Og P) g) (g) 


(—1)ng9niorer1)/a 


7 1 5 " S (1) oe OPE 
E 2(g9: 9?) 0 EL 14 q9"*1 14-q3n-1 1 


n=— Co 


where we replaced n by —n to achieve the second sum on the right-hand side 
of (2.3.18). Next, by (2.3.14) with q replaced by q? and c= —1, 


Las [518509 F/9 


2 
fa(q®) = Caro Ds eo (2.3.19) 


Hence, by (2.3.18) and (2.3.19), 


oo 3n? 
q 3 
4 + fa(q 
2. Cad Dac ei), P 
7 2 Y ae 3 (Teg ra) 
= (q3; g) ET. 1+ qnt Msi 1+ g3n-1 


+ x 14g? 


TL——oo 


yr a} 


oo 3n42 
2 (— 19-1405 ) FE 
EUIS (E ispum x x 
jene 1 "e 7) oo (-1)?» (ur) 
3n—1 q 
1+1 L 
qs eer rd n pu 14g?” 


oo ( [gir aye oo 


2 = n nn 
e d > Ite | mde 


+ ye na) 
x —_ " q) + arie): (2.3.20) 


by (2.3.12) with c = —1, (2.3.1), and the pentagonal number theorem [17, 
p. 11, Corollary 1.7] 


$5 prg OD = (gig). (2.321) 
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This last equality of (2.3.20) is equivalent to (2.3.17), and so the proof is 
complete. 


Entry 2.3.5 (p. 17, 4th equation). For w3(q) defined by (2.1.5) and w(q) 
defined by (2.3.6), 


oo gor” 


2.1 


qd OT cee (q5; q m H 3 (1 + q'wa(q?) + a) : (2.3.22) 


We have replaced q by qf in Ramanujan's original formulation. 


Proof. Employing (2.3.14) with q replaced by q? and c = q, we find that 


3 go E 1 3 (—1)ngdnGn-1) o 
n=0 (a; d?)n1(d*; q?)n i (46; q® oo c 1 — g6"*1 as 
1 = (1) g3 6+9 po (—1)5g9nGn--D-1 
i 2(g6; @®)oo > 1— got 2. Ta qon-1 ; 


where to obtain the second sum on the right-hand side above, we replaced n 
by —n in the first sum on the right-hand side. Hence, by (2.3.9) and (2.3.23), 


Y Zu 1 = gws(q") 
= Ks (X. C 2 Si aat 
ECHTE 2 | 
= M b C = p iis. can 


=f A 6) »» (Teg 9 ED men) 
gid’ jes [gents 


1 < (impe j" gor —3n 
NH UIT | >, grrr’ a Da 
1 CHRP 6. 6 6. 6 a 
= G30 )oo - (d 3d )oo 
Coa ( du estt 
1 
= CTI (2.3.24) 


where we used (2.3.12) with q replaced by q? and c = q, (2.3.21), and (2.3.6). 
The last equality in (2.3.24) is equivalent to (2.3.22), and this completes the 
proof. 
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Entry 2.3.6 (p. 29, 8th equation). If f3(q) is given by (2.1.1) and y(—q) 
is given by (2.3.1), then 


us —1)" :q/2n n 3 1 E 
3» EE o i) e G (2.3.25) 


Proof. We initially apply [32, p. 273, Entry 12.4.2] 


oo 2 
S q^)uq" 
— aq; q q/ a, Poo 
l helma Doo D7 —aP;P)n(-P/a;7)n 
1 2(—1 qM 336 
Sj —1)” +a” +a” Ennn 3. 
Pars seat) 77. Qaa) 
with a = —w :— —e?"*/3, In the third equality below we appeal to [55, p. 114, 


Entry 8(v)], to wit, 


yn q” (n+1)/2 


e^(-q 144 & us 


3,3 (-1)"(q;¢?)nq™ 
(ig? > 


27 (wg; q?)u (otg? Pn 
Mad n(n+1)/2 


ste eee 

E 3 CK ii D» ups Fu" bw”) 
se gi Cines 

dirae Ca strass 1) 

= Ë RENE: P) Lh C-g) 


where in the penultimate line we employed (2.3.16). We see that this last 
equality is equivalent to (2.3.25), and so the proof is complete. 


Entry 2.3.7 (p. 29, 9th equation). We have 


po $2 2.1.2 2n oo 
y dd Jat E Jng” i b» 1)” qn nena 
= (9:05 = 


ase oe y qiemn 4 = z et oa an?+2n(y — gH (2.3.27) 
n=0 
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In our statement of Entry 2.3.7 we have replaced Ramanujan’s x by q. 
Also, the three sums on the right-hand side agree with the terms listed by 
Ramanujan even though it appears he would have arranged the terms differ- 
ently. Finally, we note that while there are only false theta functions (instead 
of mock theta functions) in (2.3.27), the result is sufficiently similar to the 
previous entry to merit inclusion in this chapter. 


Proof. We begin by recording [33, p. 122, Entry 6.3.9], namely, 


oo 


Y - (q; P)n g” — (1 4 J Y (~a) gez 


<4 (00°; 4?) n(—9?/4; q?)n 


n=0 
alq; g? Joo < 3n 3n? +2n 2n+1 
: EC (1 — ag? tt). 
(—aq?; °) (—q? /a; 9? )oo “= 
Setting a = w :— e?7'/3, we deduce that, upon some algebraic simplification, 
S (4597) n(—975 9?) ng?” NUN 
5 (a8) =(14 w) X (—w) gnirtb/2 
n=0 q54 /n n=0 
2 
w(q; I s d^;q Joo N^ da 3n? Tm 1 — ug?!) (2.3.28) 


If we add the complex conjugate of (2.3.28) to itself (assuming that q is real 
for the time being), we find that 


3 (q; 7) n(—@?3 0? )nqg” 
(=9°;¢°) 
n=0 ? Te 


= So (PTD (0 e u)u" + (1 ul )w 7") 


n=0 


G4 “Joo M" q^) oo 3n? Sem — t). (2 3 29) 
= ye 


(ltw)w" + (10--w jo = 


—2, if n = 1(mod3), 
1, otherwise. 


Hence, using the calculation above in (2.3.29), we find that 
99 fe a2) [ads 2. lt 
a5 na Jnl dig )nq 
0 (4549) 


= D n grr? 30-1 q 7*3 n /2 
n=0 n=0 
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i-e 5g 3n? TU get 1 


© n=0 


and this is the desired result multiplied by 2. 


For the next entry, we need another third order mock theta function v3(q), 
which is defined in (2.1.6). 


Entry 2.3.8 (p. 31, last equation). If v3(q) is given by (2.1.6), wa(q) is 
given by (2.1.5), and v(q) is given by (2.3.6), then 


(c4) = qual?) + vie) 


WE d. 2.3.30 
g^ has ( ) 


This formula was given by Watson [269, p. 63], who clearly believed that 
Ramanujan did not have this result. See the remark following Equation (2.3.7). 


Proof. In Theorem 2.2.4, replace q by q?, then set b = q? and c = q?, and 
lastly multiply both sides by 1/(1 — q). Thus, 


— idol: Poe ite y 
a (9; G7) o0(—4 X 
Ere. c A odii 
(a; 9? )oo(—4 9 oc Cag om 
Yla?) 


= —LAC + qwa(q, 
gus 


n= 


by Euler’s identity, (2.3.6), (2.3.5), and (2.1.5). 


Entry 2.3.9 (p. 31, 2nd and 3rd equations). With y(q) defined by (2.3.1), 


c (y i1. arq”? 1 e(-q) 
= + 2.3.31 
2 (—a0?;0?)n 2 £ (~0;a)n(—aq;q)n 2 (—aq; G) oo l ) 
and 
pe j” q" PS (—1)"-1gr” e(—4) 
Le + . 2.3.32 
B se —aq?; q?) zu pe (-aq;q?  (—a9; @)oo ( ) 


= n=1 


If we use (2.3.1), the identities (2.3.31) and (2.3.32) reduce to the assertions 
in (2.3.2) when a = 1. They are also equivalent to equations (3a) and (3b) in 
[12]. Note also that we have replaced Ramanujan’s x with aq. 


Proof. Ifwe put b = q and c = —aq in Theorem 2.2.3 and use Euler’s theorem, 
we find that 
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» (^q: or " mE D E t (14a) »» — (2.3.33) 
n=0 n 


—aq?; q?), £4 (-aaiq 


Next in Theorem 2.2.3, set b = —q and c = aq to deduce, with the help of 
Euler's theorem, that 


a a"g" O (-adid)e x^ (= 1)" 
LG ad;d). — (aq; P 5g 


2 (a)( pect 2 (-ag*; q?)s 
(1 + a) (~ag; q)oc por 
. 2.3.34 
(aq; I) ooP(— D» —aq;q?) y 
Recall that [17, p. 20, Corollary 2.6] 
oo 2 
a" q^ 1 
= . 2.3.35 
» (q:q)&(aq:4)u — (ad:q)oc l ) 


Put (2.3.35) into (2.3.34) and multiply both sides by y(—q)(aq;q)æ/ 
(—aq;q)es. We then deduce (2.3.32). Now return to (2.3.33), replace the 
latter sum on the right-hand side by the expressions obtained from (2.3.32), 
and thereby obtain (2.3.31). 


| Check for 


3 | updates 


Fifth Order Mock Theta Functions: 
Elementary Identities 


3.1 Introduction 


In Chapter 14, we reproduce Ramanujan's last letter to Hardy. In it, Ramanu- 
jan's ten fifth order mock theta functions are given in their original “three or 
four terms of the series" format. We repeat them here in standard notation. 
Because Ramanujan used the same notation for each of the two sets of five 
functions, to avoid ambiguity and to be consistent with the notation intro- 
duced by Watson [270], we have appended the subscript 0 to those members 
of the first family, and the subscript 1 to those members of the second family. 
First, 


oo q” 
fo(q) :- 3, ——., 3.1.1) 
(ay, 
= D 2 
pola) = X (=g), @” 3.1.2) 
n=0 
vola) :— V^ (-a:9), ., PODA, 3.1.3) 
n=1 
oo qi 
Fo(q) :— 5 TO c 3.1.4) 
n=0 (aia dn 
xola) :- M; — 3.1.5) 
n=0 (a iq), 
oo got 
Xo(q) := 1+ 5 Taa à 3.1.6) 
n=0 ?1/n4l 
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We note here, as did Watson [270], upon making two applications of the 
following corollary of the g-binomial theorem, 


1 e Jj 


(aan f 


[32, p. 200, equation (8.2.5)], where the q-binomial coefficient H is defined 
n (1.0.11), that 


oo grt 
xo(q) = 1 p quES— j (3.1.7) 
n=0 3 n+1 
—1u4 V No ntem [+m 
xc aod 
oo ge 
= 1 + 
ee "PA m+1 
Xo(). (3.1.8) 


Thus there are really only five different 5th order mock theta functions with 
the subscript 0. Second, 


E E 3.1.9 
gla) :2 35 (-a@),,_14 (3.1.10) 
vila) = X (a9), Mer”, (3.1.11) 
n=0 
oo 2n(n+1) 
MOE DD ee 3.1.12 
al 2. (50^). ) 
LN q” 
x1(q) := 2 Hur (3.1.13) 


In addition, we need several other functions familiar to Ramanujan and 
appearing throughout these volumes. In particular [55, p. 36, Entries 22(i), 
(ii)], [33, p. 150], 


ea): Y Cay = Ea. (3.1.14) 
vg) := ` " (id oo Too, (3.1.15) 


2222 
om (Gq )oo 
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Ex 1 

ees » (Gn (GP) e PR 
= oo q” ? tn 1 

Hla) := 2 lan Pol Poo PEN 


The remainder of this chapter is based on the results in [15], which gener- 
alize the original work of Watson [270] on the fifth order mock theta functions. 
Our treatment differs from [15] in that it is in standard notation and is slightly 
less general, thus making it more easily read. 


3.2 Basic Theorems 


Theorem 3.2.1. Let s = 0 or 1. Then 


S (a; q)2n+s(b; nue 


4 (aa)es(c a)» 


_ 1G; q)sc(at; goo N^ (c/b; a)am (t; a) m (02a 7)" 
2 (Gq)oo(t aoc A+ —— (qma)om(at;a)m 


1 s (b; q) (~at; Goo (c/b; q)2m(—t; q). (9g 5)" 
ae mess È (05 dJen (~at; dn 


| 1 (b; g)o(atg"?; q)s. » (c/b; q)om- ka (ta ^; q),. (P2977)? 


2-(eralasia idea 2 (q; MET D 
4 1o ay 6s C atq ^; doo $ (c/b; q)am (ta ^; a) m(b?q 7)" 17 
2 (ens gigs 9 (d; d)2m4a (—atq! ^; q)m 


Proof. By two applications of the g-binomial theorem [33, p. 6, equa- 
tion (1.2.2)], 


tns 


3 (a; q)2n--s (b; d) 
2. (a; Qants(C q)n 


pnts 


(b; doo $ Y (a; 2 ants (cq"; q)oe 
Gq)oo 4 (Gi Q)ants — (bq"iq)oc 
b; 


q 
(oq 


Joo Wa (a; d)2n5£7  ** SS (c/b; a) m(ba")™ 
E 2 


co 4 (Ga)ants f% (GG) 


u 1 (b; d)oc on (c/b; q)mb™ oo (agg 9 n 
| 2(60)s 2. id)m 2 (4; a)» Her 
u 1 (b; Goo oo (c/b; M 

— 2(68)s. 2 (d; d)m 


20 3 Fifth Order Mock Theta Functions: Elementary Identities 


X J (ata? Doo |, s (ata!) 20 
(tq™/2; q.s (4g Pass 
_ 1 (b59) N^ (c/bia)os Uo" q 77 
2 (ca) A (d: q)2m 


(at:q)ss (t:d)m |, s (~at; d)oo (—t; d) m 
«1 Uus (aii ae C Cm) 
| 1 (b; d) oo > Cigar y=" 


2 (c; Doo m=0 (q; d)2m41 
(atq? : q)oo (t tal: q)m = atq/?; q)oo(—tq crite | 
| (ataa) Y (—tq! 7; q) (atq! q)u, | 


Now if we separate these last sums into four separate sums and simplify, we 
obtain the desired result. 


Theorem 3.2.2. If s 2 0 or 1, then 


3 


c mdni) 


(b; gg ll en 


_ (ba^: goo (70^: a?) (e/ s "Joo N^ (a T b]eiq “Jam (b; a^) (o/b)? 
dm a TUDIN 

i (b; qf) (—a oo (c/o; q^) oo (= ge q Poma (00°; q men ot 

: [a q s X (7 jq 2)om4i l 


Proof. In Theorem 2.2.1, set h = 2, interchange b and t, then replace c by 
—q'*s, and finally replace a by c/b, and let t — 0. This yields 


po (b; rere 


2. 


Ey Qd s 


u (b; Jol- **;q Joo PX g ju 
7 Can x (—q'**; q)2m 
— BP )oo(-—d' 473 Doo ia p" 
= (c; ü ja Sa (=q 25.) in 


Next, in the last equality, we apply Theorem 2.2.2 with q replaced by q?, 
a = 0, b replaced by c/b, t = b, and c = —q'*?°. Hence, 


oo (I; g^), gn 0 Diet 

=,  (maj(cia^)s 

_ (BG )ec (7a 5: G20 (c/ bi Foo N^ (7a 7 bf esa! )om (b; Gm (c/b)? 
(Gn sid red us c (q^; q?)2m 


TL 


3.2 Basic Theorems 
(b; goo (—a **; @) 00 (c/b; "oo 
ge (—9' 47°) oo (ba^; a" )o0 


, palos gba sc Cbar a )m (c/b)? 


m (q^; a^ )am41 


$ 


and simplifying this last equation, we obtain the desired result. 


Theorem 3.2.3. If s =0 or 1, then 


Y (b; gig" te" 
E PiP) 
E i x Pee jugo tem 
i Ed on 
i. br “(9 oo (b; q) e M gin” +4m(1—s) 
(a; 2" i = q^)2m 
pi-s (—0?; 7) fos q') go 
(454° Joo Pag d £ (qa? )om+1 
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Proof. We note that (s,1— s) = (0,1). We set c = 0, a = —q1*5/t, and let 


t + 0 in Theorem 2.2.2. Hence, 


3 (b;q)nq” **" 
Cece. 
oo 
= (bia) (7a **: q^) 
- k 2. (a; a)2n(—4 5; q^) 
oo pn 


p?" 


+ (b; q)es (74755: °) 


L a ele ee a 


oo p2mts 


= (b; q) (4; 0°) 
5 5a) (a^a ) mas 


+ (8; 9)c0(—975 9")oo >> 


der sd al GT niae 
E b? 3 (— ]yngam? tams (p2. q? 
(=b; q) lq; P) 227 (qf; Em 


(b?; dmg 1 4m0-9) 


p?m*1-s 


Jom 


b (=°; qd )sc (b Doo N^ 
P» 
b2: 4 2, „2 
(Poo A+ (a^; q^)2m 
(b?q?; g jma ee MES] 


b=: (—0°; a°) (b; Doo »» 


(G5 9" )oo (07a a^) 44, (a^; a? )2m+1 
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The first sum on the far right side above arises by applying Theorem 2.2.1 
to the first sum in the previous equality with h = 2, q replaced by q?, b 
replaced by b?, c = 0, t = q?/a if s = 0, t = q8/a if s = 1, anda ^ 
oo. Furthermore, when s = 1, we multiply both sides by 1/(1 — q?) in our 
application of Theorem 1.2.1. The second and third sums on the far right side 
above come from applying Theorem 2.2.2 to the second sum in the previous 
equality with q replaced by q?, a=b=0,t=b?,c=¢° if s = 0, and c = q 
if s = 1. In the case of s = 0, we also multiply both sides by 1/(1 — q) in our 
application of Theorem 1.2.2. Thus, we obtain the desired right-hand side to 
complete the proof. 


Theorem 3.2.4. If s = 0 or 1, then 


c (bq)nq" 
— (4; Dants 


TL 


q ^? (-1))(bq)o x (Pa 5:9), 
2(a; q’) (07a 5; q^ )oo = (4; 2m 


2,c« 
qi? — (-1))(b d) Cea m 
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2(q; a) (b°; g) A (q; q)2m+1 
i (b; 2 E (bq =s) m 
i» ES wm 


(—1)5bq7* (b; goo Sa (71) (9475; q)os q 2 
2d g “sae == (4: g )m 


Proof. By Theorem 3.2.1 with a = c = 0 and t = /q, 


c (b; q)nq” 
A (a Qants 
TPO Deo = (bq) 
Uda) Se nl a; d)m 
(-1)5q ?P (b; q) < (^q 9)" 
32[-g "us. SS el "dn 
q^ b; D wo X (pigs)? 
zt tiq) m+1 


ae P oo (pag Py RUP 
2(1— q)(—a:d)ee <= (4: a) (à; d?) 


We now apply Theorem 2.2.2 to the first and second sums on the right-hand 
side above with a = b = 0, c = —\/q, and t = b?975 in the first case and 
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a=b=0,c=,/q,andt= b?q-5 in the second. We also invoke Theorem 2.2.1 
to the fourth sum on the right-hand side above with h = 2, c = t = 0, a = q?/t, 
and b replaced by b?q75. These applications thus give us 


(bg) ng” 


n=0 (q; d)2n4-s 
q ^" (b; Qc L Ug ws 
2 ga ua s Hy (mam 
q ^"? (b; doc oo (bq 1— Se ), ,q m t2m+1/2 
+ 1/2. /— 1/2. 2 1—s, 2 ae (q; q) 
2(q /*:q)oo(—a ^^; q)oo(b^q  5:a^)oo o q; d)2m41 
n (— 1)°q SP S doo oo [pag gh ug 
2(—q"?; a) (1; a) (bg 5; q^), A= «(4 Dam 
(—1)*q7 s/2 (p; qo oo (bq! 5; g3),, q? mni 
25g P: (0; qa (bg titus A (q; q)2m+1 
gre (b; 2 2a S (bq ses el 
2(q ee EDU m+1 
(—1)*bq *(b; q)sc = Gl" Ve aan dull 
2(—q; q) (4; 0°) (b°; Doo A (a ud) 


'To obtain the desired result we then combine the first sum with the third and 
the second with the fourth above and use Euler's theorem. 


Theorem 3.2.5. If s 2 0 or 1, then 
(bq us n 


(bg) ng” M 
yip _ ny eerta. 


n=0 (q; q)2n+s 


(=1)°g s Goo NC C71)" (975: dona” 


"U UR Catan 
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Proof. By Theorem 3.2.1 with a = c = 0 and t = q, 
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q -5 (b; eo oo (q -ejmHs 
2(1 — q)(q?/? Baa 22 d TU E) 
| (71g (ba). x (Ua ym? 
EEUU 2 gs. Eg 


We next apply Theorem 2.2.1 to the second sum on the right side above with 
h = 2, q replaced by q?, t = q/a, b replaced by b?q~*, c = 0, and a — oo. In 
the third and fourth sums above, we utilize Theorem 2.2.2 with a = b = 0, 
t = 09075, and c = xq?/?, respectively. Accordingly, we find that 


+ 


2n 


oo 75 (b; ius oo (bq e d 
3 2G; q)æ x as 
Doo 


= d)2n--s 
(-Ifaq "(b 3 eae 
2(—a; q)oo (d; d^ )oo (^q *; g) 4 (97547 )n 
oo —s n?+2n 
" cp Z (a ta yup 
2(1— q)(q??;q E (— 99/7; d) (b0; Foo 455 (4; d)2n 
e q a qo œ (29175; q2) qi t4n+3/2 
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20 — a) (P; Jol; q)ss (^q °F" oo AF (a; q)2n+1 
» MM e doc oo (P4975; @?)nqe™ +2" 
2(1 — a) (—4?^; q)os (a9; a) (84°37 Joo £55 (4; q)2n 
y =s oo —s n? 4n 
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Simplifying above with the use of Euler’s theorem and combining the third 
sum with the fifth, and the fourth with the sixth, we obtain Theorem 3.2.5. 


3.3 Watson’s Fifth Order Identities 


n [270], Watson proved nine identities among the fifth order mock theta 
functions. He used these to establish all of the assertions about fifth order 
mock theta functions in Ramanujan’s last letter to Hardy. We shall use the 
theorems of Section 3.2 to prove identities equivalent to Watson’s results. In 
Section 3.4, we shall deduce all of Ramanujan’s identities for the fifth order 
mock theta functions. 

We now offer Watson’s nine identities. First, from Theorem 3.2.3 with 
s = 0 and b = q, with the help of (3.1.1), (3.1.2), (3.1.15), (3.1.17), and (3.1.4), 


fola) = ¢0(—@?) + au (q?) H(q) — Fola?) +1. (3.3.1) 
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Second, employ Theorem 3.2.3 with s = 0 and b = —q. We then multiply 
both sides of the identity by 


(d: Doo 
To 5 AAW"); 
(74; doo C9) 
from (3.1.14). Using (3.1.16), (3.1.14), (3.1.15), (3.1.17), and (3.1.4), we find 
that 
e(-a)G(a) = po(—9°) — av(q?) H (q^) + Fo(q?) — 1. (3.3.2) 
Third, utilize Theorem 3.2.2 with s = 1, b = q?, and c > 0. Next, em- 
ploy (3.1.3), (3.1.15), (3.1.17), and (3.1.4). Lastly, multiply both sides by q. 
We thus find that 


Yola) = qu(q?) H (q^) + Fola?) — 1. (3.3.3) 


Fourth, from Theorem 3.2.4 with s = 0 and b = q, with the help 
of (3.1.5), (3.1.4), (3.1.6), and (3.1.2), 


xo(q) = Folq) + Tola) = 5¢0(—4). (3.3.4) 


Fifth, invoke Theorem 3.2.5 with s = 1 and b = q, and then multiply 
both sides by q. With the utilization of (3.1.6), (3.1.5), (3.1.2), and (3.1.4), 
we deduce that 


Tola) = Fola) — 5do(-4)  5xo(9) (3.3.5) 


We note that the fact, xo(g) = Xo(q), which we noted in (3.1.7), follows 
immediately from (3.3.4) and (3.3.5). 

Sixth, by Theorem 3.2.3 with s = 1 and b = q, with the help 
of (3.1.9), (3.1.10), (3.1.15), (3.1.16), and (3.1.12), 


Fala) = YPG) — av (d?) — a^! i (7). (3.3.6) 


Seventh, employ Theorem 3.2.3 with s — 1 and b — —q, and multiply both 
sides of the identity by 


qd: d)oo 
(q; q’); d) = AG Do = »(-¢). 
(74; doo 
Using (3.1.14), (3.1.14), (3.1.17), (3.1.15), (3.1.16), (3.1.12), and (3.1.10), we 
arrive at 
eC-a)H (4) = YPG) - av (d^) + a alaa’). (3.3.7) 
Eighth, by Theorem 3.2.2 with s — 0, b — q?, and c — 0, with the help 
of (3.1.11), (3.1.15), (3.1.16), and (3.1.12), 
Wila) = v(a^)G(a*) + av (d). (3.3.8) 
Ninth, by Theorem 3.2.4 with s = 1 and b = gq, with the aid 
of (3.1.13), (3.1.12), and (3.1.10), 


xalq) = 2Fi(q) + a! &1(-4). (3.3.9) 
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3.4 Ramanujan’s Fifth Order Identities 


The identities in question are found on pages 22 and 25 of the Lost Notebook 
and contain all of the fifth order identities found in Ramanujan’s last letter. 
For succinctness, we shall express the identities in Watson’s notation given in 
Section 3.1. 


Entry 3.4.1 (p. 22). We have 
vila) - @ é (7-4) = (a) H(-4). 
Proof. By (3.3.8) and (3.3.7), with q replaced by —q, 
Wila) - a ^ é(- d) 


= (v(q?)G(q*) + aFx(q?)) — (—e(a)HC-a) + v(a?)G(q^) + aF la?) 
= (q) H (4). 


Entry 3.4.2 (p. 22). We have 


fila) + 24Fi (a?) = e(q) H (~a). 
Proof. By (3.3.6) and by (3.3.7), with q replaced by —q, 


fila) + 2qFi (9°) 
= (YG (t) — Fila?) — a^ &s(—q?)) + 24A (q^) 
= (e(g)H(-a) — aFi(a’) + a *b1(-@7)) + Fi (a°) - a i (79) 
= e(q)H (—4). 


Entry 3.4.3 (p. 22). We have 


fila) + 24 !&1(7-q?) = e(—q)H (q). 


Proof. Subtract (3.3.7) from (3.3.6). 


Entry 3.4.4 (p. 22). We have 


Yıla) - gF (g) = YGC). 
Proof. Entry 3.4.4 is precisely (3.3.8). 


Entry 3.4.5 (p. 22). We have 


ola) + b0(—4") = e(a)G(-q). 
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Proof. Replace q by —q in (3.3.2) and subtract the result from (3.3.3). 


Entry 3.4.6 (p. 22). We have 


fola) + 2Fo (q^) — 2 = e(q)G(-4). 


Proof. Replace q by —q in (3.3.2) and subtract the resulting identity 
from (3.3.1). 


Entry 3.4.7 (p. 22). We have 


fola) — 26o(—4?) = —e(—a)G(q). 
Proof. Add (3.3.2) to (3.3.1). 


Entry 3.4.8 (p. 25). We have 


vola) — Fola) +1 = qu(q?) H (q^). 


Proof. This assertion is equivalent to (3.3.3). 


Entry 3.4.9 (p. 25). We have 
Xo(q) + ¢0(—4) = 2Fo(q). 
The proofs of Entries 3.4.9 and 3.4.10 will be given together. 
Entry 3.4.10 (p. 25). We have 
Xo(d) = Xola). 


Although Entry 3.4.10 was proved in (3.1.7), we include a second proof 
here. 


Proof. Subtracting (3.3.5) from (3.3.4), we deduce Entry 3.4.10. Once we 
have Entry 3.4.10, then Entry 3.4.9 follows immediately from (3.3.4). 


Entry 3.4.11 (p. 25). We have 


xala) — q ! é1(-4) = 2F; (q). 


Proof. This assertion is equivalent to (3.3.9). 


We come now to three assertions that involve the fifth order mock theta 
functions but are not in Ramanujan's last letter to Hardy. They exist buried 
in the work of Watson [270] in the middle of the proofs that Watson origi- 
nally gave for these identities. This suggests that Ramanujan's proofs of his 
identities, which are found on page 25 in his Lost Notebook, were along lines 
similar to those of Watson. 

We require three new functions: 
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oo n 
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(oes = (3.4.2) 

MY £4 GOGO nth = 
W3(q) := P I" (3.4.3) 
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Entry 3.4.12 (p. 25). We have 


Proof. Using first Theorem 3.2.4 with b — —q and s — 0, second using En- 
try 3.4.10, and third using Entry 3.4.9, we deduce that 


Wi) = Y (74: 4)" 


c 0:10) 
= Fola)  Xo(a)—-1 , ¢o(-q)-1 
y(-—q)  2(-4@) 20(—9q) 
= gc; CR - xola) + dol-a) 
_ b0(=9) 
e(-q) 


Proof. We employ (3.4.2) and Theorem 3.2.4 with b — —q and s — 1. Us- 
ing (3.1.12), (3.1.13), (3.1.10), and (3.1.14), we find that 


( 
Fla) qa(s _ e-a) 
) 2ve(-a) 2e(-d) 


m) (2F\(q) —x1(a) - a^ &1(-9)) 


II 


by Entry 3.4.11. 
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Entry 3.4.14 (p. 25). We have 
_ 1~ ¢0(-4) 
e(—-4) 


Proof. We appeal to (3.4.3) and Theorem 3.2.5 with b — —q and s — 1. Using 
also (3.1.5), (3.1.2), (3.1.4), and (3.1.14), we find that 


Wal - 4 - (-ügug 


L (4 Qan+i 


= Xo(q) $o(—-q)  (Fo(a)— 
2p(—q) 2e(-q) y(—q) 


W3(q) 


1) 


= p (-2Fo(q) + xo(a) — éo(—4) + 2) 
2(—4) 
1— óo(—4) 
e(-4) ' 


by Entry 3.4.9. 


It is natural to ask why there is not an identity for another function, say 
WAa(q), from the case b = —q, s = 0 of Theorem 3.2.5. In this case, some of 
the expressions that arise are not accounted by the fifth order mock theta 
functions, and one of the series diverges. 


3.5 Related Identities and Partitions 


'The ten fifth order mock theta functions are easily seen to be the generating 
functions for various classes of partitions. The techniques for proving such 
assertions are standard (cf. [19, Chapter 1], [132, Chapter 19]). 


Theorem 3.5.1. The mock theta function fo(q) is the generating function 
for the excess of the number of partitions with differences at least two between 
parts and largest part odd over the number of such partitions with largest part 
even. 

The mock theta function óg(q) is the generating function for partitions 
into odd parts without gaps, where every part appears either once or twice. 

The mock theta function wo(q) is the generating function for partitions 
without gaps, with unique largest part and with all other parts appearing once 
or twice. 

The mock theta function Fo(q) is the generating function for partitions 
into odd parts without gaps in which each part appears at least twice. 

The mock theta function xo(q) is the generating function for partitions 
with unique smallest part and no parts larger than twice the smallest part. 

The mock theta function Xo(q) is the generating function for partitions 
with largest part odd and no parts smaller than half the largest part. 
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Proof. As mentioned prior to the statement of Theorem 3.5.1, each assertion 
is easily deduced by standard methods. For example, 


141 343 (2n—1)--(2n—1) 


_ q q "m 
"2 gag ?) (=t) 
EDDDELLLST 


n=0 71 =2 rg=2 TIn=1=2 


The other five assertions follow in a similar manner. 


Corollary 3.5.1. We have xo(q) = Xo(q). 


The proof that follows, taken from [14], will be the third proof of this 
result in this chapter. 


Proof. We begin with the Ferrers graph of a partition enumerated by Xo(q): 


2m 4-1 
m-41 m 
e e e oe o e e o o0 
e e e 0o 06 e © o 
e e e e o e e © 
e e e e 06 e e 
e e o o o6 @ 


We now translate the nodes to the right of the vertical bar down below the 
nodes on the left: 
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We now read the columns of the resulting graph, and we see that we have a 
partition of the type enumerated by yo(q). The mapping is clearly reversible 
thus establishing a bijection between the two classes of partitions. Hence, 


xo(q) = Xo(4). 


Theorem 3.5.2. The mock theta function fi(q) is the generating function 
for the excess of the number of partitions with no ones, with differences at 
least two between parts, and with largest part even over the number of such 
partitions with largest part odd. 

The mock theta function ói(q) is the generating function for partitions 
into odd parts without gaps with unique largest part and with all other parts 
appearing once or twice. 

The mock theta function w1(q) is the generating function for partitions 
without gaps in which each part appears once or twice. 

The mock theta function F\(q) is the generating function for partitions in 
which each even integer not exceeding the largest part appears exactly twice. 

The mock theta function qx1(q) is the generating function for partitions 
in which the largest part is less than twice the smallest part. 


Proof. Our situation is exactly like that for Theorem 3.5.1. We content our- 
selves with one example: 


n(n+1)/2 


oo 
p> —4id)ud 
oo 
elus dS (q^ qu "gg eg tee (rp qm, 


It is possible to provide combinatorial interpretations of Wı (q), W2(q), 
and W3(q). However, it is not possible to interpret them as generating func- 
tions for some classes of ordinary partitions, because their nth coefficients are 
eventually larger than p(n). 

Nonetheless, there are functions related to the fifth order mock theta func- 
tions that have easily described partition-theoretic interpretations, namely, 


oo (—q; gu 

Vi(q) :— (3.5.1) 
» (q^; a?)os 
S (= 7 nig 

V2(q) := , (3.5.2) 
2. (975° )on41 
e (=g; 7 ng? 

V3(q) :— (3.5.3) 
2. (q^; q?)os 


'The following identities do not appear in the Lost Notebook. However, 
they are natural companions to Ramanujan's identities for W;(q), i — 1,2,3. 
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Hence, it seems appropriate to include them, especially as they have nice 
partition-theoretic interpretations. 


Theorem 3.5.3. We have 


Vi(q) = mee (3.5.4) 
Vo(q) = oe (3.5.5) 
V3(q) = ———— (3.5.6) 


Proof. In Theorem 3.2.4 with s — 0, we replace q by q?, then set b — —q, 
multiply both sides by q, and use (3.1.16), (3.1.15), (3.1.13), and (3.1.10) to 
deduce that 


"s CELE 2(a^; q^)os 3(a*s a as 
q^ -1y,/,2 4 1 2 2 
= ss (a 9689 - 5 bal) - e 7) ) 
= 36g (veu - na) 
E qui(—4) 
v(-a) ' 


where in the penultimate line we employed Entry 3.4.11 with q replaced by 
q?, and in the last line invoked (3.3.8) with q replaced by —q. 

Next in Theorem 3.2.4, we set s = 1, replace q by q?, then set b = —q?, and 
multiply both sides by q(1 +q). Thus, using (3.1.17), Entry 3.4.9, and (3.1.2), 
we find that 


B P 
« V(-q 
_ Vo(-4) 
v(-a) ' 
where in the penultimate line we used Entry 3.4.9 with q replaced by q?, and 
in the last employed (3.3.3) with q replaced by —q. 
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Finally, in Theorem 3.2.5, we set s = 0, replace q by q?, then set b = —q, 
and multiply both sides by q?. Thus, 


q^ (-a;q^) jv. d mu ss n 9 (700 oo ra 
= (zov) + ood?) - evt) 
= si (i) - arr) 
_ F(1+ 4o(-9) 
v(-a) ' 


where Entry 3.4.9 with q replaced by q? was employed in the penultimate line, 
and (3.3.3) with q replaced by —q was used in the last line. 


Theorem 3.5.4. The quotient Vi(q) is the generating function for partitions 
with no repeated odd parts and no parts as large as twice the largest odd part. 

The quotient Vo(q) is the generating function for partitions in which the 
largest odd part may appear at most twice, no other odd part is repeated, and 
no parts are larger than twice the largest odd part. 

The function V3(q) is the generating function for partitions in which the 
largest odd part appears twice, no other odd parts are repeated, and no parts 
are as large as twice the largest odd part. 


Proof. Again we require only standard arguments to establish these three 
assertions. We treat V3(q) as typical. Thus, 


4n--2 


nin E RE" 
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= SOF ad + g?) + (1+ gm emere 
n=0 
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Lg 19 jeg 


and the geometric series expansion of each of the factors 1/(1— q”) yields the 
partitions as exponents of q when all the expressions are multiplied out. 


Since Vi(q), Vo(q), and V3(q) have partition-theoretic interpretations, it 
is natural to ask if (3.5.4)-(3.5.6), upon possibly multiplying both sides by 
w(—q) in each case, have meaningful partition-theoretic interpretations. If so, 
then one should try to find bijective proofs. 


| Check for 


4 | updates 


Third Order Mock Theta Functions: Partial 
Fraction Expansions 


4.1 Introduction 


Partial fractions arise again and again in the Lost Notebook. Indeed, we have 
already seen instances of partial fractions (e.g. [32, p. 271]) that specialize 
to mock theta functions. On pages 2 and 17 in his Lost Notebook [232], Ra- 
manujan recorded four identities involving the rank generating function. Of 
course, Ramanujan would not have used this terminology, because the rank of 
a partition was not defined until 1944 by F.J. Dyson [130]. He defined the rank 
of a partition to be the largest part minus the number of parts. For example, 
the rank of the partition 4+ 1 is 4 — 2 = 2. Let N(m,n) denote the number 
of partitions of the positive integer n with rank m. Dyson showed that the 
generating function for N (m, n) is given by 


p?p? Nin zm" = » COPS G(z,q,  lg|«1. 
(4.1.1) 


Ramanujan's four identities involve special cases of G(z, q). 
'To state the aforementioned four identities of Ramanujan, we need to recall 
the definition of Ramanujan's theta function wv(q), 


"- V n(n41)/2  ( ,.4M2 (5. (8°; g) 
yla) :- doa = (=g; 9) (g; oo = 57, (4.1.2) 
n=0 (q:q Joo 


by the Jacobi triple product identity (given in its general form in (4.4.1) below) 
and Euler’s theorem. Appearing in each of the four identities are instances of 


oo n? 
q 
= y 4.1.3 
fala) > arare + Ara re) oe 
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where a is any real number. In this chapter the subscript merely refers to the 


parameter a in (4.1.3). Our objective here is to keep Ramanujan’s notation 
in his lost notebook. Observe that 


fa(q) =G (E) , (4.1.4) 


where G(z,q) is defined in (4.1.1). A focus in this chapter is the special case 
when a — V2, for which we can write 


oo n? 


— q — Q(e3Ti/4 
faa) = » (4/49: quer qiu G(e?*^/*,q). (4.1.5) 


Furthermore, define 


7. NS q" ON g* — G(4 
id 2 mo d > (ig; @)n(G/i5@)n — G9) ee) 


which is featured in Ramanujan’s fourth identity. 

We are now ready to state the four identities of Ramanujan, which were 
first proved in a wonderful paper by H. Yesilyurt [276]. The first two are found 
on page 2, and the last two are located on page 17 in the Lost Notebook [232]. 


Entry 4.1.1. Suppose that a and b are real numbers such that a? + b? = 4. 
Recall that fa(q) is defined by (4.1.3). Then 


b—a b+a b 
oF? eC e 2553 p a(-a) - 540) 
zl 


(a^:q*)s Ty 1— bg” +q?” 
2 4.1.7 
(74: 9? )oo II +( a 


a2b2 m 2)gn + q8” 


Entry 4.1.2. Let a and b be real numbers with a? + ab + b = 3. Then, with 
fa(q) defined by (4.1.3), 


(a+ 1) f «(q) + (b+ 1)f-olq) — (a - b — 1) fao (q) 
(q3:4*)2. TY 1 


= 3 . 
(za) AL 1+ abla +b)" + qo" 


(4.1.8) 


Entry 4.1.3. Let fa(q) and w(q) be defined by (4.1.3) and (4.1.2), respec- 
tively. Then 
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144/83 3+ V3 ES q" 
z Fa) g ACO- 2 n Sera. E VER Eg) 
2 (q*:a*). pi L (4.1.9) 


ya^ 9) (99; goo 45 1+ V/3gn +q?” 


Entry 4.1.4. Let ó(q) be defined by (4.1.6) and (q) be defined by (4.1.2). 
Then 


ZA + e™/4) Sig) + 5 (1 + «779/46 (-ig) 


= : 2.) TI — — 4.1.10 
fala) + eC Po TT ae (4.1.10) 


Yesilyurt’s proofs [276] of Entries 4.1.1—4.1.4 depend upon the following 
famous lemma of A.O.L. Atkin and H.P.F. Swinnerton-Dyer [45]. 


Lemma 4.1.1. Let q, |g| < 1, be fixed. Suppose that 0(z) is an analytic 
function of z, except for possibly a finite number of poles, in every annulus 
0< 21 € [z| € zo. If 

(zq) = Az"'ó(z) 


for some integer k (positive, negative, or 0) and some constant A, then either 
Ü(z) has k more poles than zeros in the region |q| < |z| € 1, or (z) vanishes 
identically. 


Since it is very unlikely that Ramanujan would have given proofs of En- 
tries 4.1.1—4.1.4 using complex analysis, in particular, using Lemma 4.1.1, in 
this chapter we give completely different proofs using q-series, perhaps more in 
line with what Ramanujan might have devised. However, although our proofs 
of Entries 4.1.1—4.1.3 are simple, our proof of Entry 4.1.4 is much more dif- 
ficult. Our proof of Entry 4.1.4 relies on the following 2-dissections for two 
special cases of the rank generating function G(z, q), when z =i and when z 
is a primitive eighth root of unity. These two 2-dissections of the rank, with 
their immediate consequences, comprise a second major focus of this chapter. 

We employ in the sequel the standard notation (1.0.6) and (1.0.8). 


Theorem 4.1.1. The 2-dissection of the rank function G(i,q) is given by 


oo qr 9 oo (—1)"q24n? +8" [q*: qi52 (q6; g'®)o 
== , oo , 
3 (ia)u(q/i)u (gf; gf) 3 Ig  pBg—: ls 
2 
2 per (jeg +24n+5 [g^sg 92 (g!8. 16 


1 + gions |q, -¢°, - d$; "© 


n=0 n--—oo 
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Theorem 4.1.2. Let a be a primitive eighth root of unity. Then 


2 ( [gn tSn 


oo q^ 2-a ia oo 
2 UE ~ (g19; 916 2. l-ge63 


ica (d 9 he RM Lg 
4 (at a- [gh a (a ia Joo i [a^: a 5]. (a 5: a 9)os 
lg’, g”, a°; adm loa a les 


—1 n 24n? +24n+5 
= (4.1.12) 


wile: Š 
Bon 2, 


Poe ee ag 


The proofs of Theorems 4.1.1 and 4.1.2 will be given in Sections 4.5-4.7. 

Our starting point is a corollary of Lemma 2.3.2 from [34, p. 19]. (It is to 
be assumed in the sequel that parameters, such as z and ¢ below, are chosen 
so that all relevant expressions are well defined.) 


Theorem 4.1.3. For any complex numbers z,G, 


u ee (21) (9 ngniom i? oo (—1)^q-3ngn(n-0/2 
Ro 6g eC b» ccm + 22 ET 
(Cae a) (-1)qn ers 
s (6. q/6G; q) > 1 — zq” 
ue Pd) (41.13) 


~ (2/6,06/2, 24/2, 2, 4 (2); Doo 
Proof. Define 


eo SI Sik es ale ci oO ie ere 


" ( ! 
Scat SY 1 — zq” p? 1— zq" /Ç 


n=— o0 n=— CoO 


(CaCO das yo oue 
(6. q/G; q) »»ES EE. 


G 


Then from [34, p. 19, Lemma 2.3.2], 


(sales aic modas 
(z/6, 46/2, 2, a/ 2, zG, a/ (26); Goo 


Hence, to conclude the proof of Theorem 4.1.3, we are required to show that 


S(z,6,q) = 


S(z,6,q) = - R(z, C. q). 


Using the pentagonal number theorem in the second equality below, we 
find that 
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oo (eeu 1 1 a 

| oo ieee C 4 M 

| PM 1— zq"[G (: z ( ca ) 
Caf a). qnomm 1 1 o, 
(6. q/6: d)sc = Tr E QUUM ) 
-R(z Og UR EG ry n(3n+1)/2 


—3n gimp. ms gie Q)oo . 
i NG (6. q/6G: doo (a; Doo 


= —R, Ç,q), 


because the expression inside the large parentheses equals 0, as it is a formu- 
lation of the quintuple product identity [34, p. 221, equation (8.2.18)], [58, 
p. 18]. In particular, if we take the formulation from [58, p. 18] 


oo 
3n?-En ( ,3n ,, —3n 3n—1,3n41 
MEC (ang Ig q") 


ee jas (assu Jeotu/ AT sb ta at Iu 2E Duas (4.1.14) 


replace q by ,/q, and then set z = —¢,/q, we find that the sum of the expres- 
sions within large parentheses on the far right side above equals 0. (Alterna- 
tively, we can simply let x = —¢ in S. Cooper's formulation of the quintuple 
product identity [113, p. 118, equation (1.7)].) 


We frequently use the observation that if a =  —t — 1/t, then 
by (4.1.4), (4.1.1), and [32, p. 263, equation (12.2.3)], 


—a + Va? — 4 _ = 3 - S 


1-t (—1)"q 
CU 5 REX E 


(4.1.15) 


4.2 Proofs of Entries 4.1.1—4.1.3 


We consecutively offer our proofs. 


Proof. To begin the proof of Entry 4.1.1, we first note that we may parame- 
terize the circle a? + b? = 4 by 
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b = —2cos0, a= —2sinð, 


and with z = e'?, we find that 


b=-z—-z' and a=i(z—2"). (4.2.1) 


Hence, 

a^ —2=—z4 — 2+. (4.2.2) 
Let us now set Ç = i (= y—1) in Theorem 4.1.3. Thus, by (4.1.15), (4.2.1), 
and (4.2.2), 


oo pee oo a ana 
dA aca H 
i(—1, =O) CLEF @) 
(i, —iq; d). (1—2z)*” 
_ 2(, —iq, 1, 0. d. d; Do 
(~iz, qi/z, z, q/ z, iz, —ig/Z; Q)oo 
nac q; —)sc (q^; £ = IG oe 
(14-27 ya - z(- (a?b? — 2)g^^ + g®") 


1+ ziq” 


(4.2.3) 


Multiply both sides of (4.2.3) by 
(1+ 2)0 - 2) 
2z(1— i)(-4; —4)oo- 


Upon doing so, we then see that the right-hand side of (4.2.3) becomes the 
right-hand side of (4.1.7). The third expression on the left-hand side of (4.2.3) 
then becomes 


Q-2)0-2(C4)(1-«3)e(53)e. ,,, — b 
2z(1 — i)(—a; —4)æœ (3, — ia; Goo (1 — z) fla) = 3 ^q. 


Therefore, we will complete the proof if we can show that 


(1 + 22) o z) | Y [papa ree 


2e) qias V- oe 


eo —]yt-3n n(3n4-1)/2 
ty [CODE - 


sh 1+ ziq 


1 — ziq” 


EL RUE TN à) SPOTS il " 


_b-a+2 (l4 iz) e (-1)^(-g)^Gn-0/2 

|—..4  (-G-de,f—, Liz)" 

b+a+2 Wr) wA ([y(4999 
4 (=g; a) >, I-4d-qy" ^7 


TL, —— oo 


(4.2.4) 
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where we have twice used (4.1.15). Proving (4.2.4) is equivalent to proving 
that 


> («qu eoe. " E» (ieee 
1 — ziq” ! 1+ ziq” 
n=— 00 n=— 00 


eo (=D [Sg] EDS oo (Ager? 


= 2 1 +iz(—q)” D 1— iz(—q)” 


n=—Cco n=—Cco 


(4.2.5) 


Combining sums on each side of (4.2.5), we see that our task has been reduced 
to proving that 


oo E pgnton TR a = ae € 
b» ( C US (—i9^(1 + zig”) + i1 "(1— ziq")) 


oo (jerry? T" " 
— xm ay) 


-(-1y eA + isa), 


and this follows immediately because 


EL + ij 39n — (dj Eu EN 1) 


and 
_jitsn _ 2-30 _ afer AE +i). 


The last two assertions are most easily proved by noting that each expression 
is periodic with period 4, and that the assertions hold for n = 0, 1,2,3. 


Proof. We commence the proof of Entry 4.1.2 by first noting that we may 
parameterize the ellipse a? + ab + b? = 3 by a = 2 cos (0 + 2n), b = 2cos@. 
So with z = e'?, we find that 


b—z-z and a=2w+(zw), 


where w = e?7*/3. Hence, 
a+b = zw? — (zw?) (4.2.6) 


and 
ab(a +b) = —2° — 27°. 
Therefore, we now set ¢ = w in (4.1.13). Thus, the resulting right-hand 
side, by (4.2.6), equals 


z(1—w)(—w^)(qq?)h (4) age 


(1 — 23)(2393, 27393 9), — (1— 25) (qi Doo [Ioa (1 + abla + b)g*n + q9)* 
(4.2.7) 
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We now observe that the latter quotient on the right-hand side of (4.2.7) is 
the same as the right-hand side of (4.1.8). We are thus led to multiply the 
left-hand side of (4.1.13) with Ç = w by 


to deduce, with the help of three applications of (4.1.15), that 


[1 (^ 3 [21] gn FUE A x (qaa 


aq: doa 1 — zwq" 


n=—Co n=— Co 


w(1—u?) wa (—1)g^8n-072 
deg pa 1 — zq" 

_ (1 — 23)w? (1—23)w (1 — z3)w(1 — w?) 
= a wey t aa foro) x1 —w)(1—2z) 


= (a + 1)f-a(q) — (a +b — 1) fa+o(a) + (b+ 1) f-0(q), 
which is the left-hand side of (4.1.8). This completes the proof. 


Proof. To prove Entry 4.1.3, let a = 1 and b = V3 in Entry 4.1.1 to deduce 
that 


EX ue uides nu 
_ x 7) is be. m (4.2.8) 


14 q*? + q8^ ` 


Now multiply both sides of (4.2.8) by 2/4/3 to arrive at 


3* V3 Ca) + L3, Ca) pag) 
2 v jm 1- V3 + 2n 
-5 = JI D CE. (4.2.9) 


Examining (4.1.9) and (4.2.9), we see that we are required to show that 


v(-q)- (4.2.10) 


pu = JI í (1 — V3q" + (1 + V3q" +a") 
© n—1 


1 + 4” + q8” 
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To that end, 


(Gs gE) pp (1— V3q" + 2") + V3q" + q”) 
(=4 97) 00 1g +g” 


2n An 
rq 


(nd) rm dde pq 
6 


BMC» II (1— g?") 


(1+ gt mE og?) 


(—4 4? )oo (49:49). (=q; 4? Joo 
by (4.1.2). Thus, we have shown (4.2.10), and so the proof of Entry 4.1.3 is 
finished. 


4.3 Specializations 


Before we commence the proof of Entry 4.1.4, we examine some specializations 
of fa(q) and the previous three entries. Recalling the notation (4.1.3), we see 
that 


1 
f-»(q) = CE (4.3.1) 
by (2.3.5), and , 
= q” 
Te 2. TA 


which is the third order mock theta function f3(q) defined in (2.1.1), and thus 
f3(q) is not the same function obtained by setting a = 3 in (4.1.3). Also, 
by (2.1.2) and (2.1.4), respectively, 


fola) = $x(q) (4.3.2) 


and 
f-1(q) = xa(q). (4.3.3) 


If we set a — 2 and b — 0 and replace —q by q in Entry 4.1.1, we ob- 
tain (4.3.1). If we set b = 2 and a = 0 in Entry 4.1.1, employ (4.3.2) and (2.3.1), 
and use the fact that fo(q) = fa(q), we find, in the notation of Entry 2.3.1, 
that 


23(—q) — fs(q) = 


which is the assertion in (2.3.2). 
If we set a = b = 1 in Entry 4.1.2, use (4.3.3), and also use (2.3.1), we find 
that 
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4x3(q) — fs(q) = 


which is Entry 2.3.3. 


4.4 Proof of Entry 4.1.4. Part 1 


We show in this section that Entry 4.1.4 follows from the two 2-dissections 
for two special cases of the rank generating function G(z,q) given in Theo- 
rems 4.1.1 and 4.1.2. 


Proof. To begin the proof of Entry 4.1.4, we need knowledge of theta func- 
tions. After Ramanujan, set 


f(a,b) = 5 ar tD Pp 070/7 = (—a; ab) oo (—b; ab) oo (ab; ab), |ab|<1, 


(4.4.1) 


where the latter equality is the Jacobi triple product identity [55, p. 35, Entry 
19]. To simplify the product on the right side of (4.1.10), use (4.1.2) and (4.4.1) 
to deduce that 


1 = 1 
es ; 4 re — 
; Codi [I ue 
E E A nija ni 
RET (qe™™ t, qe™7™™ 4, q; q), 
1 4. ,8)2 _pti/4 | ppo Tij4 
— d (rias fre TT (4.4.2) 
V2 (P; f) (Lert) 


We need a special case of an identity of Ramanujan for theta functions 
[55, p. 48, Entry 31]. To that end, if U, :— a^(^*9/25n(n-)/2 and Vp := 
an —-1)/2pn(--)/? for each integer n, then 


f(U,Vi) = S ug a). (4.4.3) 


We apply (4.4.3) with a = U, = —e™/*, b= Vj = —qe—™/4, and n = 4 to 
the theta function in the last equality of (4.4.2). Thus, 
Fe, 90-8) = god t - epe 
+ igf (q^, —q*) e "Ig? f(-q15, 37?) 
= (1— e) F(-¢°, -91?) + (i - ne =q). 
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Hence, 


fie", age 74) 
(1 — eri/4) 


= f(-4$, -419) — (V2 + 1) f (~q, -q?) (4.4.4) 
=e ca ala ag” alg Era ag 

— (V2 + 1)a(q^; 9") 0 (a^; 4") 00 (q15; a'f) 
= [99:4 sla ig os — (V2 + 1)qla?; qê] (4'6; qê), 


where we made two applications of (4.4.1). Hence, inserting (4.4.4) 
into (4.4.2), we deduce that 


v(-a) (74^ a*)s | 


n=1 


1 1 
V2 1+ V2q” + g?* 
2 
= LA E (t; q^ stg ^q leo. — ew )gla sq” lala"; E 
1 ae Pl Cee al ( " 1 ) lua "psg. 
v9 uuu wa V2 idu qf; Ia 
Therefore, identity (4.1.10) is equivalent to 


i i i gau tus 


fald = 5 (1+ 75) lia) +30) 


(4.4.5) 


a lea a 


» i (o i iio) » ( ü 5) e 0°. s 


We now apply Theorem 4.1.1 twice, with q replaced by iq and —7q, obtaining, 
by (4.1.6), d(ig) and $(— iq), respectively. We next apply Theorem 4.1.2 with 
a = e*™'/4 thereby obtaining, by (4.1.5), fyz(q). If we substitute these three 
representations into (4.4.5), we see indeed that (4.4.5) is valid. It therefore 
remains to prove Theorems 4.1.1 and 4.1.2, which we do in the following 
sections. 


4.5 Proof of Entry 4.1.4. Part 2, 
Identities for Theta Functions and Lambert Series 


We offer the following lemmas that are needed to simplify the dissections in 
the proofs of Theorem 4.1.1 and 4.1.2. 


Lemma 4.5.1. We have 
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Proof. By (4.1.2) and (4.4.3) with a = q, b=4q°, and n = 2, 


1 i 1 Carum p» qnn 
Qe du QE (ar) = 
uo ge 
= guam (cea. ala: 4), 


and so the proof is complete. 


Next, we state Halphen's identity [155, p. 187] in the form discovered and 
presented in [41], 


[ab, bc, caloo (q)2s 
[a, b, c, ABC] 50 


H(a,b,c, q) :— — 1-4 F(a,q) + F(b,q) + F(c,q) — F(abe, q), 
(4.5.2) 
where 


oo k oo k 
F(z) := F(z,q) =) ——, - > PT gli. Gea 


k 
syl- wg leq 


Below are three identities that are consequences of Halphen's identity [96, 
Corollary 4.4]. 


Corollary 4.5.1. We have 


H(a,6,c, q?) — H (a,b, d, q?) = H(c,1/d, abd, q?), (4.5.4) 
H(a, a, q/a, q?) + H(b,b, q/b, q?) = 2H(a, q/a, b, q?), (4.5.5) 
Ha, a, q/a, q^) — H (bb, q/b, q^) = 2H (a, q/a, b/q, q^). (4.5.6) 


Setting r = 0 and s = 3 in [95, Theorem 2.1] and then replacing q by q19 
we derive the generalized Lambert series identity 


gag. 1 oo (iy b2 n 
lb, c, diq!6].,  [c/b, d/b; q! 9]. 2; 1 — bg” @ 


" 1 Y (gee e m 
[b/c,d/c; d°] 24 do Nbd 
1 oo (gery d? n 
[b/d, c/d; q' Joo 1— dg?" (3 


n=— oO 


Multiplying both sides by [c/b,d/b;q!9|,, and rearranging, we deduce the 
following lemma. 


4.5 Proof of Entry 4.1.4. Part 2, Identities for Theta Functions ... 47 
Lemma 4.5.2. We have 
oo (—1)"q24n(n+1) px c [d/b; a Joo y gno gen” 
2 1 — bq!®” (5) -§ b [d/c; q1$ PS : = co" —(5) 


E Cara DRA [c/b, d/b; q! P , d [e/b; a E eo [Erw e 
o badd b c/d; q'5|.. 1- dq \bc 


T;——oo 


4.5.7) 


X (.—]yng24n(n-1) en XV, (—]yng24n (n1) en 
Bing ` (Dd i5 C and oe No ous de £ 


n=— oo n=— 00 


1—2zq 


4.5.8) 
where the prime in the second sum denotes the omission of the term 
n = 0. Then by substituting (b,c,d) = (q8,q!?, —q°) and (q°,q'?,-q-°) 
in Lemma 4.5.2, we find that, respectively, 


Sl, —q?) — q^ S(q?, -q*) 


- que yeah — [fia ee ee ca 418) T 
Rae al Bm HM cua 5. 
g^ S. = q) - q? S(q 12 ,-q8) 
= a(g’ T d d E T. q' Ole laf; q19].. 5 (iga —8n 
a q; qi Sas [7425 218]... Prod 1 + gi6r-6 
4. „16 
aaa as g^ gf; gê] 


where we replaced n by n + 1 in the previous line. Similarly, substituting 
(b, C, d) = (=1, -q*, ge (745, —q”, q^), oor —q”, q), and (74*, -d, q?) in 
Lemma 4.5.2, we obtain, respectively, 


S(—1,-4 7?) - g?S(-q*, -q- 1^) (4.5.11) 
me T pod [- g, d: q! a= 32 laf; male S(q18, 932 
sd m 2. 16 ( 2 ) 
[-1. 0°, - q^; q! 9], [7454 °] 
EE Cua ar ri ge: Ru lo or 2 -16 
= (q^,q ^) 
[-1, d^, —a*; q! 9], [74^; 9]. 
a s(—9 9)" S(-q 7") (4.5.12) 
- ated he — [aid ee seo 416) 
lg’, ^45, =q”; "Joo E S], ^ ' 
S(—1,—q 19) — q'®°S(-q"?, -415) (4.5.13) 
- que S dates is fai o ses 1) 
[-1, —q*. q9; "Joc [4 ;q ]]o. ^ 
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S(-q*,—q 9) — de S(-q*, -¢°) (4.5.14) 
- qeu he à aee ses 4), 
[-a^. g, —08; 9" Joc [449], ^" 


Lemma 4.5.3. We have 


D (edge y qu GT 00 D (-1)sgMnon*D fa 
gg cd [d/c; os J= eg d 


=— 00 1— n-—-—oo 
=; qr ge fe dq!®” à qg enie dg 
— gif” j 1- g 60-16 fe l= dqi®" TE joerg 
yalat] ṣ eye PN” 
[c/d; les E. des ag c ’ 


where the prime on the sum on the left-hand side denotes the omission of the 


term n = 0. 


Proof. Multiply both sides of (4.5.7) by (b — 1), differentiate with respect 
to b, and let b — 1. We find that the only terms that remain are those in 


Lemma 4.5.3. 
Lemma 4.5.4. Recall that S(z,¢) and S*(¢) are defined in (4.5.8). Then 


1 
5 +S" ( q 7?) — S*(-q7*) — g?S(q*, —q-9) + a^S(q^, —q?) 


Dal md 2 —16 16 lg ar ^ua 10 .16 
= (—4, °) +e [ru °) 
[74^; q!]., [749: q! 9] 
1 (dd goa l(a: m j i 
54 ELM EN (4.5.15) 
[454.9 0] 


Proof. Substituting c = q* and d = —q!? in Lemma 4.5.3, we find that 


Bt q? S(q*, -g ^ 
_ oo gents g enra for i 
1 E ge 1 E Qs 1 ES gos 1 HN jn 


( 1)” 24n? 4-56n 


g? Cea < d q 
2, 16 > À 16n+18 
[5g qd leo A, Lea 


oo 16n+4 16n+12 16n+2 16n+14 
=-1+)> ( a pet E ) 
a ] — qiont4 -gO 1 yy gl6n92 — 1 Glén+id 
laf; q]5] E 
| i39 Sl- gs). (4.5.16) 
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Similarly, substituting c = q^ and d = —q!? in Lemma 4.5.3 gives 
S*(-q ^) — q*8(q*, -q ?) 
E > a a gin 10 qiont6 
= 1— goa l i goer a 1+ genre 1+ qe 


a); (4.5.17) 


Taking the difference between (4.5.16) and (4.5.17), we obtain 


S*(-q 7?) — S*(-q-1*) — P S(q*, —q-1) +a S(q*, a°’) 


oo 16n+2 16n+6 16n+10 16n+14 
— (2 E q q ) 
a 14+ qin? I4 qion-+6 1 4 q0 + 1 4 gions 4 
le" les 2 | —16 16 apad 10 ,16 
+ e 9174.47 7) (—q"°, 416). (4.5.18) 
[Sasa les EPUM 


Note that by Halphen's identity (4.5.2) with q replaced by q!9 and (a,b,c) = 
(—q?, -gq, —q$), 


1 oo 16n+2 16n+6 16n+10 16n+14 
! i q "AC q q ) 
2 = Lag eere Lg tere tage {py mr 
— la^ d hola a 
2 [-q?, q^, —q9, —q9; q! Joc 


Therefore, (4.5.18) is equivalent to 


1 * = * = = = 

shee Ser rsa teg seri t) 
4, 16 

(-—¢,¢°"*) +q EE S = 


3d Joo 


cat as P 
[74?: q! 9], 
lusu tag 


2 [-q?, q^, —q9, a9: q!9]4, | 


"S 


which is identical with (4.5.15). 


4.6 Proof of Entry 4.1.4. Part 3, Proof of Theorem 4.1.1 


Proof. We now prove Theorem 4.1.1. Invoking the partial fraction iden- 
tity (4.1.15)with t = i, we find that the left side of (4.1.11) is 
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( ig 


oo gq” d oo = 
» TRO » 1— ig” 


n0 (q/i; q)n (q)oc n-—-—oo 


n ~n(3n+1) /2 


d p» (—1)”q (1 + iq") 


ie g^ 


n n(3n--1)/2 


1 » (-1)"q (1-2) - ia - a") (4.6.1) 


log? 


Replacing n by —n and multiplying both the numerator and denominator by 
q^", we see that 


oo n ,n(3n4-1)/2 eo ieee 


(-1)"q _ 
Le T 


n=—oCo 


1 +q?” 
Therefore, the identity (4.6.1) simplifies to 
oo n? 2 oo n ,n(3n-1)/2 


: - m? di^ didi 
2 (iq)n(q/i)u — 25 an (4.6.2) 


1+q 
We focus our attention on the series on the right side above. By subdi- 
viding the index of summation into residue classes modulo 4 and using the 
definitions (4.5.8), we find that 


(q) 


n=— oo 


D (—1)^gn Gn 0/2 7 oo qn +2n oo grin’ m2 
2n = 8n 8n+2 
n=— 00 1 + q n=— 00 1 a q n=— 00 1 T q 
24n?+26n+7 oo 24n? -38n4-15 
" "dA p 
8n+4 8n+6 
T,——oo 1 F q n=—co 1 T q 
7 1 " d qn mh _ q8”) qn tln] _ gn?) 
2 16n 16n4-4 
P c X S d 1-4 
" oo gran’ +26n+T (1 m gn oo qn +38n+15 (1 Á grate) 
t. 1 — g16n38 E ] — giónti2 
1 
=a trer - S'(-a 7) - d S(a*, a 7) + a! S(a*, —a 7) 


+ q'S(g^, —q?) — a S(q*, 99) — g Sla, t) H a s(q?, a). 
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Therefore, by (4.6.2), (4.5.1), (4.6.3), (4.5.9), (4.5.10), and (4.5.15), 


Yu =f (=f, —gP gie. ule, (=°, RR) 
= a Q)n 


Tq 
a uu (iq 
pe. 2 .—16 16 lq jq um 10 16 
x 42 S(-qdq °) +2 S(—q",q °) 
Y [-4:4'] [-49; q! Joo 
oe ee cm ua ee, ogie s MET bo 
[—¢?, —0°, —q9, —q9; q! Joc [—¢?, d; q19]., 
lava lea 2 16 au a rus 
2q S(—q^.q )—2q x 
[749; q] [-49, 48; q! 9]. 
4 16 
dq 
ar | j d S(—q19, 419) 5. (4.6.4) 
I-8 90^ ss 


We now prove two identities that we use in our collection of the even 
powers from (4.6.4). First, we prove the identity 


[749;419]2, — q?[-q?: 92, = [a?, q^, q^, af, a8; q oo: (4.6.5) 


Replacing q? by —q and noting that [-q, —45; q?]oc = [073 q*]sc / [a, 4^; Poo 
we see that (4.6.5) is equivalent to 


_ lP, ai; Foo 
Ar arta loa 


l”; q*]2, + ala; 715 (4.6.6) 


Dividing (4.6.6) throughout by [g,q,q^*;q?]., and rearranging, we see that 
(4.6.5) is in turn equivalent to 
TATE RAM CUT ML ETÀ ANNE tag? a Poo 
[hg Cd les la, q, dpa les la gd. 


and this follows from (4.5.4) with q replaced by q* and (a, b, c, d) = (q, q, q?, q). 
Second, we establish the identity 


[a. q^; a loo — 2d? [-d^, d^, 9°, a5 51a ^] 
= [4?, 0°, 04,04,04, ud uae (4.6.7) 
Replacing q? by —q, we find that (4.6.7) is equivalent to 
a^, a^; Plo - 2a[a. q, ^2, 0-23 Blo = l-4, —4, d^, 4^, 4^, 5, 03,0; Bloc 
which in turn is equivalent to 
lgsg; dlo — I n m aia loe 
LET lq, 2, 4^, 4^: ^] 


laf, a^; goo + 2q (4.6.8) 
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We thus want to prove (4.6.8). We apply (4.5.6) with q replaced by q^ and 
with (a,b) = (q,q?) to obtain the identity. 
lg’, g4, a; aë]oo (05; 0°) — a^. af, gf; aloo (05; a°) 

la, q, 4°, 9°; loo l0, 0°, g, T les 
C EACE lg, q^; aë]ao (4^: 4°) 

loq d "vu des ld ie 
Multiplying both sides by [g?;:q?]À, and then after dividing both sides by 
lq“; a8] (q9; q8)2,, we see that (4.6.9) is (4.6.8) upon rearrangement. 


Invoking (4.6.5) in the second equality below and (4.6.7) in the last equality 
below, we find that the even powers from (4.6.4) are equal to 


—2 


=Q (4.6.9) 


Joo 


9416 [i ra lee 5(—¢!°. q*) Lava ulmi (9'8; a 2 
[-d* a las [-¢?, -q?, -a°, —q9; g' Joo 
|- sej (qê PB 
$ oo 5 oo 
+q 
(usq 
y dau iF Dea ia loo M las ls S(—@,q7) 
[—@?, 08; q' Joo [749; @* Joc 


gg i RM iT M 915 lq ig” oo S( "n q'$) 
[-a8, gÈ; g ls [ 2 16 ? 
Sig B q6) " " 
= S(-q?,q7~*®) ([- 49; 4193, — g?[-4?; q19]2 
Cee Cee ( m 3 
luu aa” lala 
l; P hl, g, —q9: q Joc 
[ge 6. 1612 2 2. 1612 
(q^; q3)2 [—¢° Pq ([ q 34d Ic) [-q jq 5 
, oo ? 3 oo 
2 gg? E 
= an is. S(-q'ya- le eae oS les 
E oo , oo 
Ci q? dig sg se 
b ? am , oo 
(q^: a 4, [^q^. —q^, -9°; 45] 
2 oo , , 3 oo 
16, 1643 
(qq 
qa s xm 
PAC qa 2 1 4 4 
= S(-a*,q 1 5)? a^, q^, q9, aig] 
uu dod a " 
[asa lod 
(q^; qa a, [^q^. —a^, —a9; "Joc 


eios. 


| 2g? 


+ 2q? uo ae aoe 


"oues 
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x ([a5, g; a! Joo — 2a? [-a?, —a?, 0°, q^, f; @"* Joo) 
z 2 S(—q?, q716) a (ug Jes 
(qq Pius i [—¢’, —0°, —q°;q"° 
We now collect the odd powers of q from (4.6.4). In the analysis below, we 
need to use the identity 


(4.6.10) 


2|g?, gf, 4°, —9°, —a?; a leo — faë, aë; Joo = |g”, a^, gf, a^, af, a9, 9, a°; a loo, 

(4.6.11) 
which we now prove. Replacing q? by —q and rearranging, we see that (4.6.11) 
is equivalent to 


2. ,8]15 4. 8 2 2 ,3.,8 
lg; 2, 4 [Pi Pola sa ee _ a a d: o (4.6.12) 


19.0; q^]. la; a°]oo 


Multiplying both sides of (4.6.12) by [g4;q?].,(q5; q?)2, and dividing both 
sides by [q?; q?]2,, we obtain 


laf; q?]3. (a5; 49), " CMT MT MET PLC g 100"; los (a x, 
"ur lq, g”; ale lq, 47,973 Joo 
(4.6.13) 


If in (4.5.5), we replace q by q^ and set (a,b) = (q?,q), we arrive at (4.6.13). 
Hence, (4.6.11) has been established. 

In the first equality below, we employ (4.6.5) twice, and in the penulti- 
mate equality below, we utilize (4.6.11). Thus, collecting the odd powers of q 
from (4.6.4), we find that 


(34 qq. ss 
Da toe 
tug DLF E " ([-48; Ed 
, cot Y ? ; oo 
; laf, g, ug ato sg. 
(d^: a), [^a^, ai, —q9; a°] 
2 
m 15 10 16 
=O qeu Siu) 
+ | oo 
16 1643 
qug 
+ 2q PS: -- LUE lo dug wg due 
, oo ? , oo 
lat, a8, a eto ue 
(a^; q?)2, [7 q^, —a9, —a9; q' Joo 
-— ——— a nsa lala a y 
Cae ss (q^: q?)2,[^q^, -9°, —q9; "Joc 
8 8 16 


x (2[g?, q^, a9, —a9, —a6; goo — [g?, g8; q19],.) 
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2 
a 15 S( 10 16 
qq) 
uud as 
4. 16 16 1643 
Cid’ lale sa 
+q | EN E l, 0,04, uuu adi 


(4^; 4^)2, [7 «^, —a9, —a*; a! "loo 
oq. A SC qu, qo) 4g lg: a Tool ia oe 
[9-0 5-0 $4 “les 
gw uta 
[-q?^, —q9, a9; q! "Joo, 


S(—49,1) +q 


(95,485 (4.6.14) 

We now return to (4.6.4). On the right side of (4.6.4), we substitute the 
expressions that we found for the even powers in (4.6.10) and the representa- 
tion for the odd powers from (4.6.14). We immediately obtain the proposed 
identity (4.1.11), thus completing the proof of Theorem 4.1.1. 


4.7 Proof of Entry 4.1.4. Part 4, Proof of Theorem 4.1.2 


We are now ready to provide the fourth and last portion of our proof of 
Theorem 4.1.2. 


Proof. Let a be a primitive eighth root of unity. Then by the partial fraction 
identity (4.1.15), 


> QU jc 3 (—1)” gr oer La 
£— (aqq).(a/aid)u (ad)o , —, 1- aq" 

i-a oo (1 g Ento + aq” i5 ag ug 

(q:d)oo , 14 q^ 

i E m ag) _ a(1 _ M 
1 oo cag" (1 — a2g”) — a?g^ (1 — q” 

_ q"( 2 ai Gd q")| (4.7.1) 

(d: Doo I4 


n=—Cco 


Replacing n by —n and multiplying both the numerator and denominator of 
the summands by q^", we see that 


Y: (aye girth gk _ oo (yg edm 
1 pa^ 1 Lg 


Tn -——oo n=—Co 


Therefore, we deduce that 


oo [ -1) 545 FO u a*q?) 


1+” s ds 


P URS $4 (4.7.2) 


T,——oo 
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oo ( - 1) gp ea u ae”) t 3 oo ieee 
»» Dr um E 
(4.7.3) 
oo Gyre ea — a?q”) EUH > oo Cie 
N pr Ona) $m C 
(4.7.4) 
and 
oo — 1)" n(3n4-1)/2,,m 1 — qg” 


1+¢ 


n=— Co 


Thus, noting that —a? = 1/a and putting (4.7.2)-(4.7.5) in (4.7.1), we find 
that 


oo qU 7 2 " 1/a » ( jer 
£ (aq; a)s(a/a; a)n (nd). ,—, 1-4" 
+i eo — 1)" n(3n4-3)/2 
me an- (4.7.6) 
(Gd). lta 


We now proceed as we did in the proof of Theorem 4.1.1. We first work 
out the dissections of the relevant Lambert series. For each of the two Lam- 
bert series below, we divide the index of summation n into residue classes 
modulo 4 and express each sum in terms of S(z,¢), defined in (4.5.8). By 
applying (4.5.11) and (4.5.12) in the first case and (4.5.13) and (4.5.14) in the 
second, we find that 


oo (jeer 


> 14g” = S$(-1,-q 7) - g?S(-q^, -q- ^) 
tq 8( d, q?) q^ 5f d. g^ 
(gu v wie. uta (dq) 
[-1, 0°, —a*; q! 5]. [—¢?: q16] |j 
4 4C DI^ =i a Joo Jur us Sq.) (4.7.7) 
lg’, —2^, —25; a9]. [-45;q 9], ' B 
and 
P4 
oo =j nger +3n)/2 7 E 
5 = in = S(-1,—471?) — g$S(—q*, -q °) 


1+q 
+4°S( gÈ, qÊ) gat q^, q8) 


n=— 00o 
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- qam. caa he is ia ee ses 4) 
[-1, —a*, gf; q! Joc i 


[70950 lec 
È (8; la" a a +g tee S(q° 1) (4 7 8) 
[74^. d? —08; q19],, [^45q]9], ^ ' 


To study (4.7.7), we first verify two theta function identities, both used in 
the second equality of (4.7.13) below. The first equality that we shall employ 
is 


[-2;« ^] — a^[-1; a Joo = lg, 0,94, gf, a°; g P] (45; goo, — (4.7.9) 
which, after multiplying both sides by (g!9;q!9),, and utilizing the Jacobi 
triple product identity (5.1.2), is equivalent to the elementary identity 


oo 


8n? 2g? 3 8n(n4l) _ 2(2n)? .— 3 2(2n4-1)? 
5 q q Xa 5 q 5 q 


n--—oo n=0 n--—oo n--—oo 


Il 
— 
mn 
— 
3 
N 
3 
I 


'The second equality that we shall use is given by 


[-1, =f, -g ja loa = a? a7, da "pa = I °, af, ^) Jon (1 "oa; 

(4.7.10) 
which we now prove. Multiplying both sides of (4.7.10) by [g4; q!9]5; (q!6; q19)2. 
and then dividing both sides by [-1, q?, q?, —q*, —¢°; q®]oo, we see that (4.7.10) 
is equivalent to 


l^. od -d arua e.c arator (4.7.11) 
lg, g, —q^, —08; q] [-1, 0°, q^, d^: qê] 
da^ a^ ata lola o a Na adra olg 5: a0 
[-1, =f, —d?; qê] [-1, -q*, —q*, —08; ¢" Joo 
Note that 
at: ail (asi). = Ca es. EET es ae 
bj oo ; oo 7 — m , 
(-a54*).  (-a*5aqP)e(-dqd)e  [-4 549]. 
(4.7.12) 


which we use on the right side of (4.7.11). Then (4.7.11) follows from (4.5.4) 
upon replacing q by q8 and setting (a, b, c, d) = (q?, q?, —q*, —1). 

We now focus on (4.7.7). By invoking (4.5.1) and using (4.6.5) in the 
second equality below and, as we mentioned above, (4.7.9) and (4.7.10) as 
well, we find that 
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1 oo y? ges 

ae > ot (4.7.13) 

= rie CM CICER um S(q?, g 19 [—q9: g19]2. — 92[—g?: 91912 

— (q^; gy = qÊ; AE (q 3 X1[ q ;q lee q| q5q Ie 
(q'°;q"*)3 [-g?, q*, —a9; loo 8. 16 
(a^a s^ bd “Fis 21€ le TUG oo) 

16. 
pqg Catt AC d e 


PRE T 7d id pas 
x ([- lj =q, -q9; 0" Joo — [= ¢,-7,-€;¢ Joo) 
4, g* q1$ 
d; q E 
E eu SIG j 8 S(q^, a 79)|a^, a^, af, 4°, a°; a°] 


3 oo 


a)i l-a, q^, —5; q! Joo 

(d? EDD V I e 
CAE AS C ECmES 

(q^; a! )5,[-1, d^, —a^, —d*; 4 

=} ge g) oi delia | (asa ee aT 
uuu 20,07, d "pas 25. af, q8; ail 


uw uve toi us 


+q m nd uw ug sid Wl ss 


oo 


To study (4.7.8), we again need to first establish a certain theta function 
identity, namely, 


[748, ^a, —08; gf] — q*[-1, —a?, —d?; a "Joo 
[ 4 4 .6 8 ud 


edd s sr atu o e (4.7.14) 


Multiplying both sides of (4.7.14) by [g*; q!6] (q16; q19)2. and then dividing 


both sides by [—1, —q^, q9, qf, —q8; q!9],., we see that (4.7.14) is equivalent to 


lgt, —49, —9:4191,5(416:479)2,  [- 97, —g?, q^: 19]. (q16; q16)2. 
[-1 u a =” Iba lê, gê, -¢ *, —0; qê] 
— [as atia IE (q8; ae 
E (4.7.15) 
[-1, -q*, -q*, —q*; q16] 


where we applied (4.7.11) and the elementary identity 
[-4 ; a9], = a* [7a ^; a? Joo 


In (4.5.4), replace q by që and set (a, b, c, d) = (qf, qf, —1 
follows immediately. 

We now give our attention to (4.7.8). As before, we utilize (4.5.1), and 
then applying (4.6.5), (4.7.14), and (4.7.9) in the second equality below, we 
find that 


,—q 3). Then (4.7.15) 
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1 oo (<1 gee 


2; 


(4.7.16) 


z 4 
COe<— Lg” 
5 [q "a q “lolg x ME 6. -161712 2 1632 
(d^; hlg’, gu 
(qo. 293. a alee 
1 7 
(ai dol 1, —gf, q9, 5; 9g" Joo 
x ([-¢°, —q$, —98; goo — gt [-1, —0°, —a?; q19],;) 
(at; q8) =, q*, —9; af] 2 
+ ET 
gramm mor e O 
4. 16 16, .16 
s d auis Jos 6 2 4 4 6 ,8, 16 
=q 5t. DM vue wur 
(d^; Phl, —a9; af] i 
(gu Fg e bs 4 4 6 6. 16 8. 16 
ud Wii edid) 
(q*; q?)2,[-1, —a*, gf, — a5; qê] B i 


(q! iah) laf; To 
2 


210.0, 0 19 les 
xg. E (a/5:475)ss [a*; a 9], p QV el^ a, 
(Ca ja 2 aru 9 les 210,0 qf; qê] 


We can now complete the proof of Theorem 4.1.2 by substituting (4.7.13) 
and (4.7.16) into (4.7.6). 


We note that in [269] Watson proved many of the entries in Chapter 2 
using an identity equivalent to Theorem 4.1.3. It is uncertain whether Ra- 
manujan used the methods of Chapter 2 or those of partial fractions to prove 
his identities for third order mock theta functions. It is clear that he was the 
master of both methods. 

The identities of this chapter were first established by H. Yesilyurt [276]. 
Our approaches to Entries 4.1.1 and 4.1.2 are different from his, but our proof 
of Entry 4.1.3 is the same as his. Our proof of Entry 4.1.4 is unlike Yesilyurt’s 
proof. The content of this chapter was first published in a paper [36], which 
the authors wrote with S.H. Chan, S. Kim, and A. Malik. 


Check for 
updates 


5 


The Mock Theta Conjectures: Equivalence 


5.1 Introduction 


This chapter and the next are devoted to the proofs of ten identities from the 
Lost Notebook. We place them, five each, in the following two entries. The 
remainder of this chapter is devoted to proving that the assertions in each 
entry are equivalent, i.e., they are all true or all false. The following chapter 
is devoted to proving that the fifth identity in each entry is true. 

In formulating these assertions, we use the formulation that appears in 
[38]. This will most easily facilitate the equivalence proofs that comprise the 
remainder of the chapter. We refer the reader to (3.1.1)-(3.1.13) for the defi- 
nitions of the ten fifth order mock theta functions. 

Besides y(q) and v(q), several other special cases of Ramanujan's general 
theta function f(a, 6), defined previously in (4.4.1) by 


flab) := X aperDRR DE. Jab <1, (5.1.1) 


n=—CoO 


arise in the sequel. In particular, use is often made of the Jacobi triple product 
identity [55, p. 35, Entry 19] 


f(a, b) = (—a; ab) 56 (—b; ab) 50 (ab; ab) x. (5.1.2) 


We also need the factorization formula [55, p. 34, Entry 18(iv)]; for any integer 


n, 


f(a,b) = ann *0/2gn(-07? F(a(ab)", b(ab)-"). (5.1.3) 

Furthermore [55, p. 34, Entry 18(iii)], 
f(—1,q) ^ 0. (5.1.4) 
© Springer International Publishing AG, part of Springer Nature 2018 59 
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Entry 5.1.1 (pp. 18-19). Let 
Alq) = ——— ——, (5.1.5) 


where G(q) and H(q) are defined in (3.1.16) and (3.1.17), respectively, and 


oo 5n? 


@(q) := —14 L? E (5.1.6) 


(GP n+l Pn 


Then 


Mi(q) := xo(q) — 2 — 38(q) + A(q) = 0, 


M»(q) := Folq) — 1 — 9(a) + av (a?) H(q?) = 0, 
5.45 2 
Mig) edu) c Mas bs IC M (5.1.9) 


Ma(q) := volg) — O(a?) — qH (q) f (-a^, —a) = 0, (5.1.10) 


Ms(q) :— fola) + 28(q7) — e(-4?)G(q) = (5.1.11) 
Entry 5.1.2 (pp. 19-20). Let 
_ POs?) 
D(q) = ag) (5.1.12) 
and ES ed 
uM q?” 
W(q) := —1 + » Creare (5.1.13) 
Then 
Mo(q) := qxi(a) — 3% (q) — qD(q) = 0, (5.1.14) 
Mz(q) := qFı (q) — V(q) — qv(q?)G(q^) = 0, (5.1.15) 
Ae ee EU (a^; d) GG) HG) - 0, (5.1.16) 
G(q?) 
My) = ala) - ŽEP) - Gla) f(a", =) = 0. (5.1.17) 
Miola) = fila) + WP) - pP) (a) = 0. (5.1.18) 


We proceed to establish Entries 5.1.1 and 5.1.2 in this chapter and the next 
as follows. In Section 5.2, we use Ramanujan’s ,w,-summation to represent 
several theta products as Lambert series. In Section 5.3, we prove that the 
functions M;(q) are identical for 1 < i < 5, and in Section 5.4 we prove 
that the functions M;(q) are identical for 6 < i < 10. In Chapter 6, we 
provide D. Hickerson's proofs [161] that Ms(g) = 0 and Mio(q) = 0. These 
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proofs will then finally establish Entries 5.1.1 and 5.1.2. When comparing the 
identities in Entries 5.1.1 and 5.1.2 with those in Chapter 3, we see that the 
only fundamentally different feature is that Entries 5.1.1 and 5.1.2 contain, 
respectively, the functions (q) and W(q). 


5.2 Fourteen Lemmas 
Every result in this section is proved in exactly the same way. Each theta 


product is identified with an instance of Ramanujan's 11-summation [32, 
p. 118, equation (4.4.6)] given by 


"€ (4;9)m n _ (a, b/a, az, q/(az): oo 
iia bg, 2): So (bd). OFTEN (5.2.1) 


n-—-—oo 
where |b/a| « |z| « 1 and, for every integer n, 


(a; q)sc 


(a; q)n :— (aq^; Qoo 


Indeed, the applications will all follow from the identity 


S "m 5 b 5 54.59 
1—bg^ ^ (z,45/z, bg? [b g) 


T,——oo 


n (5.2.1), replace q by q?, then replace b by bqř, then replace a by b, and 
finally divide both sides by 1 — b. We therefore arrive at (5.2.2). 


Lemma 5.2.1. Let y(q) and G(q) be defined by (2.3.1) and (3.1.16), respec- 
tively. Then 


oo 


e(-a)G(a) = ror» i C = (5.2.3) 


Proof. By (2.3.1) and (3.1.16), 


3. 
o(-gG(q = € a Tr is 
"EE. CUT MT Pid Joo 
(a; goo (—q, —q?, — d? — 445.9? oo 
NE SN RC 2d 
Mor EET 


which follows from (5.2.2) with z = —q? and b = —q. 
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Lemma 5.2.2. Recall that p(q) and H(q) are defined by (2.3.1) and (3.1.17), 
respectively. Then 


oo _4)n-1,2n4+1 
o(a) Hq) = = 2 Cms (5.2.4) 


Proof. By (2.3.1) and (3.1.17), 


[g* og 0^: Vos 
(—4; Doo 
NET. (a^. q, č, 4: d?) 
(a18; q1?) (~q, 05, 0,9 HP us 
(—q) (99 ua a a os 
(a18; q1?) (—q, 950,9 Js 
1 oo (a1P= tgrt 
BOOTS P» Le 7 


e(-q)H(q) = 


which follows from (5.2.2) with z = —q? and b = -q* 


Lemma 5.2.3. If w(q) and H(q) are defined by (2.3.6) and (3.1.17), respec- 
tively, then 


oo 


v(q?)H(q*) = ror P» Ro (5.2.5) 
Proof. By (2.3.6) and (3.1.17), 
[ua a gs 
v(@)H(q*) = 
QOH) (@?; d on 
2 (gh, g”, g 17 Jes 
(q2, 98,910. q1, 118. 999. q? = 
= 1 (g^, g! I acl aim 
(a18; qt?) ug usua 
1 oo q^ 
m (q8; q19).. »» ] — q2on+i4? 


T,——oo 


which follows from (5.2.2) with q replaced by q^, and then with z = q? and 
b= q'4 


Lemma 5.2.4. If w(q) and G(q) are given in (2.3.6) and (3.1.16), respec- 


tively, then 
1 9n 2n 


VOC) = cu. 2. me (5.2.6) 


T;——oo 
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Proof. By (2.3.6) and (3.1.16), 


aara A d ee 

WG Gat) = Care 

E (aÈ, q??, q?9, q??; gus 

(q?, q6, q9, q'4, q's, q?9; q??)ss 

1 (aÈ, can ME Tid co 
Gs (ggg gu 
1 ` g” 
q19). ] — q20n«6" 


n=—Co 


= (q 


= (q 


which follows from (5.2.2) with q replaced by q^, and then with z = q? and 
b — q6. 


Lemma 5.2.5. Recall that A(q) is defined by (5.1.5). Then 


oo n 


1 q 
A) = qug. i. T= eT d 


Proof. Equation (5.2.7) is identical with equation (4.4.9) in our first book 
[32, p. 119] on the Lost Notebook. We provide a separate proof. Set b = z = q 
n (5.2.2) to deduce that 
x doo (qu) _ G'(a)(a d) 

l—q"*  (qq* qq * rm os Aq) — ' 


n=— Co 


from which (5.2.7) readily follows. 


Lemma 5.2.6. For D(q) defined by (5.1.12), 


1 po 2n 


q 
5 ig (5.2.8) 


Dlo = —— 
(9) (i)o y= 
Proof. Identity (5.2.8) is the same as identity (4.4.10) in our first book [32, 
p. 119]. As in the proof of Lemma 5.2.5 above, we can construct a similar proof 
of Lemma 5.2.6. Setting z = b = q? in (5.2.2), we easily deduce (5.2.8). 


Lemma 5.2.7. If w(q) and H(q) are defined by (2.3.6) and (3.1.17), respec- 
tively, then 


eS guinte 


vq) H(q") = Cor 1- quen (5.2.9) 
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Proof. Replace q by q*, and then set z = qÊ and b = qÈ in (5.2.2). On the 
left side, we obtain 


oo 6n oo —14n—8 oo 14m-4-6 


q q q 
2. 1- gs = »» TR y [a ga (5.2.10) 


n=— oo n=— o0 m=— oo 


where we set n = —m-— 1. On the other hand, on the right-hand side of (5.2.2), 
with the help of (3.1.17), Euler’s theorem, and (2.3.6), we find that 


= Ale ee la" (—q"®; 419) 


) 


a es - 
20. ,20 
= HONE 20), id a 
= H(a^)(a^; a°) oq"). (5.2.11) 


Combining (5.2.10) and (5.2.11), we complete the proof of Lemma 5.2.7. 


Lemma 5.2.8. If v(q) and G(q) are defined by (2.3.6) and (3.1.16), respec- 


tively, we have 


i i 1 oo gents 
vg ?)G(q*) = - »» D Een (5.2.12) 


n=— oo 


Proof. We again apply (5.2.2) with q replaced by q^. Next, set z = q? and 
b = q^. On the left side, we find that 


oo 8n oo —12n—4 oo 12m+8 


q q q 
3 I gw = 5 = 5 T qne: (5.2.13) 


n=— 00 n=— oo m=— oo 


while on the right side, arguing as we did in (5.2.11) above, we arrive at 


20) 


Cae aa x 
(q8, q12, q^, q16; @°) = Gia e. m G(q^)(q9; q19) v (q'?). 
(5.2.14) 


Taking (5.2.13) and (5.2.14) together, we complete the proof. 


Lemma 5.2.9. With G(q) and H(q) defined by (3.1.16) and (3.1.17), respec- 
tively, 


(9°; @° oo (a?) H (q) 1 a [29^ (5.2.15) 


H(@) (P;E) 1 qo 
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Proof. Set z = —q and b = q in (5.2.2). Hence, by (3.1.16) and (3.1.17), 


> (-0" | a’, =4°,°,.0°5 90 
loapecb (=q, gu d 
OEP 0 GNP LÀ _ CPI DE g) 
Cee qo agas H(q?) 


n=—Co 


which is (5.2.15). 


Lemma 5.2.10. For G(q) and H(q) defined by (3.1.16) and (3.1.17), respec- 
tively, 


PAPO dh ee eo 


G(q? (q5; q?)oo = gon t2 


Proof. Set z = —gq? and b = q? in (5.2.2) to deduce that 


5 (-0) (=f, —q, 4°, 4° oc 

Pager qo 9.0 dd" lon 
FP 0 (d, a,i) — H(a?)G(a) (à; à). 
(17,259 Joo (4,97, P7593 9 Joo G(q?) 


by (3.1.16) and (3.1.17), and so the proof is complete. 


Lemma 5.2.11. For H(q) defined in (3.1.17) and f(a,b) defined in (5.1.1), 


Cd HG) = cssc ny D eee (5.2.17) 


n=—Cco 


Proof. Replace q by q? in (5.2.2), and then put z = q” and b = q?. By (3.1.17) 
and the Jacobi triple product identity (5.1.2), 


»» pg (q, ee mae ae a 


1 — qgidnt2 m (q?, q', q?, q*; q1?) 
 f(74. a?) (q19; q19),, 


= 9\/,10, 10 
Sy la as = f(-a.—-a )(a ^ ;a J)o H (9), 


n=—Cco 


and so (5.2.17) readily follows. 


Lemma 5.2.12. For G(q) defined in (3.1.16), we have 


oo n 


fd, -a")6(9) = —— MEE PETI (5.2.18) 


n=—Cco 
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Proof. Apply (5.2.2) with q replaced by q?, and then with z = q and b= gÊ. 
By (3.1.16) and the Jacobi triple product identity (5.1.2), 


ae (d^, q7, 99,09; g) 
[ epe [eof ar ag Pus 
| JC, =F (G5 g) 
qud" les 


n=—Cco 


= f(—4°, -q')(q'5; a9). G(q). 


Hence, we have proved (5.2.18). 


Lemma 5.2.13. Let q(—q) and G(q) be defined, respectively, by (2.3.1) 
and (3.1.16). Then 


o Gl) = cu » a (5.2.19) 


Proof. Employ (5.2.2) with z = —q? and b = q. Thus, 


3 Gey Ses Pia ia les Gla) (a? 
Lager (ae —0°, q, 94; a5) ia 
G(a)(a^:aq?)ss (aia?) _ 


= [UP = G(g)(q!9; cov (—9"), 


n=—Co 


by (3.1.16) and (2.3.1). Thus, (5.2.19) follows. 


Lemma 5.2.14. If y(—q) and H(q) are defined, respectively, by (2.3.1) 
and (3.1.17), then 


v (—q?) H(q) = aS »3 _ (5.2.20) 


Proof. The proof is almost identical to the previous proof. Utilize (5.2.2) with 
z = —q and b = q?. Therefore, 


PEE. (—q gO” as 
= H(a)(a*;q?)2, = e(—q?) H (a) (q^; 0" oo, 


by (2.3.1) and (3.1.17), and so the proof is done. 


5 (—q)" (—q*,-4, 9°, č; č) 
1—q 
n--—oo 
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5.3 The Relations Among M;(q),1<i<5 


Theorem 5.3.1. Recall that Mi(q),..., Ms(q) are defined in (5.1.7)-(5.1.11). 
Then 


Ms(a) = 2Ms(g?), (5.3.1) 

Ms(g) = -2M»(q^), (5.3.2) 
Ma(-4) = - Ms(q^), (5.3.3) 
Mı (4?) = -3Ms(q?) (5.3.4) 


Proof. We prove the four identities in order. We first prove (5.3.1). Us- 
ing (5.1.11) and (5.1.9) and then Entry 3.4.7, we find that 


Ms(q) — 2Ms(q^) = fola) — 2¢0(—0°) — e(-q?)G(q) 
n 2(q19; q19),,G(q*) H (q?) 
H(q*) 


FEN $ (7-2) 1 »» (7-22) 
= (q10; q19).s a 1 + qon (q19; goo Je 1 E qnt 
2 (—q?)" 
+ (q19; ga 2 1 — qion+2 


2 oo oo 
~ (q10; gO) ( ME i + P d es] 


n=— oo 


=0, (5.3.5) 


where in the ante-penultimate line we employed Lemmas 5.2.1, 5.2.13, 

and 5.2.9, with q replaced by q?, and in the penultimate line we combined 

the first two sums on the previous line. This completes the proof of (5.3.1). 
We next turn to the proof of (5.3.2). By (5.1.11), (5.1.8), and Entry 3.4.6, 


Ms(q) + 2M2(q?) = fola) + 2Fo(q?) — 2 + 20° Y (q) H (44) — e(—q?)G(q) 
= e(q)G(-4) + 2Y (q) H (q*) — p(—4)G(a) 


q 
B 1 br (- q zy B 5 gis 
EE (q19; qt?) —(- 1)"q 5n+1 1= q?0n+12 


n=— Co 
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1 oo 2n+1,10n-+6 oo 14n4-8 
E —9 » = q 2j q 2 Y q 
G9; q10),. E 1 — q20n&12 os ] — q20n-12 


( 
— 0, (5.3.6) 


where Lemmas 5.2.1 (with q replaced by —4), 5.2.7, and 5.2.13 were utilized 
in the ante-penultimate line, and the first and third sums were combined in 
the next line. 

We establish (5.3.3). First using (5.1.10) and (5.1.9), second employing 
Entry 3.4.5, and third invoking Lemmas 5.2.1, 5.2.9 (with q replaced by q?), 
and 5.2.11 (with q replaced by —q), we find that 


Ma(-4) + Ms(q?) 


= vo(-4) + ¢0(-4") 


H(q*) 
10. ,10 4 2 
= e(—q)G(q) (ig pd Hn) +qH(—q)f (d^, q) 
1 eo oan is ys qnt 
~ (qi0 gi?) (X. a a P» < - = + DU oe (s —— 
1 oo (7d) Er qmm. = (—q?)” A (—1)"qi"*1) 
"gm. 2o ja gine 
0, (5.3.7) 


which completes the proof of (5.3.3). 

Finally, we prove (5.3.4). First, use (5.1.7) and (5.1.9). Second, we re- 
place q by q? in Entry 3.4.9, add Entry 3.4.6, and lastly subtract Entry 3.4.7. 
Third, we apply Lemmas 5.2.1 (twice, but with q replaced by —q once), 5.2.5, 
and 5.2.9. Accordingly, we find that 


Mı (4°) + 3Ms(g?) 


= xolg’) t 3¢0( g) 24 A(q?) m E 
10. ,10 4 2 
= e(q)G(-8) + e^-q)G(q) + Alg?) 3(q^:q Au )H (q^) 
1 s oo = AS 
~ (G95 9). (È —À— 2; —— 
= 1 oo (= q?)n (a peg ty + (1 =p) + (—1)” — 3) 
(a; g) 3 ] — qiont2 
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We now observe that the even indexed terms vanish on the far right side 
above. Thus, replacing n by 2n + 1, we conclude that 


1 po qi? t2(—2 _ ag ore 
2 ro (72 
Mi(q°) + 3M3(q°) = ~ (gi; qi0) > | — qot 
2g? eo q^? 
(q19; q!?)ss 2 1— q10n-*6 
— 0, (5.3.8) 


by (5.2.2) with q replaced by q?, and then with z = qf and b = q. This 
completes the proof of (5.3.4). 


Corollary 5.3.1. If any one of Milq), 1 € i < 5, is identically equal to 0, 
then all are identically equal to 0. 


Proof. Corollary 5.3.1 follows immediately from (5.3.1)—(5.3.4). 


In summary, note that the strategy above is to eliminate the presence of 
(q). To obtain a more transparent proof of the mock theta conjectures, it 
would seem that we would need a better understanding of (q). 


Theorem 5.3.2. If Mi(q), 6 € i € 10, are defined by (5.1.14)-(5.1.18), then 


Mio(q) = "CUI (5.3.9) 
Mio(q) = == Mel?) (5.3.10) 
A TE -zMsG) (5.3.11) 
Me(q) = —3Ms(q). (5.3.12) 


Proof. We prove these identities in order. To prove (5.3.9), we first 
use (5.1.18) and (5.1.16), second employ Entry 3.4.3, and third utilize Lem- 
mas 5.2.2, 5.2.14, and 5.2.10 (with q replaced by q?) to deduce that 


Miola) - = Ms(q*) 


" 2q(q19; q19)., G(q?) H (q*) 
G(q*) 
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m (q19; gtje 1+ qon-t4 = q9nt3 


=— 00 n=—Co 


+2q ee ae 


n=—0o 
jn gen e (—q)* 
= f 2. ] — gont3 
oo 


where we replaced n by —n — 1 in the first sum in the penultimate line. We 
now note that (5.2.2) is symmetric in b and z. Using this observation in the 
second and third sums on the far right side above, we find that 


2 
Miola) — , Men) 


1 oo (= 1)” g” = qn eS q^? 
= —— 2 ——————— 
(95 "oo p» bg p T+ qu t 2, a ae 
1 ce gort3 qi” 
~ (q20; qo). (4X ] + ql0n+6 + 2q P» ] + qlon+4 
=0, (5.3.13) 


upon the replacement of n by —n — 1 in the first sum of the penultimate line. 
This proves (5.3.9). 

For the proof of (5.3.10), we first use (5.1.18) and (5.1.15), then we apply 
Entry 3.4.2, and lastly we invoke Lemmas 5.2.2 (with q replaced by —q), 5.2.14, 
and 5.2.8. Accordingly, 


Miola) + - Ms?) = filg) + 2a. (a?) — e(-q^)H (a) — 2a (a1) G(q*) 
) 


= e(q)H(-q) — e(-q?) H (q) — 2qY(q™®)G (4f) 


1 (- 1)? t oe (—q)” 
n (q19; q0) 2 14 (-1)ng9n44 = 1— gont8 
d 99 \n=—0o n=—0o 
oo 12n4-9 
J 2 1 = +16 
= n 
n--—oo 1—4 
1 jj? ee gr 
= (q19; qi?) »» 1— (—1)ng9nTl > 1+ qontl 
? 99 \n=—0o n=—0o 


oo 12n+9 
q 
n——oo 
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where we replaced n by —n—1 in the first sum and then used the symmetry in b 
and z from (5.2.2) in the second sum on the right-hand side of the next-to-last 
equality above. The odd indexed terms in the first two sums on the resulting 
right-hand side cancel. We then combine the first two sums and apply (5.2.2) 
twice, in the first time with q replaced by q*, z = q!9, and b = q?, and in the 
second time with q replaced by qf, z = q!?, and b = q!9. Hence, 


2 
Mio(q) + M 2 


= +2 — 
0. 410 = is +1 10n+1 20n+16 
(Oe ea No aa eg IE pepe 
1 | Sa qiont1 23 gi2nt9 = 
0. 410 1 — q20n+2 +2 — g20n+16 
(q8; goo "E n 1 — q2" 
EE. (£ 5,05, g, gg) | (P Ca a 
(g'?;q'”) 16 jd E a q?) igo q8, q6, q4; q2) 
2q Er (a; g) ) 
ig "rg (pus 
— 0, (5.3.14) 


and so the proof of (5.3.10) is finished. 

We turn now to the proof of (5.3.11). We use (5.1.17) and (5.1.16), then 
we employ Entry 3.4.1, and finally apply Lemmas 5.2.2 (with q replaced by 
—q), 5.2.12, and 5.2.10 (with q replaced by q?). Hence, 


Mo(q) + E Msl) 


= lg - aaee a) - Ke DR GO 
q 


G(q^) 
10. 10 2 4 
q(q 34 G(q*)H (q 
= e(gR(-s) - G()f(-q", -@*) a 
G(q*) 
Hu 1 oo (21H oo q” 
~ (q0; gi9) 5, 25 14 (—l)rgin4 È ] — qin+6 
c (2n 
E 1 — qlon+4 
1 »» ginti 3 gints 
> (q19; G9) 5 — 14 qion+4 D. qo qion+9 


n=—Cco 


q” git 
» T= qion+6 P» 1+ qion+4 2 
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where we separated the even and odd indexed terms in the first sum and 
applied the symmetry in b and z from (5.2.2) in the third sum in the penul- 
timate equality. After cancellation, we apply (5.2.2) twice, the first time with 
q replaced by q?, z = q^, and b = q?, and the second time with q replaced by 


q^, z = q, and b = qê. Therefore, 


1 
Mo(q) + ,Ue 
1 oo gents oo q” 
(q1; q0) i» ]1—glon9 | 2 1 — q10n46 
L 1 pe " LLL 
(q19; q19)., (q*, q9, q?, q; q'?) (q, 99, q9, q*; q1?) 
E 1 (Arpi a 
(q19; g! Joo (9,94; 4° oo (9,94; 4°) co 
= 0. (5.3.15) 


The proof of (5.3.11) is thus complete. 

Finally, we prove (5.3.12). First, we apply (5.1.14) and (5.1.16), second we 
invoke Entry 3.4.11, and third we apply (3.3.8) and Entry 3.4.1. Accordingly, 
we find that 


Me(q?) + 3Ms(q?) 

2(,,10. ,10 2 4 
= palh) -3e (ce) - PD?) - I 

2 10. 4,10 2 4 
= 20° FA (q?) _ 261(—q’) = e Dl) 3q (q 3 aus )H (q ) 
= 2 (qı (q) — av(q?)G(q^)) — 2 (qus (a) — ae (a) H (—a)) 

annm. 30° (9:9 Ge Hu") 
-q'D(q) G(q') 


= —2qv(q?)G(q*) + 2qe(q) H(—4) — q^ D(q^) 


3g" (q2; q! 9). G(q?) H (q^) 
G(q") l 


We now apply Lemmas 5.2.4, 5.2.2 (with q replaced by —q), 5.2.6 (with q 
replaced by q?), and 5.2.10 (with q replaced by q?). After doing so, we rewrite 
the first sum and separate the even and odd indexed terms in the second sum. 
Hence, 


i 1 = 5 qn "m P» (— 1)” oe 
(q19; q19),. 1 — q2on+6 ^ I+D 
oo An+2 


po Ayn 
q 2 (-4^) 
3 ] — qion+4 3 >) = ar) 


n=—Cco n=—Cco 
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1 oo n+1 —1—(-1)" An+2 
- Ce Ca Cm) ^E 


10. 710 — glon+6 10n+4 
ga E 1-4 ELI. 
g^" t^ oo An+2 
-2 Xx poe = v Xi 
qion+9 ] — qlon+4 D i 
n=— 00 n=— 00 n=—oo 


On the far right side above, we replace n by —n — 1 in the first sum, and 
employ the symmetry in b and z from (5.2.2) in both the second and third 
sums. We therefore arrive at 


ga (1—( RT eu ys ^ s 
Due ) «2 jS Ion 
n=— o0 
gor+4 An+2 jh qi? 
q 
-2 DE "n S ] — qion+4 3 D es 
n=—Cco n=—Co n=—Cco 
1 oo qisn+4 oo RE 
ga [2X qim: iae 
10. g10 — g20n44 — gina J^ 
(q10; q -( =e A Legum 


where we combined the first and third sums and then combined the second, 
fourth, and fifth sums. Next we make two applications of (5.2.2), the first with 
q replaced by qf, z = q!5, and b = q^, and the second with q replaced by qf, 
z = q?, and b = q^. Therefore, 


Ms(q?) + 3Mg(q?) 
B 2 [OLI " P 
(q19; q19) (q18, q?, q^, q16; q?9) (q8, q12, q4, q16; q?0) 
2 ( gie ou usq. ) 
(gH qu. \ ue gie qum. Ce 
=0. (5.3.16) 


Replacing q? by q above, we complete the proof of (5.3.12), and therefore also 
complete the proof of Theorem 5.3.2. 


Corollary 5.3.2. If any one of the M;(q), 6 < i < 10, is identically equal to 
0, then all are identically equal to 0. 


Proof. The desired result is an immediate consequence of (5.3.9)—(5.3.12). 


5.4 Relations to Partitions 


Entries 5.1.1 and 5.1.2 are all that Ramanujan stated concerning the rela- 
tionship of the fifth order mock theta functions to ®(q) and W(q). However, 
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in [38], F. Garvan and the first author identified these results with assertions 
about partitions. We provide a brief account of these assertions. 

Recall that the rank of a partition is equal to the largest part minus the 
number of parts; let N(b,m,n) denote the number of partitions of n with 
ranks congruent to b modulo m. 

Next, we observe that 


o q? oo n 
Xolq) = >D (tE gn = 2 po(n)q"; (5.4.1) 
n=0 rm n=0 


where po(n) is the number of partitions of n with unique smallest part, and 
all other parts do not exceed the double of the smallest part. 


Furthermore, 
eo n eo n eo 
q 1 q 1 h 
x(q) = V = +5 = +Y pi(n)a”, 
Lg dias og (gt daa 1-41 x 


(5.4.2) 


where pi(n) is the number of partitions of n with unique smallest part, and 
all other parts do not exceed the double of the smallest part plus 1. 


'Theorem 5.4.1. The assertion 


is equivalent to 


po(n) = N(1,5,5n) — N(0,5,5n), (5.4.3) 
for n » 0. 


Proof. We rely on the work of Garvan [141] and Atkin and Swinnerton-Dyer 
[45]. We define 


Rs c(d) := 5 (N (b, 5,5n + d) — N(c,5,5n + d)) q”. (5.4.4) 


n=0 


Garvan |141, equation (2.7.39)] proved that 
Rı,2(0) = 9 (q), (5.4.5) 
and Atkin and Swinnerton-Dyer [45, equation (6.12)] proved that 
Ro,2(0) + 2R1,2(0) = A(q) — 1, (5.4.6) 


where recall that A(g) is defined in (5.1.5). Hence, by (5.1.7), (5.4.5), 
and (5.4.6), 
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Mi(q) = xo(a) — 2 — 38(q) + A(q) 
= xo(q) — 1 + Ro,2(0) — Ri,2(0) 
= xo(q) — 1 + Ro,1(0) 
= xo(q) — 1 — Ri,0(0), (5.4.7) 
where we have used the facts that 
Fc (d) = Re,c(d) — Ro eld) (5.4.8) 
and 
Ri c(d) = —Re»(d). (5.4.9) 


Thus, by (5.4.7) and (5.4.4), the assertion Mı (q) = 0 is equivalent to 


i-i YN (1,5,5n) — N(0, 5, 5n)) q” 


Comparing the coefficients of g” on both sides above completes the proof. 
Theorem 5.4.2. The assertion 
Me(q) = 0 
is equivalent to the assertion 
1+ pi(n) = 2N(2,5,5n + 3) — N(1,5,5n 4-3) — N(0,5,5n +3), (5.4.10) 
for n » 0. 


Proof. We note that Garvan [141, equation (2.7.40)] proved that 
1 
R2,0(3) = 11 (5.4.11) 


and Atkin and Swinnerton-Dyer [45, equation (6.18)] proved that 
Ho4(3) + Ro,2(3) = D(q) —]1, (5.4.12) 


where D(q) is defined in (5.1.12). Hence, by (5.1.14), (5.4.11), and (5.4.12), 


 Ms(q) = xı (q) — (d) — D(q) 


q 
= x1(q) — 3H2,0(3) — Ro,1(3) — Ro,2(3) — 1 
= xi(q) — 1 — Ra,o(3) — R2,11 (3), (5.4.13) 


where we invoked both (5.4.8) and (5.4.9). Hence, by (5.4.4) and (5.4.13), the 
assertion Mg(q) = 0 is equivalent to the statement 
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+ M (N(2,5,5n +3) — N(1,5,5n + 3)) q^. 


A comparison of the coefficients of q" concludes the proof. 


We offer two examples to illustrate each theorem. Let n — 1 in (5.4.3) 
and (5.4.10). Then, po(1) = 1, and of the 7 partitions of 5, two have rank 
congruent to 1 modulo 5, namely, 34-2 and 1-- 14-1 - 14- 1, and one has rank 
congruent to 0 modulo 5, namely, 3 + 1 + 1. Thus, 1 = 2 — 1, in agreement 
with (5.4.3). Also, p1(1) = 1. We find that N(2,5,8) = 5, with the partitions 
of 8 having rank congruent to 2 modulo 5 being 8, 4+4, 54-24-1, 2+24+2+1+1, 
and 3+1+1+1+1+1. We also see that N(0,5,8) = N(1,5,8) = 4. The 
partitions of 8 with rank congruent to 0 modulo 5 are 74-1, 3--34-2, 4+2+1+1, 
and 2+1+1+4+1+1+1+1, while those with rank congruent to 1 modulo 8 
are44+341,44+2+4+2,54+1+4+1+41, and2-2-4-14-14- 1 4 1. Hence, the 
identity (5.4.10) is verified in this case by 1 +1 = 2x5—4—4-2. 

Andrews and Garvan [38] calculated further examples. Let n = 5 in (5.4.3). 
From their paper [38, p. 243], N(1,5, 25) = 393, N (0, 5,25) = 390, and po(5) = 
3, with the relevant partitions being 5, 34-2, and 2+2+1. Hence, indeed, (5.4.3) 
holds when n = 5. Next, set n = 4 in (5.4.10). Then N(2,5,23) = 252, 
N(1,5,23) = 250, N(0,5,23) = 251, and p,(4) = 2, with the partitions that 
we want being 4 and 3 + 1. Hence, the equation 1 + 2 = 2 x 252 — 250 — 251 
verifies (5.4.10) when n — 4. 

In conclusion, we remark that it would be of enormous interest to find 
bijective proofs of Theorems 5.4.1 and 5.4.2. 


Check for 
updates 


6 


Fifth Order Mock Theta Functions: Proof of 
the Mock Theta Conjectures 


6.1 Introduction 


In Chapter 3, Section 3.1, we defined Ramanujan’s ten fifth order mock theta 
functions, and in Chapter 5 we stated the ten mock theta conjectures. The 
point of the latter chapter was to reveal that the conjectures could be sepa- 
rated into two groups of 5 each and that the conjectures within each group 
are equivalent. 

We shall therefore devote this chapter to proving one conjecture from each 
group. Namely, we shall prove (5.1.11) from the first group and (5.1.18) from 
the second. These are the mock theta conjectures related to 


oo gh 
fo(a) = >> ———- (6.1.1) 
4) 
and 
oo n?-En 
q 
fila) = 2 TN (6.1.2) 
— (=a; a)n 
respectively. 


It should be pointed out that we have no hints whatsoever from Ramanujan 
on how to prove these conjectures. Indeed, the way in which he formulated 
them strongly suggests that the proofs given here may be very far from what 
Ramanujan had in mind. 

The first part of this chapter is devoted to proving the following theorem. 


Theorem 6.1.1. If fo(q) and fı(q) are defined by (6.1.1) and (6.1.2), respec- 
tively, then 


oo 


3 2,1 
Gdah@= >> sere gsr eaa) 
T,8,=—0o 
sg(r)=sg(s) 
r=s (mod 2) 
© Springer International Publishing AG, part of Springer Nature 2018 77 
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and 
= i 3 r4 s)? 3 r+s 
Ga)ofilg)= 7 se(r)-1€-9Pgqs09 tat), — (614) 
sg(r)=se(s) 
r=s (mod 2) 
where 


(n) 1, if n > 0, 
se(n) = 
$ 1, ifn<0. 


Note that if we wrote (6.1.3) and (6.1.4) in more conventional forms, i.e., 
without using sg(n) and the parity of the indices, we would need to express 
each double series as a sum of four double series. 

We note that in [23] results comparable to (6.1.3) and (6.1.4) are proved 
for six of the remaining fifth order mock theta functions, and S. Zwegers [285] 
has given the related results for the mock theta functions xo(q) and x1(q). 

There is nothing in Ramanujan’s writing to suggest that he knew ei- 
ther (6.1.3) or (6.1.4). These identities form the foundation of the subsequent 
proofs of (5.1.11) and (5.1.18). This is the main reason for our suspicion that 
Ramanujan’s discovery and probable proof of the mock theta conjectures must 
be quite different from the one presented here, which is based closely and en- 
tirely on D. Hickerson’s original proof [161]. Hickerson’s proof is in line with 
our proofs of some of Ramanujan’s other assertions in the Lost Notebook. 

More recently, A. Folsom [133] proved the mock theta conjectures by real- 
izing each side of the conjectured identities as the holomorphic projection of a 
harmonic weak Maass form. Another proof of the mock theta conjectures has 
been devised by N. Andersen [10]. In addition, Hickerson and E. Mortenson 
[163] gave new proofs of the mock theta conjectures while placing them in 
a very general setting, and Hickerson and Mortenson have found numerous 
applications of their general theory [210], [211], [164], [215], [216]. 


(6.1.5) 


6.2 Hecke-Type Series for fo(q) and fi(q) 


First we require alternative formulations of (6.1.3) and (6.1.4). 


Lemma 6.2.1. We have 


oo 


3o salr)(yo-d/agret set tacts 
se(r)=se(s) 
r=s (mod 2) 
= 5 (1) u Gt) per var (6.2.1) 
n=0 
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and 
YO sgr) 18-9248 eed en 
ss(r)-se(s) 
r=s (mod 2) 
= 5 (-1y- g2nth)gn(dn+3)/2—3? (6.2.2) 
n=0 
[j| En 


Proof. We rewrite the right-hand sum of (6.2.1) as 


= ; ;2 
Bue i ag elc 
n=0 
|j| £n 
= 5 (—1)3 gr(nt)/2-9° = 5 (-1yg(06»2/2-5* 
n=0 n=0 
[j| £n [j| £n 


=: 2. 2 (6.2.3) 


In $75,, set n = (r + s)/2 and j = (r — s)/2, where r and s have the same 
parity. Since, in fact, r = n + j and s = n — j, we see that the condition 
—n < j < n is equivalent to 


—(r + 5)/2 € (r — s)/2 € (r + s)/2, i.e., r > 0 and s > 0, 


which automatically implies that n = (r + s)/2 > 0. Hence, 


=< 3 1 
Xe È eyon eae 
r,s=0 
r=s (mod 2) 


Next, in $75, set n = —(r + s + 2)/2 and j = (r — s)/2, where again r and 
s have the same parity. Since, in fact, r = j — n — 1 and s = —j — n — 1, we 
see that the condition —n < j < n is equivalent to 


(r +s+ 2)/2 € (r — s)/2 € —(r + s + 2)/2, i.e., r € —1 and s < —1, 


which automatically implies that n = —(r + s + 2)/2 > 0. Hence, 


y= X (eageexe30 9 ace), (eus) 


Hence, putting (6.2.4) and (6.2.5) in (6.2.3), we complete the proof of (6.2.1). 
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The proof of (6.2.2) follows exactly the same steps as that of (6.2.1). The 
only change lies in the fact that the exponent on q in 55, is increased by n 
and that in >, is decreased by n + 1. Consequently, the resulting exponent 
on q increases from (r + s)/4 to 3(r + s)/4. Thus, the proof of Lemma 6.2.1 
is concluded. 


To identify the expressions in (6.2.1) and (6.2.2) with fo(g) and fi(q), 
respectively, we require the weak form of Bailey's Lemma [31, p. 582]. 


Theorem 6.2.1 (Weak form of Bailey's Lemma). Two sequences an and 
Bn satisfy 


TL 


By i - (6.2.6) 


— (q:a)n-r(aq; d)n+r 


if and only if 


5 a^q" Bn = a a^q" Qn. (6.2.7) 
n=0 


Moreover, the relationship between Bn and an given by (6.2.6) can be inverted 
[20], ie., 


(aq; q)oc 


1 — ag?” »» [2 dnja, 


(6.2.8) 
l-a x (4; d)n-i 


An = An (a, q) = 


The identity (6.2.7) is (5.2.2) of [33, p. 97] when we let pı and p2 tend to 
infinity. 

We now return to the two fifth order mock theta functions fo(q) and f1(q), 
defined in (6.1.1) and (6.1.2), respectively, which are central to the work in 
this chapter. We see immediately that if a = 1 and Bn = 1/(—q;q)n, then 
the left side of (6.2.7) becomes fo(q), and when a = q and Bn = 1/(—4;q)«, 
then the left side of (6.2.7) becomes fi(q). So, our next step is to find a useful 
formula for a, in these cases a = 1,q and Bn = 1/(—q;q)n. To accomplish 
this, we shall employ (6.2.8). 

Comparing (6.1.3) with (6.2.1), we need to show that (q; q)os fo(q) is iden- 
tical with the right side of (6.2.1). To do this, we need to show that when 
a = 1 and bn = 1/(—q;q)n, then ao = 1 and, for n > 1 in (6.2.7), 


n n—1l 
an = qn*0/2 N^ (yg? LgnGn-0/2. V^ (C1yq-. (6.2.9) 
j—-—n j=-n+1 


In more detail, replacing n by m+ 1 in the second sum on the right side below, 
we find that 
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= 2 = 2 2 QN 
Soa" An = » d [pe 5 (—1)q j 
n=0 n=0 j—--—n 
n—1 l , 
gto 5y nia} 
j=—-n+1 
E 2 "E is mom eee 
= a +n)/2 5 (Hives = 5 m^ ronis 5 (—1)’q-3 
n=0 Ilem m=—1 Lil<m 
-È capa tees ernest 
n=0 |j|<n 


Next, comparing (6.1.4) with (6.2.2), we see that to conclude that (q; q)oo fi(q) 
is identical with the right-hand side of (6.2.2), we need to show that when 
a = q and Bn = 1/(—q;q)4 in (6.2.7), then ao = 1 and, for n > 1, 


1— 4?! 5511)/2 NC ; 5? 

wif een D y. qu 
j——n 
In more detail, 
q+ Bp = = a a, 
= («aa (5a) 5s 

1 e ong d Sgr i = 045 
= n +n n(3n+1)/2 —1) gÍ 
= Fo q EE CORE. q 

(97; g)> » 1-4 » 

1 S j n n(5n E 

= a 2 »» b» CDI- g? +g (5n+3)/2—j . 


n=0 |j|<n 


We reiterate that we are required to show that when a = 1, then a, 
given by (6.2.9) must be identical to that obtained from the inversion for- 
mula (6.2.8), and that when a = q, then a, given by (6.2.10) must also be 
identical with (6.2.8). 

We shall prove (6.2.9) and (6.2.10) via recurrences following [30]. First, we 
define 


(bq; 9) n 
Ca ae 6.2.11 
(97:47 )n ( ) 
and 
an (a, b, q) = p x (7*7 (e: à)»; (a) aC , (6.2.12) 


vm (q; d)n-; Care ig 
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Ifb=1, 


2n. E (—1)*7 (a; gna j(qia)jq? ) 


Il 
ren 
ES 
lje 
2 Q 


anla, 1, q) 


pm (a; 3)n-5 (87; 42); 
1— aq?" 2 (= (a; d)n+jbjal 2’) 
~ l-a 2. (d; q)n—; 
= as (a, q) = Qn, (6.2.13) 


by (6.2.8). As we shall see in what follows, we have introduced an extra pa- 
rameter b as an aid in proving the necessary recurrence formula. Also let 


1—aq 
A,(a, b) :— To agin on (an, bg). (6.2.14) 
We claim that 
Ao(1,6) — 1, A1(1,b) = bq? — bq — q, (6.2.15) 
and, for n > 1, 
As (1, b) = (bg? — bg") A, 4(1,5) 4-97 *An_a(1, b). (6.2.16) 


First, the verification of the first equality in (6.2.15) is trivial. Second, we note 
that 


A10) = -14 ABER 160 gai) = <4 = ba + 8, 


and so the second equality in (6.2.15) has been verified. Third, we estab- 
lish (6.2.16). We begin by noting that 


b(bq; q); =a ^ (—(bq; q)j+1 + (bq; Q);) - 


Hence, (6.2.16) may be rewritten as 


X e(n, j) (bg; a); = (®t — a") X cln — 1,3)a 77^! (— (bg; g)j+1 + (ba; a);) 


j20 j20 


+74 V e(n — 2, j)(bq; 0)5, (6.2.17) 
J20 


where 
(-1*72(g d)n4jg 9) 
(a34)n-5(45:4?); — 
Note that (bg;q);, 0 < j < n, is a polynomial in b of degree j, and that 
these n + 1 polynomials constitute a basis for the polynomials of degree < n. 
Hence, (6.2.17) can be verified directly by comparing the coefficients of (bq; q); 
on both sides. If we show that these coefficients, which are rational functions 


e(n, j) := (6.2.18) 
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of q, are equal, we complete the proof of (6.2.17) and therefore of (6.2.16) as 
well. To that end, if we equate coefficients of (bq; q); in (6.2.17), we find that 


e(n, j) = (°? — q)e(n — 1, — Dg + (g^ —q")e(n—1,3)a 7" 
+ q^" c(n — 2, j). (6.2.19) 


Using the definition (6.2.18), we divide out the common factor of 


(—1)"7? (q; @)n4j—-2 
(a; @)n—3(97; q?); 


from each of the four expressions in (6.2.19) leaving us with the equation 


n—j 


(1— gt tty — gg 027) = (gf — E) 
sq e e aes) 
4 q7*0 - qn-i-lya - gh) 7). (6.2.20) 


We now leave (6.2.20) for the reader to verify using (most likely) computer 
algebra. 
Specializing (6.2.15) and (6.2.16), we see that 


1, if n — 0, 
An(1,1) = g*-2 ifn =1, 
(q3r-1 — q”) An—1(1, 1) + ga, aL 1), if n 1. 
(6.2.21) 
Now we note that if 
Sp = qnt Y (1g, (6.2.22) 
j=- 
then 
So=1, Sı =? -— 2q, (6.2.23) 
and, for n > 2, 
Sn = ge D Va 2 2A ger, (6.2.24) 


Therefore, by (6.2.24), 
(Sn — q?9^718, 1) +4"(Sn—1 — 2” *Sn_2) = 0. (6.2.25) 
Thus, by (6.2.23) and (6.2.25), we deduce that 


1, if n= 0, 
Sn = 4 d? — 2q, ines, ae 
Ga Sa FE 9. 9, ifn>2. 
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Thus, by (6.2.21) and (6.2.26), A,(1,1) and S, satisfy the same initial con- 
ditions and recurrence relations. Therefore, A,(1,1) = Sn, n > 0, and so 
by (6.2.14), (6.2.13), (6.2.12), and (6.2.8), 


Sn = An(1,1) = On, (6.2.27) 


1— gH Ankh d; = 1 Zg 


or, by (6.2.27) and (6.2.22), 


1— 2n-4-1 {= 2n+1 
i A esc o0. m 
lg leg 
_ 1—- LU qnn) we (6.2.28) 
E Rin E .2. 


j=—n 


in agreement with (6.2.10) in the case a = q. Therefore, (6.2.10) follows 
from (6.2.28). In conclusion, we have shown that a, is given both by (6.2.8) 
and (6.2.28). 

Lastly, the an that is required in (6.2.9) is, by (6.2.8), given by 


on = (1-¢") 5 CETE (6.2.29) 


£x 0 (59)-;-8); 


On the other hand, by (6.2.12) and (6.2.14), 


An(1, 1) = gr ato 1) = y E Do 


q- Ps 5-3 a q)n+j- me » 


(q; Mi -j-1(—4;q)j 


>> = CANET S) 


= Tan- a) 
x (a _ q”) a _ gs) 
a (27) 
n 1q 
(eg yy: C a D . (6.2.30) 
j=0 Ju: j 18573 


Comparing (6.2.30) with (6.2.29) and noting (6.2.27), we see that a, pre- 
scribed in (6.2.9) has been established. 

'This then completes the objective of this section, which was to show that 
fo(q) can be represented by (6.1.3), and fi(q) can be represented by (6.1.4). 
Because of their importance and for the convenience of later use, we record 
portions of these conclusions as a separate theorem. 
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Theorem 6.2.2. With fo(q) and fi(q) defined by (6.1.1) and (6.1.2), respec- 
tively, and with sg(n) defined by (6.1.5), 


oo 


rs 3 TFS 2 1 T-r-8 
(mafl = XO  se(r)-1)0792479*8 0*9 *4009, — (6231) 


se(r)=se(s) 
r=s (mod 2) 


: TS 3 T-4-& 2 3 rS 
(GDofi(M= X sg (Eeg tat tat), — (62,32) 


se(r)=se(s) 
r=s (mod 2) 


6.3 Theta Function Identities 


In this section, we prove six identities related to Ramanujan’s theta functions, 
defined for |ab| < 1 by 


f (a,b) := 5 a” (n+d)/2pn(m—1)/2 — (—a, —b, ab; ab) oo, (6.3.1) 


n=— o0 


where the second equality is Jacobi’s triple product identity [32, p. 13, 
Lemma 1.2.2]. We note the special case 


oo 


f(-4):— f(-a.-4) = 3, (C0)ngn 9079? = (gi q),. (6.3.2) 


Ty——oo 


The latter equality is known as Euler’s pentagonal number theorem. While we 
often use the notation f(a, b), we shall also normally write out representations 
in terms of the products (a; q) for ease of application. 

For our first identity, we restate the quintuple product identity [32, p. 14, 
Lemma 1.2.3 with \ = qx ?]. For a beautiful historical survey of the quintuple 
product identity providing proofs arising from diverse areas in mathematics, 
we highly recommend $. Cooper's paper [113]. 


Lemma 6.3.1 (Quintuple Product Identity). We have 


feo a") 


3 2/3 Lg x? 2 a = 
Jt qu , gfe 4 f( q, q/ ) f(—2, -q/z) 


or 


(q; d) (r^ 4/2”, q; d) 
(x,q/z£,q;q)æ 


(ga? a^ Ia? qoa mra amu um 
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Lemma 6.3.2 ([21]). We have 


f(—zx,—q/x)f(—y, —4/y) 
= f(xy, d^ / (xy)) f (ay/v, qx/y) — xf (qzy, a/ (xy)) f (y/ v. d?v/y) 


(z,q/z, y. q/y.d.d:d)oo = (—ry, —d^ / (xy), —ay/z, —ax/ y, q^. d^; P) 
a(—qey, —q/ (xy), —y/ v, ^d? x/ y, d^. q^: 0) 


Proof. To simplify our argument, we shall prove that 


5 (— jy ar aui Lgs 5 (dum gm um d (6.3.3) 
oo , 8 
= 5 o? B7^q^ 5 (az? Wq N?4N 
n-—-—oo N=- 
cud 5 o^ B7n-1gn? tn 5 (Bz? ae: N? 
n-—-—oo N=- 


or equivalently, 


f (-2an 2) # (me) = 4 (25) r (ont s) 
2 


and we easily see that (6.3.4) is the assertion of Lemma 6.3.2 with a = 1/y, 
B =1/a, and z=1. 

In fact, (6.3.4) follows immediately from two identities comprising Entry 
29 in Chapter 16 of Ramanujan’s second notebook [231], [55, p. 45], to wit, 


f (a, b) f(c, d) + f(—a, —b) f(—c, —d) = 2f (ac, bd) f (ad, bc) (6.3.5) 


and 


J(a,8)f (ed) — f(-a, b); Ce; —d) = 2f E abed) j (5 s) | 
Adding (6.3.5) and (6.3.6), we find that 


f (a,b) f (c, d) = f(ac, bd) f (ad, bc) + af E abed) f (5 faved) , (6.3.7) 


which is easily seen to be equivalent to (6.3.4). 
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The next entry can be found in Ramanujan’s notebooks [231], [55, p. 45, 
Lemma 29(ii)]. 


Lemma 6.3.3. We have 


f(a, a/")f(-y, -a/y) — f(—2, —a/2)f (y, a/v) 
= 2x f (—y/«,—q’a/y) f(—azy, —a/(xy)) 


or 


(80/050, 90/9, 4; d)oœ = (2.9/8.0 —4/Y, 4; dos 
= 2x(y/x, ena qeya/Gy).u sd Jags (6.3.8) 


Proof. Replace x by —a in Lemma 6.3.2, then subtract this result from 
Lemma 6.3.2 with y replaced by —y. 


The next three lemmas require Ramanujan's 1v, summation (5.2.1). If 
|b/a| < |t| < 1, then 


S (a; d)n n _ (b/a; d)00( at; q) c (q/ (at); a)-- (9; Doo (6.3.9) 


(b; q)n (4/4; q)sc (b; q)sc (t; a) s (b/ (at); q) 


Lemma 6.3.4. If |q| < |x| < 1, then 


n=— oo 


oo 


> we _ Pea fcay,-a/(ey)) _ (xy. a/ (ey), a. d: Doo 
1—yqd'  f(-z,—a/z)f(-w—-a/v) (a, 4/29, 4/Y3 Moo - 
(6.3.10) 


Proof. Set a = y, b = yq, and t = x in (6.3.9). Then multiply both sides by 
(1 — y)! and recall that 


r=—0o 


d)oo 


1 
(2; 9) 00(4/23 q)oo = DES 


Lemma 6.3.4 is another version of (5.2.2). It is also a special case of a 
very general theorem of S.H. Chan [95]. The function on the left-hand side 
of (6.3.10) is often called the Jordan-Kronecker function, for it was first 
studied by L. Kronecker [191] in 1881 and C. Jordan [180] in 1913. See also 
K. Vankatachaliengar's monograph [260, Chapter 3, p. 59]. 

'The next result rewrites Lemma 6.3.4 in a more useful form. 


Lemma 6.3.5. We have 


3 TQSQTS — fF (74)f (^y, -a/ (xy)) _ (9,4, xy, q/ (xu); q)oc 
2, seasta — f(-z,-a/z)f(-y.—a/y) — (v.a/v.y,a/uia)os ` 


T,S——oo 


sg(r)=sg(s) 
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Proof. In light of the fact that the right-hand sides in Lemmas 6.3.4 and 6.3.5 
are identical, we need only show that the left-hand sides are identical. To that 
end, 


oo oo oo —1 vay 
iter, 1— yq" ED PLN P 1— y 1q- 
35 )z"y E j^^ 4 5 sg(r To» ye 
r=0 s=0 r=— o0 s=1 

E35 )z"y s q+ Y 5 sg(r r)x" y*q'* 

r=0 s=0 T=—0o s——oo 
oo 
= M. seu. 


T,S——OO 


sg(r)=sg(s) 


This completes the proof. 


Finally in this section, we require a refinement of the previous lemma 
where parity is taken into account. Recall that Ramanujan’s function y(q) is 
defined by 


= 2 
e(a)j:mf(ma)m M, q" 
Lemma 6.3.6. We have 
5 sg(r )z" y*q"* 
ss(r)-sg(s) 
(mod 2) 


e(—4?)f (-axy, —a/(xv)) f (av/u, qu/z) f (—x?y?, —a^ /(z?y?)) 
f (=2?, —0°/2°) oe Kee) 
_ v(-4?) (ary, a/ (zy), —ax/y, —qy/x; a?)os (x?y?, q^ / (2? y?), 4f; f) 
i (£2, q? Pt mt ee 


Proof. Applying Lemma 6.3.5 twice, we find that 


M sa(r)a"y*q" 
sg(r)-se(s) 
r=s (mod 2) 
= ML sg(r)(a?) (^ (q)? + ary Y se(r)a t) (ay! y (a!) 


sg(r)=sg(s) sg(r)—-sg(s) 
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_ POPOY, -a* (y?) | "T Pa) f Cc a a^ y^, -1/ (a? y?)) 
J(- egt Cae ar ae a a F(=, = a qu. -cu 

Ei qycoD gy 22 2 142) f( qu? -g? f? 

mn f(—22, —q?/x? f (—y?, —¢2/y?) (f( q ? q f FC q y 4 q /y ) 
qi y ee He ay) 


where we have used (5.1.3) and the Jacobi triple product identity (5.1.2) 
several times to rearrange the quotient of theta functions. The expression 
inside the large parentheses collapses to one term by Lemma 6.3.2, with q 
replaced by q?, x replaced by q/(xy), and y replaced by —qx/y. Consequently, 


oo 


ESTO 


sg(r)=se(s) 
r=s (mod 2) 


p(—4°)f (—qzy, —a/(xy)) f (ax/y, qu/2) f (—2?y?, —44/(2?°y?)) 
Pe TESTI ^u uw) 


which is what we wanted to prove. 
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Lemma 6.4.1. Suppose that a and b are arbitrary non-zero integers, and m 
is a positive integer. If 
1 1 


F(z):— = , 
( ) f(—qezh, —qm-a[z) (zhq^; djale trma goo (qm; q"')so 


then F(z) is meromorphic for z 4 0, with simple poles at all points zo such 
that zè = q'™~* for some integer k, where we take the real positive root of the 
foregoing equality. The residue of F(z) at zo is equal to 


(1) ger DS 
b(a; ad 


Proof. We note that if we let z = zog, then 


(—1)5g-7mk(k—1)/25 — bk (gb: Qo (275g; q.s (q^; g™ oo g 
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Thus, 


lim (a — 1)F(z) = lim (z — D Dg vet 
zn 21 (1 — 2?) (ag; q™)oo (a7 a"; g") (q^; I" ox 
(2 rg ER TR : r—1 
sq"), silica 
(agente 
b(n g") 


If we remember that z = zox, we see that the desired result follows from 
above. 


Lemma 6.4.2. Suppose that F(z) = F(z,q) is analytic for all z # 0, and 
assume that there is a constant C #0 and a positive integer n such that 


F(qz) 2 Cz "F(z). (6.4.1) 


Let f(a,b) denote Ramanujan’s general theta function defined in (6.3.1). 
Then, for certain constants F., 0 «€ r X n— 1, 


n—1 
F(z) - 5 RoC z”, uitam 
r=0 


n—1 


= 5 Fiz" (07ta 2”, Og" gg". oo. (6.4.2) 


If, in addition, n is odd and exceeds 1, C = +1, and 


F(z) =-Cz-" F(z), (6.4.3) 
then 
(n—1)/2 
F(z)-— 5 F, (gic z”, Cg tu 
r=0 
—Ua * fica 2 Og tem), (6.4.4) 
Proof. We write 
Rue > gm Delco (6.4.5) 


Substituting (6.4.5) into (6.4.1) and equating coefficients of z^, —oo < r < oo, 
we deduce that 
Ee cg (6.4.6) 
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It follows by mathematical induction that, for all positive integers n and 
integers k, 
Frikn = = Co k gunk 0D/2p.. (6.4.7) 


Hence, 


n— 


F(z) 2M > Fagg! 


r=0 k——oo 


-5 »» C- k gr ne 1)/2 p grtkn 
Me S gh - DIR Lar 


k——oo 


- AC =g”, Cus fum (6.4.8) 


which is (6.4.2). 
To establish (6.4.4), we substitute (6.4.5) into (6.4.3). Then, equating co- 
efficients of z ^, —oo « r « oo, we find that 


F, = 0E (6.4.9) 
Hence, by (6.4.9) and (6.4.6), 
Fo = —CF,, = —CC~'q° Fo = — Fo; 


so Fy = 0. Hence, replacing r by n — r in the second sum on the right-hand 
side below, we find from (6.4.8) that 


(n—1)/2 n—1 
ra| X M neneneoetem 
=(n+1)/2 
(n—1)/2 


= 5 ( ES HC z, og" Eg euam. Sz "f(C ES d rn iCge™)) 
r= 
— (Fe f(Og 2", Catz”) = CGR" * f(Og n—r,n ,Cq'z m : 


by (6.4.9) and the fact that C = C^. Hence, we deduce (6.4.4) from the last 
equality above. 
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Lemma 6.4.3. If we define 


1 n? 
Euler Ad 
g(a, 4) : L (- PX CINE E (6.4.10) 
then 
oo n(n—1) 1 oo (-1)" 3n(n4-1)/2 
d q 

7,4) = = OA O (6.4.11 
i 2. (z:q)n(q/2:d)n (45d) co 2 1— zq” ( ) 


Proof. The second of these assertions is a restatement of Equation (2.3.8). 
As for the first, we see that 


oo 2 oo 
1 q" gn(n- 0) 
14 
T ( » m > (2; q)}n (4/2; a)n 
-i Y (ur ig e (rag) 0-9 
fcu n=1 (z; Q)n41(9/2; d)n 
1 P» (—(1 — ag")(1 — z-!q^)  g?n)g^-? 
l-z n=1 (x; Q)n+1 (9/2; Q)n 
1 ux n(n—1) B n(n-+1) 
= 5y q "n y q 
1-2 n=1 (a; q)n(q/a; d)n-i n-i (x; q)n+1 (4/7; ive 
_ » grrr) " S got» 
£— (iq)ndi(a/o3a)n £ (39)n41 (4/25 a)n 


=0. 


Thus, the proof is complete. 


Lemma 6.4.4. The function g(x,q) is the coefficient of z? in the Laurent 
series expansion of 


G20/ Gz moe as su" as 


A(z) = A(z,2,q) := (a q/x Zz q/ 2; Q)oc 


in the annulus |q| « |z| « 1. 


Proof. We apply Lemma 6.3.4. Therefore, for |g| < |z| < 1, 


oo r oo 


d s 3s(s— s 
(aq). A(z) = 97 ico Y (psg mous. 


T——oo S——oo 
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and the coefficient of z° above is clearly equal to 
oo 
(—1)rg9rir 97/2 
5 aeg = (q; q)æg(z,q), 


Tr=—0o 


by Lemma 6.4.3. Dividing both sides above by (q; q)əo, we obtain the desired 
result. 


Lemma 6.4.5. For g(x,q) defined in Lemma 6.4.3 and A(z) defined in 
Lemma 6.4.4, 


AD = Qs ese a ado 


oo (—1)5g3k QD /2 43k1 enl oo (—1)¥q3K(k+3)/2+1 ,-3k- 1, -k-1 
D 1— zq3k+1 p 1 — z-1g3kl 
Proof. Let 
ass (Tyg Cte gett! 
Le =. v [owe 
and 
eS [d Agr paar dece 
M(z) :— 2. 1— z-1girH 
Next, we define 
F(z) := A(z) + L(z) + M(z). (6.4.12) 
It follows that 
F(z) = =z} F(z), (6.4.13) 


because each of A(z), L(z), and M (z) is easily shown to satisfy the functional 
equation (6.4.13). 

Our next step is to show that F(z) is analytic for all z 4 0 (so that we may 
apply Lemma 6.4.2 to F(z)). We note that L(z) and M (z) are meromorphic 
for z # 0. The function L(z) has simple poles at z = q?*-1, and M (z) has 
simple poles at z = q?**1, for every integer k. If we now calculate the residues, 
we find that at z = q?*-1, the residue of L(z) is given by 


_1)k_3k(k-1)/2.-3k+1,—k+1 
: 3k—1 _ y; aki (7 1)^q T Z 
mor =q" )L(z) = a q') pm 


= (-1y* P 3k? 11k 4)/2 ,1—3k. 
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Also, the residue of A(z) at z = q?*-1 is given by 


; _ Q3k—1 — /_1)\k CH3K? -11k—4)/2, 1—3k 
NE q' )A(z) = (-1)'q qo. 


Next, we calculate the residues of M(z) and A(z) at z = q?**!. First, for 
Mz), this residue is given by 


(—1)¥q3K(k+3)/2+1 ,-3k-1,-k-1 


lim (z—q?**)M(z) 2 lim (z—q?**) 


z— qi PEE 


E (—1)5g 98 0e 92)/2,-8k—1 


1— z71gskt1 


3k+1 


Furthermore, the residue of A(z) at z = q is seen to be 


; (0 „3k+1 — (_1)\k+1, (3k? +7k42)/2,,-3k-1 
2546 ge )A() = (71)? q x i 
Thus, we see that all the possible poles of F(z) are, in fact, removable. I.e., 
F(z) is analytic for all z except for z = 0. In addition, F(z) satisfies Equation 
(6.4.13), and so we may apply Lemma 6.4.2 with n = 1, C = —z ?, and q 
replaced by q?. Consequently, 


F(z) = Fe 2,0" / (m 2), 0 0 acs (6.4.14) 


where Fo is the coefficient of z? in the Laurent expansion of F(z) around 
z=0. 

Examining L(z), we see that z° can only possibly arise from the term with 
r= —], namely, 


ry? xz ?. dg? á oo à 
— — om— m., —m 
1-z/qd 1-@/z - 27 0905 


mci 


Since the coefficient of z° is absent here as well, we see that the coefficient of 
2° in L(z) is 0. 

Similarly, for M(z), we see that z? can only possibly arise from the term 
with r — —1, to wit 


2,,2 2 2 


q x | z T a: S arm 
yen 122 4220 es 


and so we see that the coefficient of z? in M(z) is also equal to 0. Hence, 
by (6.4.12), we see that Fo, the coefficient of 2° in F(z), must be the coefficient 
of z? in A(z), which by Lemma 6.4.4 is g(a, q). In summary, 


Fo = g(a, q). (6.4.15) 


The conclusion for Lemma 6.4.5 now follows from (6.4.15), (6.4.12), (6.4.14), 
and the definitions of L(z) and M(z). 
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6.5 Proof of the Mock Theta Conjectures 


The six results in this section (five lemmas and the main theorem) tie the func- 
tions fo(q) and fı(q) to a variety of theta functions and expansions involving 
instances of g(x, q). 

Define 


z^(—z,—8/2,d:d)oo (2, d? / z, 03; G?)c0 
2,0 / 21 0* Jeo 


B(z) := B(z,q) :— (6.5.1) 


We note that B(z) is meromorphic for z 4 0 with simple poles at z = q9**? 


for each integer k. Furthermore, 


B(q8z) = —2 ^? B(z), (6.5.2) 
B(z-*) = z Biz (6.5.3) 


Our goal is to derive two representations for B(z). One is given in 
Lemma 6.5.2 and involves the two fifth order mock theta functions fo(q) and 
fi(q). The second is found in Lemma 6.5.4 and involves the function A(z), first 
defined in Lemma 6.4.4, and the representation for A(z) from Lemma 6.4.5. 
We note that this representation for B(z) involves the function g(r,q). As 
we shall see later, two special cases for g(x,q) yield the functions ®(q) and 
V(q) appearing in the mock theta conjectures. Each of the two representa- 
tions for B(z) readily yield 5-dissections for B(z), each dissection involving 
the same two generalized Lambert series. Of course, these dissections must 
be the same. In particular, we equate the functions of z? that are multiplied 
by the powers z and z?, namely, B1(z?) and Ba(z?), respectively. We then 
equate the coefficients of z° in the two representations for B1(z?) to deduce 
the first mock theta function identity (5.1.11), and we equate the coefficients 
of z? in the two representations for B5(z?) to derive the second mock theta 
function identity (5.1.18). Readers will now see why the method used to prove 
the mock theta function conjectures is called the “constant term method." 


Lemma 6.5.1. In the annulus, |q?| < |z| < 1, the coefficient of z in the 
Laurent series for B(z) is equal to qfo(q), and the coefficient of z? is equal to 


fila). 


Proof. By Lemma 6.3.6, with x = —\/z and y = yz, and by (2.3.1), we see 
that 
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oo 


XO se(r)(—1)"2 49/2 qr 
sg(r)-sg(o) 
r=s (mod 2) 
(q^: q?)os (—az, —q/2, 9; d; d?) oo (22, a^ / 22, q*; 0f) 
[05:9 )a [2/05/20 )5; 
(—2,—49/2,4; d)oo(q; d) co 


E (2, 97/25” )oo us 
Therefore, by (6.5.1) and (6.5.4), 
z^ (q; d)œ(—2, 0) ab lye m rae 
qq oo B z = , , , , , ? 3 6.5.5 
Midas (2, q?/2; 9? )oo ee) 
= 2 b» sg(r)(—1)'z(*9/247s 5 (1) g yee 
T,s=— 00 i—-—oo 
sg(r)-sg(s) 
r=s (mod 2) 


In the sequel, we use the notation [z"] to denote the coefficient of z". The 
coefficient of z in (6.5.5) is obtained by taking t = —(r + s + 2)/2 and is thus 


oo 


L3 2,9 | | 
[-A(q:q)ooBlz)= J se(r)-De-9ngnmrseorm 401979, (6.5.6) 


se(r)=s8(s) 

r=s (mod 2) 
Replacing r and s by —1 — r and —1 — s, respectively, and observing that 
sg(—1-— r) = —sg(r), we see that we can write (6.5.6) as 


= 2 r+s)? E r+s 
beds) $0 ser eg sy ares 


sg(r)=se(s) 
r=s (mod 2) 


= q(q; q)sc fo(q), 


by (6.2.31) of Theorem 6.2.2. This last equality is equivalent to the first as- 
sertion of Lemma 6.5.1. 

Similarly, to obtain the coefficient of z? in (6.5.5), we take t = —(r + s)/2 
and find immediately that 


oo 


r2 r+s)?4 3 rts 
PDB DY senc-ne Agra + vae 


sg(r)=se(s) 
r=s (mod 2) 


= (a; Dofi(g), 


by (6.2.32) in Theorem 6.2.2. The foregoing equality is equivalent to the second 
assertion in Lemma 6.5.1. 
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Our next lemma provides a representation of B(z) that isolates each pole. 
Lemma 6.5.2. If B(z) is defined in (6.5.1), then 
B(z) = afo(a) (s(q925, 74/27, goo + z* (q?4 25, q9/25, 99; g?) co) 


TRA) (2° (a "a9 80 qq sg PEGE a fao qc.) 
+ L(z) + M(z), 


where 
9o (-1)g 57 15r 3 ,5r+5 
L(z) = 2 Toga (6.5.7) 
B De (—1)rgl9r^ +15r+3 -5r 
M(z) 22 P» em PP (6.5.8) 
Proof. We define 
F(z) = B(z) — L(z) - M(). (6.5.9) 
If follows directly that 
F(z) = —2 75 F(z), (6.5.10) 


because each of B(z), L(z), and M(z) satisfies this functional equation. In 
addition, 
F(27}) = z5 F(z), (6.5.11) 


because B(z) satisfies this functional equation, while 
Lig )-52 Mu and Ms) —x ^ L(z). 


Clearly, F(z) is meromorphic for z # 0 with possible simple poles at 
z = q9^? for each integer k. We now determine the residue of F(z) at z = q?. 
By (6.5.1), 


— dm V7 DZU t 4/2)0  d*/z)(—2, -0/2 G Doo (2, P1405 d) 
zg? (2; g7)oo(1 — q2/z)(q*/23 4 )oo 
eda. (6.5.12) 


Next, the residue at z — q? for M(z) can only arise from the term when r — 0, 
and so 


293 
lim (z — q?)M(z) = lim (z — gq?) — = 
z—q2 z—q2 1- q^/z 


2g. (6.5.13) 
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Since L(z) does not have a pole at z = q?, we see from (6.5.12) and (6.5.13) 
that the residue of F(z) at z = q? is 0, i.e., F(z) is analytic at q?. The 
functional equations (6.5.10) and (6.5.11) now guarantee that F(z) is analytic 
for all z z 0. 

Hence, by Lemma 6.4.2; Equation (6.4.1) with q replaced by qf, n = 5, 
and C = —1; and (6.5.10), (6.4.4), and (6.5.11); 


F(z) ed (eta 28 a Hg as 2 (a sg mus 
+ E, (z 2(91255, 918/25, q30. 930) 4.2 3 (g1825, q12 /25, 9; @).0) 
where F; and F5 are the coefficients of z and z?, respectively, in the Laurent 


series expansion of F(z). 
Now an examination of L(z) reveals that the only possible term that could 


produce a coefficient for z or z? is for r = —1, and this term is 
2g? 
= = 9g z —1 4n go, 
l-zgq 4 x d 


Thus, the coefficients of z and z? in L(z) are both equal to 0. Similarly, the 
only term that could produce coefficients for z and z? in M (z) arises from the 


term with r — 0, which is 
oo 
2g? 5 "i M 
n=0 


Thus, these coefficients of z and z? are 0 as well. 

Hence, F, and F> equal the coefficients of z and z?, respectively, in B(z), 
and by Lemma 6.5.1, these are gfo(q) and f1(q), respectively. This completes 
the proof of Lemma 6.5.2. 


We now turn to a result which was stated as Lemma 2.3.1 in [34, p. 18]. We 
did not prove this result there because we were attempting to avoid proofs that 
seemed rather distant from the way that Ramanujan did things. However, we 
truly have no evidence of how or whether Ramanujan proved the mock theta 
conjectures. (We have faith that he had a proof, but we have no evidence.) 
This lemma of Atkin and Swinnerton-Dyer [45] will greatly facilitate our work; 
so we include it here with a proof. 


Lemma 6.5.3. Let f(z) be an analytic function of z, except possibly for a 
finite number of poles in every annulus 0 < rı € |z| € ra. Suppose that for 
certain constants A # 0 and w, with 0 < |w| < 1, and for some integer n 
(possibly positive, 0, or negative) that 
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f(wz) = Az" f(z), (6.5.14) 


identically in z. Then either f(z) has n more poles than zeros in |w| < |z| < 1, 
or f(z) vanishes identically. 


Proof. Suppose that f(z) is not identically equal to 0. Then f(z) must have 
only a finite number of zeros in any region 0 < rı € |z| < r2. We now choose 
€ > 0 so that f(z) has no poles or zeros in 1 < |z| € 1 + e, and so therefore 
none in |w| < |z| € [w|(1 + €). Let C and C" denote the positively oriented 
circles |z| = 1 + e and |z| = |w|(1 + e), respectively. Then f(z) has the same 
numbers of poles and zeros in |w| « |z| € 1 as it has in the region between 
C and C'. Let Nz and Np denote the number of zeros and the number of 
poles, respectively, of f(z) in the region between these two circles. Thus, by 
the argument principle [272, p. 119], we see that the excess of the number of 
poles of f(z) in |w| < |z| € 1 over zeros is 


| 1 f'(z) 1 f'(z) 
Ne- Nz = ijo TO ZT mi Jo f)" 
Oa fO, 1 [ E 

2ri (z) 2mi Jo f(wz) 


ie : 
E i f, a DET = f, 7 *) = 


where in the penultimate step we used (6.5.14). 


Corollary 6.5.1. Suppose that F(z) is analytic for z 4 0 and satisfies (6.4.1) 
with C £0. Then either F(z) has exactly n zeros in |q| < |z| < 1 or F(z) = 
for all z. 


Proof. In Lemma 6.5.3, take w — q and A — C, replace n by —n, and note 
that F(z) does not have any poles. 


Lemma 6.5.4. For 1 < r < 4, we define 


2 
q 73 zr p(—g®) (q2", q9—?* , q5; G®)oo (q9" 2, G30-8" / 25, q30; G39) 5, 
(q; Doo 


G,(z) :— 
(6.5.15) 
and 
H,(z) == —2q°2" A(z?, q^ ,q'?) (6.5.16) 
3 or (875: a7 7)oo (47^ 25, a0 77 [251 Too (25, 9/27, 3751 Too 
a CTO E , 


2q 
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where A(z,x,q) is defined in Lemma 6.4.4. Furthermore, define 


2g? (G3 goo (219, 70/219, a°; Foo 


ee (25, 910/25; goo 


(6.5.17) 


Ifz40,wq?*, where w is an arbitrary fifth root of unity and k is any integer, 


then 
4 


B(z) = Gi(z) + Ga(z) — Gs(z) — Ga(z) + X H(z), 


r=0 
where B(z) is defined in (6.5.1). 


Proof. Let 


V(z) :2 B(z) — Gi(z) — Go(z) + Ga(z) + Ga(z) — 5 H(z). (6.5.18) 
r=0 


Our lemma is equivalent to showing that V(z) is identically equal to 0. 
Now each of B(z), G,-(z), and H,(z) satisfies the functional equation 


f(qia) = =z f(z). 


Also, B(z) and Ho(z) satisfy the equation 
FETI =z f(e). 
Furthermore, for 1 < r < 4, 
G.(z 5) 2 —2 Gs (2), 


while, for 0 € r < 4, 
His ex Hsu). 


Therefore, 
V(g8z) = —2-9V(z) (6.5.19) 


and 
Vie Tout V. (6.5.20) 


Next, we observe that V(z) is meromorphic for z Z 0 with, at most, simple 
poles at the points z = wq9^*?, where w is any fifth root of unity and k is any 
integer. We will now show that the residue at each possible pole is actually 
equal to 0. This, in turn, reveals that V(z) is analytic for all z Z 0. 

We begin with z — wq?. By (6.5.12), the residue of B(z) at q? is equal to 
2q°, and B(z) is analytic at z = wq? if w z 1. The functions G,(z), 1 € r < 4, 
are analytic for z Z 0. For 1 < r < 4, the residue of H,(z) at z = wq? equals, 
by (6.5.16) and Lemma 6.4.5, 
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lim (z—wgq?)H,(z) = lim (z — wq?) (—2q°z" A(2°, q”, q^) 


z—wq? z—uwq? 
2g? zrgl0—2r5-5 
= lim (z - wg? ace 
z—Uwq? 1—4'z- 
2urtlg5 
5 


When r = 0, we see that the residue of Ho(z), given by (6.5.17), at z = wq? is 


gg? (uq: gy ug? q?? q?; g?9 os (z _ wq?) 

li = 2 H, = 3 T ? ? lim 

dime wg HU) (ag e zw? (1 — q19/23) 
2g? 2uq? 


B 5q-2w-1 5 


Therefore, the residue of V(z) at z = q? is equal to 


and at z = wq?, with w Æ 1, is equal to 


4 
2 T 
0-5 zw t = Q. 
r=0 


Hence, V(z) is analytic at z = wq?, for any fifth root of unity, and by the 
functional equations (6.5.19) and (6.5.20), V(z) is analytic at all z = wq®*+? 
and thus analytic for all z Æ 0. 

Now we shall invoke Corollary 6.5.1 with C = —1, n = 5, and q replaced by 
q9. By Corollary 6.5.1, we see that V (z) is identically 0 (as desired), provided 
that we can find six zeros of V(z) inside |g9| < |z| < 1. We shall show that, 
in fact, V(z) = 0 for z = —q, —q?, +q, —q^, and —q?. This will then complete 
the proof of our lemma. 

By (6.5.19) and (6.5.20), 


V(géz !) = =25V (z271) = —V(a). 


Hence, 
V (e?) = 0, (6.5.21) 
V(-q*) = V(-¢”), (6.5.22) 
V(-q*) = -V(-4). (6.5.23) 


Hence, we will have the six desired zeros provided that we can show that 


V(—q) 2V(-q^) = 0. (6.5.24) 
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By (6.5.16), with 1 € r € 4, and by (5.1.3), 


Hs_,(z) z5—2r f(g P28 —q?" /z°) 
H,.(z) f (—q?rz5, —q19—2r [75) 
ga Cg 2, —gq2 119/38) 
f(—q?'z5, —q10—2r 75) 


Thus, 


Hs_,(—q*) gg, ger) 


H,(—q*) m f (qbk+2r, g10—2r—5k) 


If k — 1, the identity above gives 


Hs-(-a) — f(g 7m) _ 


H,(—q) Tig mer geom, 


while if k = 2, we obtain, upon an application of (5.1.3), 


Hiat) | cq ut) Fe ae) i 


H,,(—q?) feallta mal) Fig rr ag 7) 


'The last two equations imply that 


We note that, by (6.5.1), 


It thus remains to examine 
V(-q*) = —Gi(—q*) — Go(—@*) + Ga(—a^) + Ga(-q*) — Ho(—q*) 
(—Gi(—q*) + Ga(—g*)) + (-Ga(-4*)  G3(-4*)) - Ho(-a") 
y. 
=) Ta are aa a a PV 


(d; Doo 

a Lue t4, pn PE gn: gu 

I q" (q, 0f, P es f (5t, 9E qu d 
—g* (- qo 8, —g)?—5k, 980; 80). y — Hy(—g*). (6.5.25) 


In the two cases of interest here, namely, k — 1,2, the two product differ- 
ences reduce to one product by Lemma 6.3.1, the quintuple product identity. 
In particular, if we replace q by q!? and then set z = —q? in Lemma 6.3.1, we 
find that 
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"acu cq uas 
E (ga isst (6 5 26) 
eR ae g) c 


If we replace q by q!? and then set x = —q in Lemma 6.3.1, we deduce that 


(—q", —g gum. _ aq 5 og utu 
NU nw ror 48, q8; a12) 
|.  (-q-49949g99),  ' DS 


Replacing q by q!?, then setting z = —q? in Lemma 6.3.1, and invoking (5.1.3), 
we deduce that 


(-418, suiit go: © Nes _ ge (—q9^, mrt gus 
= (-418, 294,990; 480). — g^ (—g?9, —g*, q??: 999)... 
E mra O4 4 mS 
- o dd (6.5.28) 
(—@?, —g8, q19; q10),, 


Lastly, replacing q by q!°, then setting x = —q* in Lemma 6.3.1, and apply- 
ing (5.1.3), we arrive at 


(—922, =ë, 929: 99), — (q, Lg, 30; 99) 
bj ? , oo pA , Fi oo 

= (- 2, - P, q2; 9), — gh ( -g92, 972, 9; q0) 

E ? 3 ? oo ? , ? oo 

EM uw asuma 

ee (=at, —48, q0; yy. c eae 


Consequently, returning to (6.5.25) when & = 1 and invoking (6.5.26) 
and (6.5.27), we see that 


_ q^e(-q?) f f(7d^, —a?) a) f(t, —¢°) 
Vg) = (q; das { f(93,47) 
m aw 10. ,10 Lm» 78 
f(—a.—a c q^,—q !] id: (6.5.30) 


We shall put the two quotients in curly brackets above under one common 
denominator. To that end, by the Jacobi triple product identity (5.1.2), 


FË, 47) f (aq?) = (7d, —a7, a, —a, —?, 19; g) (6.5.31) 


ge m Modsccala cm 
- 


Cat mee i (P C PT a 
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In the numerator of (6.5.30), we have 


Fg, è) flat, -49) f(a?) — f(—a, —a*) f (—d^, —a9) f ("2") 
= (ur uu. Td Sd id ooh) 
— ad jd ud vau ur ia aq) 
= (g5; oo (^ Ca uw) 
x (65 qe ua lud )-uwrw d eue 


= (g; a9). (a^; Woo {F}, —a7) f (a.a?) — f(—a, —a?) f (45, a7)) . 
(6.5.32) 


oo 


We now apply Lemma 6.3.3 with q replaced by q!°, and then with x = q and 
y = q? to deduce, via the Jacobi triple product identity (5.1.2), that 


Fd AG) 7 $a 00505) = 2af q^, —q15) f(-q1*, —q9) 
quu mue Wd wu 
., 2dig^ra* alu ie 
i (ga hs, 


Now put (6.5.33) into (6.5.32), and then put (6.5.31) and (6.5.32) into (6.5.30) 
to finally conclude that 


ke Gort) (at; q); mas CC mate Ca ee 
) 


oo 


(6.5.33) 


Wide (q; d)oo tura" Jas (gt go (95; q1?) 
2 2. 4 20. 20 A 
He TM BC 
_ 2d? g(—-a9Y(q^^; a) 
7 CL os Ho(—4) 
B Ge ele ge. quus 
E X q5; q* oo (q10; q19) s Eos] 
= [DRE (a°; a°) (a5; a Noo =| 
* (ging). (gi ges 


" 29° { (PsP oo (de) \ = 
eee, aia ye, 


where in the third equality above we used (2.3.1) and the definition of Ho(z) 
from (6.5.17). Thus, we have demonstrated that the first portion of (6.5.24) 


holds. 
For k — 2, we return to (6.5.25). Invoking (6.5.28) and (6.5.29) below and 


also employing (5.1.3), we find that 
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V(-@) = pe Ut q?) (Lf (q15, a!) — d f(49^,q7^)) 


—qf(—q, -4* wi (a7, q9) — a? f (49,4?)  — Hola?) 
. Pel); g) {A (ae a oe oe a 


(4; d) FC, a’) 
4 2 8 
af (=4, prs q } Ho(—@). (6.5.34) 


As in the case when k = 1, we combine the two quotients in curly brackets on 
the right-hand side above. We first examine the denominator, which is given 
by 


fF (a^, a9) f (a^, af) = (4^, —a5, g, a^, af, a1; g) (6.5.35) 

— (cdd )es(a Pia) _ (GS Too (Gs 29), 

(—415; g' Joo (975 97) 009795 q?? oo 
We next examine the numerator. Applying below Lemma 6.3.2 with q replaced 
by —q?, and then with x = q and y = —q? and the Jacobi triple product 


identity (5.1.2) several times, we find that 


FCP, -fCat —49)f (a^. q9) — afla, 4) f (d. -@ (a^. a9) 
zu au wu a er uuu) 

— q(q. gf, q^. q?, q?, q19, q?, q9, a; q19) s f(g?, a) 

2. 


= (a^a? )os (d^; q os A —-q*, =g) f (q^, a9) — af (-a, a?) F(d^, q?)) 
= (a^; q^). (a5; 0) f (—a, a^) f (e^, è) 
= (a^; a^ Jos (a5; a!) os (a, j 74^, d, 0, -03-@ oo 
= (97397 )00(4°3 0°) (a, -9°, —a*, 0, 0°, 1, q?, —q9, —g?, —q?, q19, q19; G) 
—— (d^: a7)oc (a5: a 7) ee (0 TN mala lm MINI LN. 
(a5; g  us( 9 9g Jas 
_ (ai g) (455 a7? )oc (a^: gf) (0; 7?) 50 (a5; g) 
(d^5.9* as (09591 0)8. (esd ) s. 

vd A, å 10. ,20)\2 10. ,10)\3 

p ELE. E RS 


We now put (6.5.35) and (6.5.36) into (6.5.34). Using (2.3.1) and the definition 
of Ho(z) from (6.5.17), we find that 


V(-@) = Pola)"; P00 (a^: "00 (9795 Foc 
(q; q) ie ah iar aa 

(q; a?) (04; gu ia yu eg e met 

(g5; q10)2 (0; ta di 
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— q'e(-q)a a ee (a ia ay Es 

7 (q5; q19)2 nee 

_ gg g^ ss gs esta: gene Hol e» 

[^g astu rg. 

27 ura M ne mà Ho(—-@) 

7 (ere) 2 

= 93(q29; q19)2. (q10; q20)2 2g? (q15; q19),, (q79, q19, q99; 999), 

= di (—919, —1; q!) 

10. 4,1042 
q9:q 

= (y'( q?) 3 ( Jo 


1 (-g19; q19)2, 
= qe (-q4) - de? (-q'?) = 0. 
Hence, the second part of (6.5.24) holds. We have therefore proved that 


V(z) = 0 for six distinct values of z. Hence, V(z) is identically equal to 
0, as was to be shown. 


Theorem 6.5.1 (The Mock Theta Conjectures). Equations (5.1.11) 
from the first group and (5.1.18) from the second group in Chapter 5 are 
valid. 


Proof. Lemmas 6.5.2 and 6.5.4 each provide a 5-dissection of the function 
B(z). Equating the coefficients of z and z? in these two different representa- 
tions for B(z) enables us to complete our proofs of the Mock Theta Conjec- 
tures. 

We see that Lemma 6.5.2 allows us to decompose B(z) in the form 


4 
z)= 5 zi B;(z° 
j=0 


where, as we shall demonstrate, 


y qr +21r+5 gor td 


5) — 24 
Baa) = afola lata fn c + 2 SE re 
r=— o0 
y gir +39r+11,—5r—5 
WA Yu v4 — q30r+10 2-5 (6.5.37) 
r=— o0 
and 
5 12.5 18/5 .30 jn qr +277 +7 „5r+5 
Bo(z )= filla Zq /z q MED p» i — 
—q F 
r=—0o 
yr qon +33r+9 y —5r—5 
si ees E — q30r+10 7-5 . (6.5.38) 


r=— oo 
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The identities (6.5.37) and (6.5.38) follow from Lemma 6.5.2 once we observe 
that 


— 5 gig entm 
1— gort2z ^ 1- q9or10;5 d 


j=0 
and 
1 z775 9 ; ; 
= (6r4-2)(5—3) 
1— gort2z-1 J q3ort105-5 4 ^ 
j=l 
On the other hand, by Lemma 6.5.4, 
By(z°) = 27" (Gi(z) + Hi(z)) (6.5.39) 
45 (42 48 45.45 6,5 ,24/,5 „30. „30 
— PHP VET 05: P) (427, 47/25, 475 oo 2g? A(z5, q?, q!) 
(d: Doo 
and 
Bo(z°) = z^? (Ga(z) + Ha(z)) (6.5.40) 
4 5. 12,5 ,18/,5 „30. „30 
_ ui Č) lat, a gë; g”), g/g; g) 2g? A(2°, q^, q'?). 
(d; d)oo 
By Lemma 6.4.5, 
A(z5,@, q?) — e.g fa eo aoe q) 
oo (—1)" qibr?+21r-+2 ,5r+5 oo (—1)rgl9r^ *39r8 ,—5r—5 
> 30r+1075 2 30r+10,—5 (6.5.41) 
1 — q30r+10z 1 — q30r+10z 


r——0o T=—oo 
and 
A(z, g^, q19) = (qP, 18/25, G: glt, q19) 


oo (=1) q5"? +27r+4 ,5r+5 oo (—1)rglór *33r6 2—5r—5 "m 
D ] — q30r+10 25 25 ] — q30rt10 2-5 - (6.5.42) 


rc—o09 r——oo 


Put (6.5.41) into (6.5.39) and put (6.5.42) into (6.5.40) to deduce, respectively, 
that 


Gila ga, qi /25, 030; n 


MINUS (a; 40 (a^; 4 oo an 
| Mes q??: q??),, g(g?, q") 
jt qr +21r+5 gor +5 oo (—1)rgEr? +39r+11 ,-5r-5 
+2 jx q30r+10 25 +2 » J= q30r+10 2-5 


T——OO T——OO 
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and 


Cee tea areas 
Coram Cara (6.5.44) 
"UN (03; a5) 
— 2q aA d gu senum 
y qon +27r+7 yor +5 à qr +33r+9 5 —5r—5 
LES x € qaor +10 75 2- E v4 — q30r+10 7-5 


r=— oo r=— oo 


Bo(z°) = 


Observe from (6.5.41) that the contributions of the generalized Lambert series 
o (6.5.37) and (6.5.43) are identical, and also observe from (6.5.42) that the 
contributions of the generalized Lambert series to (6.5.38) and (6.5.44) are 
also identical. 

Extracting the coefficient of z° in B,(z°) first from (6.5.37) and second 
from (6.5.43), and dividing both sides by q, we see that 


= 
fo(q) = (q; P 29^ 0(0^,q ^). (6.5.45) 


From (6.4.10), we see that 


oo 10n? 


1 q 1 
2 10 — 2 
gg ) = @ (^ p? (q2; q0) 8.10 = ped ) (6.5.46) 


n+1(q jd )n 


by (5.1.6). Putting (6.5.46) into (6.5.45) and using (3.1.16), we see 
that (6.5.45) is equivalent to Equation (5.1.11). 

Extracting the coefficient of z? first from (6.5.38) and second from (6.5.44), 
we deduce that 


Log» 
= Cerone q” )oo 2d qq a) T) 


From (6.4.10), we see that 


1 on qo? 1 
4 10) . f a 2 
gg) = q7 | 14 ) (q^; q19) 6. „10 = 447"), (6.5.48) 
n=0 $ 


nii oq" q 


by (5.1.13). Substituting (6.5.48) in (6.5.47) and employing (3.1.17), we ob- 
serve that (6.5.47) yields (5.1.18). 

As we stated in the Introduction of this chapter, the foregoing proof is the 
original one due to Hickerson [161]. 


Check for 
updates 
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Sixth Order Mock Theta Functions 


7.1 Introduction 


Unlike the fifth order mock theta functions, the sixth order mock theta func- 
tions (so named in [39]) seemingly do not yield to any elementary considera- 
tions. Consequently, this chapter will, of necessity, be somewhat long in order 
to include not only analogues of the mock theta conjectures (cf. Chapter 6), 
but also the various relations between these functions (cf. Chapter 5). 

We shall be treating two principal functions, 


0v C(ai g?)sq" 
$e(q) = È uc (7.1.1) 
i 2 (1) (gi gh) qo 
A = (q; ae 
ao > (7d) — VS 


Ramanujan wrote ó(q) for ¢6(q) and v(q) for s(q); however, we must add 
the subscript 6 to avoid possible confusion with other uses of ¢(q) and v(q) 
throughout this volume. 

'There are five further relevant functions. We have chosen notation for 
them; Ramanujan did not. These functions are defined by 


e (=a; ang?) 
, TL 
pe(q) :— eT 7.1.3) 
2. (q: 4?)n-i 
oo n2 
(=a; ang?) 
06(q) :— M a 3 7.1.4) 
2. (q; 4?)n- 
oo 
(—1)” (q; Png” 
Ae(q) :— LE SANE RED 7.1.5 
2. (—4:Q)n 
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Me (q) = 2 a, (7.1.6) 
= x mE (7.1.7) 
and 
-x& Ca À (7.1.8) 
m. Jati 


We note that the series for ue(q) does not converge. However, the sequence 
of even-indexed partial sums converges as does that of the odd-indexed par- 
tial sums. We define ue(q) as the average of these two values. Furthermore, 
Ramanujan used the notation ¢(q) for both ¢6(q) and $6(q), and so we have 
distinguished these two functions using the upper and lower cases. 

Ramanujan found several Appell-Lerch series expansions for ¢g(q) and 
V/s(q) and several identities connecting the functions listed in (7.1.1)-(7.1.8). 
To our surprise, we were unable to find elementary proofs (in the sense of 
Chapters 3 and 5) for any of these results. 

'The remainder of this chapter is organized along the lines similar to Chap- 
ter 6. The next section is devoted to lemmas regarding standard theta func- 
tions. Section 7.3 provides representations of these functions analogous to 
those provided for fo(q) and fi(q) in Section 6.2 of Chapter 6. Section 7.4 is 
devoted to identities for óg(q) and v;g(q) analogous to the mock theta con- 
jectures in Section 6.5 in Chapter 6. Once these results are in hand, we are 
in a position to prove all of the remaining identities asserted by Ramanujan 
that relate ós(q) and vs(q) to pe(q), ce(q), As(q), Me(G), and ye(q). All of this 
material is based on [39]. In Section 7.6 we consider two outlier identities, one 
of which was proved in [59]; the other has not been heretofore proved. 


7.2 Theta Function Identities 


We shall require many of the results from Section 6.3, Chapter 6. In addition, 
we need the following results, each of which is proved by classical means. 
Lemma 7.2.1. Let |q| < 1 and let w be a primitive cube root of unity. Then 


oo 


$5 u r A = a —w)(P o, (7.2.1) 


n=— 00 


66 wolo) lgt: g 


n=— o0 
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and 


oo oo 


5 (—1)” (wg?) ye 5 Cay ery 0/28 n 


n=—Cco n=—Co 


mC PACE T. vid ME 20 (723) 
(g? jq 2) lq’ jq 3d jq Jon 
Proof. We first examine (7.2.1). In each of the three identities of Lemma 7.2.1 
we require Jacobi's triple product identity (5.1.2). First, 


oo 


Y (So De = (w, qu", q; Deo 


n=—Cco 


= (1—w) [[G— 9") = -w:o (724) 


which proves (7.2.1). 
Second, by (7.2.4) and (2.3.1), 


Y unq* 70? = (—w, —w 4, q; Doo 


n=—Co 


= (1+w) [0 +9") oa - 4") 
n=1 
rr ee oq) 

= l+w 
o]! (1+ q") 

= 1 ay PED: 

(a°; a 
and so (7.2.2) has been proved. 
Finally, by (7.2.4), 
5 (E age y Ng” 5 (=1)" (iy gre 9/2” 


= (q, wq, w^; wq? )os (q, w?q, wg; Wg? Joo 
= (q.d? u^ 5; g) (wa, wg, g7; 9°) 00 

x (wg, wt, 9°; q.s (q, w, wa; gE) 

x (wq, Wg", g; f) (wg, q^, q; 2° )oo 
= (q, Č, 0f; E) (wa, wg, wq? wq*, wg; 4) oo 
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x (wg, wg", w?q? , wt, uw? q?; q9),. (wq? , wg; @ Joo 
(wq, WG; d) (0; q °) 
79 (rog? ages gE) (0°; ge as 
BEICT ELTE ids CT Ca ae 
(q; Doo a q13)so (a; G8 Joo 
Cae Cae LE (9397 oo (9°54 
(a; Goo (q15; 213) co (a; 4% Joo 
CuTMEACID MT MIT. 
A su usu quus ien) 


Hence, (7.2.3) has been established. 


mg. 


Lemma 7.2.2. If n » 0 and 0 < |q| < 1, then 
COH HIC DU CC i Le as 
(qs )9 (2.0/0 d oa (4 a q; d)oc 


-52 Gratz q" */(a"2), id )e og 


(ga q- 8 Iu gis q”) 


where neither x nor z is an integral power of q. 
Proof. Letting L(z) denote the left side of (7.2.6) and Ri (z) denote the kth 
term in the sum on the right side of (7.2.6), we define 


n—1i 


V(2) = L(z) - M. R(2). (7.2.7) 


We shall prove the lemma by showing that V(z) is identically equal to 0. 
By the manipulation of g-products, we see that 


R,(qz) 2x !Rgyi(z, 0<k<n-2, 


while 
. n (onama qaa ads 
Bette) = (q?z, 1/2, 054" oo 
0 — 2) = 1/(z^z))a^7 oe zq Ka 2), eae 
= 27! Ro(z). (7.2.8) 
Also 
L(gqz) — Mig) eraz 1/ (a2), as Goole", g"/2", qi" )oo 


(g^; g 5. (20), q; doa (ds 1] 2 5 s 

_ Q — 1/(zz))(1 = z)(a: D0 (v2, q/ (12), q; 0)o (2^ q^ /2", q"; F" Joo 
(1 — zz)(1— 1/z)(q*; a*)2, (2, 4/2, a; a)eo (2, q/ 2; d; Foo 

= ma 6 (7.2.9) 


7.2 Theta Function Identities 113 
Hence, by (7.2.7), (7.2.8), and (7.2.9), 
V (qz) = z^! V (z). (7.2.10) 


We also see that V (z) is meromorphic with possible simple poles at z = q”, 
for each integer m. For z = 1, we see, by Lemma 6.4.1, that both L(z) and 
Ro(z) have residue 

(z^, q" /z^ , q”; q”) 
(Pog es 
at z = 1. On the other hand, R;,(z) is analytic at z = 1 for 1 € k € n— I. 
Hence, V(z) has residue 0 at z = 1, i.e., V(z) is analytic at z = 1. Therefore, 
by (7.2.10), V(z) is analytic at all integral powers of q and thus for all z 4 0. 
We may then expand V (z) in a Laurent series around z = 0, say, 


V(z)— 5 Vazi 


and (7.2.10) implies that, for each integer n, 
Vag” 2x 1V,. 


But x is required not to be an integral power of q. Hence, Vp = 0 for every 
integer n. Thus, V(z) = 0, and consequently Lemma 7.2.2 is proved. 


Lemma 7.2.3. Let n be a positive integer, 0 < |g| <1, and x # 0. Then 


n=l 
(2, q/2£,4; d) = X (- 1) ug 2 (7.2.11) 
k=0 
x (Gp eg. (eee Eng n, q” T Joo: 
Proof. If we rewrite each of the products in (7.2.11) using Jacobi’s triple 
product identity (5.1.2), we see that we must prove that 


5 Ae S 
N=- 
n—1 oo 
= 3 (-1)Fak gh D2 5 (a1) g.g se -D/2+s(n(n—=1)/2+kn), 
k=0 s——oo 


This last assertion follows by setting N = ns+k,0 € k < n—1, —oo < s < oo, 
in the sum on the left side above. 


Lemma 7.2.4. Let n be a positive integer, O < |q| < 1, and x and y both 
non-zero. Then 
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(x, q/x, q; d) (Y, 1° ado = X (T) 25g e b 
k=0 
x (1g gy, [1595078 kny ny 1g” f 1). gy. 
x 


1—k,.—1 k+n —1 n+l. 
Ty ; 


(~q "x£ ty, —q gees: (7.2.12) 


Proof. The left-hand side of (7.2.12) reduces via Jacobi’s triple product iden- 
tity (5.1.2) to 


oo oo 


5 Give 09/2 5 (=r yeg@e 0/2 
= 5 ee ee ee ee, (7.2.13) 


We now dissect this double sum into n+1 parts according to the residue class 
of r+s modulo (n+1). When r+s = k (mod (n 4- 1)), we write r = nu— v+ k 
and s = u + v. This makes u and v independent integers, each running from 
—oo to oo, because 

s+r—k sn—rt+k 


= Sep Og 


Hence, the sum on the right-hand side of (7.2.13) becomes 


n oo 


»» »» [eq utk)+(u4 v) pnu v4 kyu i vgt C) 


x 5 (Sr grint Iulu—1)/2+(n(n—1)/2+nk)u 


x 5 z veto Lovin 1)/2+(1 k)v. 


Applying Jacobi's triple product identity (5.1.2) to both the u-sum and the 
v-sum, we deduce the right-hand side of (7.2.12). 


Lemma 7.2.5. We have 


(d^, 45, a5; Goo — 2a(45,a5,q 5; a ^) = (959,975 I" Joo = pla), (7.2.14) 


2(—g?,—49.g?:q?)., --q(—-1,—q?,q3:q?)), = (-1,—q,q:d)ee. —— (7.2.15) 
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2.,2 6. 46 
9 9 ,18,. 18 3 15 18, 18 (q jd Joo (q jd Joo 

Q.,Q.,qd 34 tqiqd.q.q':q = ; 1.2.16 
l kama ja (q, 9°, 48; @®)o0 ( ) 
and 


A(q®: q9 3 5 g6: q®) 
aa) = ig - Jeold g aa) . (7.2.17) 
(Ge as oq go gus 


(q.d, q^: q^), +30,0, q*;q 


Proof. Identities (7.2.14) and (7.2.15) are special cases of Lemma 7.2.3 with 
n — 3 and the help of (5.1.3). More precisely, for (7.2.14), replace q by q? and 
then x by q; for (7.2.15), set x = —1. The identity (7.2.16) is a special case 
of the quintuple product identity; namely, replace q by qê and then set x = q 
in Lemma 6.3.1 of Chapter 6 and employ (5.1.2). For (7.2.17), we begin with 
Lemma 7.2.3 setting n = 3, replacing q by wq?, where w is a primitive cube 
root of unity, and then putting r — q. Thus, 

"Joo = (P,P, g; g) — (0 wala”, a, a5: a 7) 


(—w (a, q, d^; P) + (1 w) (97, 0°, 0°89" Joc), (7.2.18) 


(q, wq, wq^; wq 


) 
1 
2 


where in the last step we used (7.2.14). 
We now replace w by w? in (7.2.18) and then multiply the two equalities 
together to deduce that 


(q, wq, wg; wg) (q, wq, Wg"; wq?) 00 


1 
= 4 (0 5a) 305,5 ah) (7249) 


We now refer to the calculation (7.2.5) in order to simplify the left-hand side 
of (7.2.19). This then completes the proof of (7.2.17). 


7.3 Hecke- Type Series for the Sixth Order Mock Theta 
Functions 


We shall be using Bailey's Lemma as in Section 6.2. However, we do not have 
analogues of the recurrence proofs utilized in Section 6.2. Consequently, the 
developments in this section will be much more intricate. In the sequel, we 
make heavy use of the abbreviated notation defined in Chapter 1, in particu- 
lar, (1.0.3) and the remark after (1.0.5). 

In Section 6.2, we only required a weak form of Bailey’s Lemma 
(namely, (6.2.7)). Now we require the full lemma. Recall that two sequences 
{an}n>o and {8n}n>o are called a Bailey pair (relative to a) provided that 


TL 


B. => (Co Cr umm (7.3.1) 


r=0 Cas (aq)n+r | 
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This relation may be inverted [20, p. 278, equation (4.1)]. Thus, equivalent 
o (7.3.1), l 
1 — aq” 44 (-1)^73(a)44540 78; 

ia y ) “ IET (7.3.2) 
Q)n—j 


Lemma 7.3.1 (Bailey's Lemma). Jf (o4) and {6n} are a Bailey pair, then 
so are {al} and (B7), where 


» _ (p1)n(p2)n(aq/(p1p2))" an 
4n = (aa/prn(aq/P2)n es) 
and 
gl = 1 x pı); (p2);(aq/ (0x p2))n-;(a8/ 0 (2 B; (1.34) 


~ (aq/p1)n(aq/p2)n (Q)n—j 


j= 
We refer the reader to [25, p. 25] for a proof of this standard theorem. 
If we now replace 6, by 57, and a, by a% in (7.3.1) and then let n — oo, 
we obtain the following lemma. 


Lemma 7.3.2. If an and Bn form a Bailey pair relative to a, then (assuming 
the absolute convergence of the two infinite series below) 


v (P1)n(P2)n(ag/(p1p2)) a 
» (aq/ p1)n (aq/ p2)n 


E a epe) - x (p1)n(p2)n(aq/(p1p2))"Bn- — (7.3.5) 
n=0 


Our use of Bailey’s Lemma is somewhat complicated. We first obtain a Bai- 
ley pair with several parameters and then we insert the result into Lemma 7.3.1 
to obtain the Bailey pair that will provide the required information for the 
6th order mock theta functions. 


Lemma 7.3.3. The sequences {An} and {Bn} form a Bailey pair, where 


An = An (a, b, C, q) 


_ (1 ag?")anqn 7" e ?(1 — aq? 7!)(a);1(0);(6); 
aS - eB o chao be. (139 
and 
B, = B,(a,b,¢,q) :— (a/(be))n ; (7.3.7) 


(a/b)n(a/e)n(Q)n 
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Proof. We replace 6; with B; in (7.3.2). Thus, 


(1 — aq") y» C17 (a) aC) Bj 


j=0 (d)n-j 


— (IM = ag? (ag)s ig 79/2 V ("jag") s(a/(b0)) 58 
E Wn à. aaa; ^ 099) 


J 


We must show that this latter expression equals A,,. To see this, we refer to 
Watson’s q-analogue of Whipple's theorem [33, p. 81, equation (4.1.3)] with 
a, B, y, and 6 replaced by a/q, b, c, and dq" , respectively. We then let d > a 
and e > 0. We thus obtain 


T (71) (1 = aq 7*)(a); (0); (0); 
4 (q);(a/D);(a/c); (bc)? g0 79/2 


B (q E ngn(n— = 2 ND LE 03.9) 


J= 


and this last expression allows us to reduce (7.3.8) to Ap as required. 


Theorem 7.3.1. The sequences (A7, and (B;,) form a Bailey pair, where 


An = An (a,b, c, q) (7.3.10) 
= M UM jeg Sr aq’) *)(a)j-1(0)3 (©); 
(1 — a)(qb)n(9e)n = EOD: TOT? (bci qiG 072 
and 
EI / tos 1 
B, = B, (a,b,c, q) := r (7.3.11) 


Proof. We apply Lemma 7.3.1 with pı = a/b and p> = a/c to the Bailey pair 
in Lemma 7.3.3, and denote the resulting Bailey pair by {A}, } and {By}. It 
is immediate that (A7) is given by (7.3.10). For {By}, we see that the sum 
in question is 


qbc/ - -j algbe/ a) 


a); (d)n- 
( 


E A (afe); 
Bn qi ao. 2s l 
(o (ahefay, — Ns UO 
z FE ET 
__(abe/a)n(q-")n(a/(be))" 

(qb)n(qe)n(a)n(aq-"/(be))n 
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where in the penultimate line we used the Chu-Vandermonde theorem [33, 
p. 11, equation (1.3.3)]. This completes the proof. 


It should be noted that we will subsequently require A’ (1, 5, c, q), and this 
appears to be problematic because of the factor (1 — a) in the denominator. 
However, this is only an apparent singularity. The numerator of the jth sum- 
mand in A’, contains (1— a) if j > 2. Furthermore, when the terms for j = 0 
and j = 1 are added together, their sum contains (a — 1) in the numerator. 
This leads directly to 


A! (1,b,¢,q) = (1/b)n — 2gmy? l b+e+q—2—qbe 


(qb)n (qc) (1 — q)(1 — b)(1— c) 


-1)(5,();( — g) 
p Gee XT, Gg (7.3.12) 


We now rewrite (7.3.12) by breaking the sum into two parts using the identity 


1— git} 1 qi-! 


0-g)0-q-1 1-g 1-g-r 


and then replacing j by 7 +1 in the second sum. This yields for the sum 
n (7.3.12) 


: (-1) (0;(9;Q - 74) 
2. (1— qi-3)(1 — q?)(1/0); (1/6); (bc)? q4G- 0/2 
xS (-19 0,(9; 
B 2. (1 — q?) (1/0); (1/0); (bc) qi 0/2 
ix —-1y*! (b; (e )j41d? 
Z (lg?) UD, UE USA 


= (-1) (0); (c); 
a= or Tera TMU O A 
(— E s (c)n 

b)n (1/6)n (be)ngnin - 1/2 
SO (-19* (0); (9546 
(1 — q9)(1/0)543 (1/6); 1 (bc) +t qi 1072 
(b)i (c) $ (-1)" (b)n (c)n 
(1/b) (1/6) (1 = q)bc (1 — q”)(1/b)n(1/6)n(be)” qn 09/2 
v3 (71)/05),(9); (be(1 — g/b) — d /c) — (1 — bgt) (1 — cgt) 
[be qi) (1/5); 41(1/c) 4 (bc) 1936-072 


j=1 
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(bi(c) " (—1)" (b) (c)n 
~ bi n W - oi (1 — qb), (1/0), (bc)ngn-072 
= (0); (c); (be — 1)(1 +g) 
2x um. ji wa wei GOI gio me 


Using this latter expression in (7.3.12), we find that 


/ _ (1/b)n(1/e)n(be)” (1 = qn b+c+q-—2-—qbe 
Axe) = CONUS anes 
(b (9) | (-1)" (b)n (c)n 
aah — gie * = rana) (b) e DA 


—1) (b); (c); (be — 1)(1 +g 
px MORON nt. 


1/b)541(1/c) 541 (bc) 1 3G 1)/2 


Now 
b--c-- q— 2 — qbc n (b)i(c)i 
(1-4)0—t0)1—c)  (1/b)1(1/e)1(1 — q)bc 
Mele. - bc— 1 
 Ai—e(-59ü-09 (qL-50-9 
Consequently, 
A, (1,b,c,q) = Saas Ca 1 ori ; (7.3.13) 


(L—bg*)(L— cq”) 
_ Qt). (1/6) (bc — 1)(bo)^ (1 — g?")g" 
(qb)s (qc); 
2031 — QS. COQ0s0,0- d) _ 
ü-890—-9 1 0/0540/95;4(97940 


2 


We are now in a position to list the eight Bailey pairs required to prove 
Ramanujan's assertions about the sixth order mock theta functions. The fol- 
lowing table provides the values of the parameters a, b, c, and d along with 
the epodaied values of the Bailey pairs A’, and B/,, where here d = q or 
d = q?. It should be remarked that Aj nee has the value 1. For n > 0, we 
furthermore require the definitions 


Sn t= »» (—1)/q-7 (7.3.14) 


and 
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Lastly, w = e?7//?, We now extend the definition (7.3.14) to negative values 
of n. If n is negative and N > —n, define 


n —n-—1 
8,: D (-19q 7 — 35 Aye. (7.3.15) 
j=-N j=—N 
Therefore, 
—n . " n—1 3 
S-n = 25 la? g 5 (Lg = —7O2n-1- (7.3.16) 
jJ=—-N j=- 


Theorem 7.3.2. The following are eight Bailey pairs A’, and B}: 


Table 7.1. Values for Bailey pairs A’, and B/, 


alb| c q* B, Al No 
1 
1|-1|-1/q\¢ MAE ge ug rc pt (1) 
(=q)2n 
Qn2+40n _ Q42n41 
e-i -q e L q -q ) " (2) 
(-4 )2n I= q 
1 n n? n 
a [i-i al (Iv (eT) s21 (3) 
2 
1 (—1)*q^ Tn _ gent) 
2 
€ Wava], a \|7s 3 - Tn 4 
V7 V1 gg pe o 
1-1 0 |g m gE ORR Sq Su n1 (5) 
2 
1 gq” +n)/2 1— gni 
q-1 0 q (em) —— dg, (6) 
g —1 Q0 q 1 — grt? seg + qo DGn92)/2 9 \ (7) 
(a) | 0-90-44) : ip 
2 1n ,n(n-1)/2 n 
Llw w^ q Wn 3( 1) q u + q r n > 1 (8) 
(3G )n Lg +g" 


Proof. Direct substitutions of a, b, and c, as given in Theorem 7.3.1, yield 
the values of A‘, and By, for the second, third, fourth, fifth, sixth, and eighth 
entries in Table 7.1. Since the first and seventh are more difficult to prove, we 
provide details. 
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For the first, we see that direct substitutions into (7.3.13) yield 


2(-1) 1 gg 7t 
1+ q?n-1 


- 1- CU - 4°) 
2n^—n i 2 : 
tg ( q ) 1+q 14 E q- 1)? (1 + q?3- T)(1 + q2i*1) 


Referring to the first line of Table 7.1, noting that S, = 2(-1)^q-" + S51, 
and keeping (7.3.17) in mind, we see that we must prove the equivalent identity 


2 
yaq tn = 2(—1)"(1 qq” nd 
1 + q2n-1 


n—1 ; 
2 1—-q (-1?(1 - e) 
+q?” "E _ ge) L2 - 3 À , 
2. qG-UD*( 


2 
_ or “71 _ gs es $ 2(—1 


1+q beg" er 
or 
$.u- 2(—1)ng-n^ +2” 2(-1)"(1 + q)g Hn 
n— 1- g^ (1+ q»-2)- gm") 
n—1 : 
1-4 Cy - e) 
2 —; - - E — 1). 3.1 
loq 2. (3-1)? (1 + q23-1) (1 + q231) R(n ). (7.3.18) 


It is a trivial (but tedious) matter of algebraic simplification to show that the 
right-hand side of (7.3.18) satisfies the equality 


R(n) - R(n-1) -2(-1"q ^, 
and this, along with the initial value 


2q 2(1 +q) 1-34 
R(0) = >s 
M= A 14 7 


establishes the first entry of Table 7.1 by mathematical induction. 
Similarly, we can rewrite the expression for A’, in the seventh entry of 
Table 7.1 as 


(1 - gr EP jo goin rm 


0 -q) - e?) ” 
2(—1)”(1 - gee uper 


D gg) 


A’ (q?, 1,0, q) = 


(7.3.19) 
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By (7.3.10), we must show that the right side of (7.3.19) is equal to 


2(1 4 getty. _ gent) eer? T (-1y(1 = q^) 
20-9) ar CI seg git) 


If we now solve (7.3.19) for $,, it is again a matter of algebra to deduce that 
S, and the right-hand side so obtained satisfy the same recurrence. One then 
checks the case for n = 0, and the required identity follows by mathematical 
induction. 


Our next theorem gives Hecke-type identities for products of Ramanujan's 
theta functions 


oo 


vq) = 354 097 and y(-g)= Y. (-1yq 


n=0 n--—oo 


and the sixth order mock theta functions (7.1.1)-(7.1.7) that are analogous 
to those found for fo(q) and fi(q) in Section 6.2. 


'Theorem 7.3.3. We have the identities 


v (a)ós(q) = Y [dem x (yt (7.3.20) 
(gWe(a) = gcn X eye, (7.3.21) 
ve(-a)ps(a) = X (angen > (aig ee, (7.3.22) 
e(-a)ec(q) = » (Sigua ` (-1yg 0797, (73.23) 
b(g)As(a) = D 3 (pr (7.3.24) 
2u(q)H6(9) = 2 T a N (-1yg7*, (7.3.25) 
Wara =s Y, re (1.3.36 


Ty——oo 


Proof. We proceed by taking the Bailey pairs from Theorem 7.3.2 and insert- 
ing them into (7.3.5) with appropriate choices of pı and p2. The most difficult 
of these is (7.3.25), owing to the fact that Ramanujan's original series does 
not converge. So we shall provide complete proofs of (7.3.21) and (7.3.25). 
The remaining five identities are proved in exactly the same way that (7.3.21) 
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is proved. Therefore, for these five identities, we shall only list the appropriate 
Bailey pairs, the power of q, and the values of a, b, c, d, p1, and p2. 

We now prove (7.3.21). First, we replace q by q?, then we set a — q?, 
b = —1,c = —q, and pı = q, and lastly let p2 — oo in (7.3.5). Then we 
replace the Bailey pair (o, n) in (7.3.5) by the Bailey pair (A/,, B/,) from 
Theorem 7.3.2 (2) to arrive at 


PR 29 n n?+2n 
1 3n?--3n E (q^; d Jos (-1) (4547) nq iin 

ea Sn = 5 

= (ad?) — (Sg Gant 


Multiplying both sides by q and employing (2.3.6) and (7.1.2), we ob- 
tain (7.3.21). 

We next examine (7.3.25). As we remarked at the beginning of this chapter, 
the even-indexed partial sums (7.1.6) converge as do the odd-indexed partial 
sums. We therefore define ue(q) to be the average of the these two values. 
Consequently, adding together the kth and (k + 1)st partial sums, we find 


that 
k n ( n g2 n+1/,,. 2 
2uc(q) = lim (x (2 Clear | (—1)** (q; q 23) 


—4q:d)n (—4; d)n-1 


ri (—q;q)n+1 
o S€ SEOD nt (1PH (q; ee t 
=! 2 (—G Qn (74; d)n41 \ 
c » CUT Ac(q), (7.3.27) 


by (7.1.5). 

Now in (7.3.5), we set a = q?, b = —1, pı = yq, and p2 = —/@, let c > 0, 
and insert the Bailey pair from Theorem 7.3.2 (7). We then multiply both 
sides by q(1 + q)(1 — q2)/(1 — q?) and employ (2.3.6) to deduce that 


c (-1)"(q; q?),q? t! 
v 
(2. (~q; d)n 
V SD" $ q)(1 = gece) (3n?--7n4-2)/2 (3n?--9n4-4)/2 
n 2; (1— g2?41)(1 — q2n43) fa Sn tq -— 


n=0 
oo ce 1 q 
2 1) [m j mx] 
" qoem. + gea} : (7.3.28) 


We note that the series on the left side in (7.3.28) appears on the right side 
of (7.3.27). We divide the far right-hand side of (7.3.28) into two sums, replace 
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n by n — 1 in the second sum, and lastly recombine the series. In doing so, 
we note below that we have added the term (S_; + $9)/(1 — q) to the second 
sum. However, by the functional equation (7.3.16), this expression is equal to 
0. Hence, by (7.3.27), 

e. (=1)" (gg?) mH 


Wla) Que(q) + ^«(a) 2) =) (=q; )s 


n=0 


B —1)" 2 "M 
-Y ES (ms e qms, 


2 2 
qE +Tn+2)/2 5, — qn TT, 


V cu n?-En n n?-E3n n 
E Ys (t tn)/2(1 — gin) 4 qGn*830/2(4 gan 


qq m0 E qu fi — gg +n)/2 4 aeDA 


= Y [cy (qm emo + qr +3n)/2 + ge eae B agin" emn 


n=0 


oo 


2 oe 2 
2v(q)uc(q) = y» "enn ae ac Y carae +5n+2)/2 5, 
n=0 n=0 


and replacing n by —n — 1 in the latter sum above gives (7.3.25) upon the use 
of (7.3.16). 

We now indicate the appropriate substitutions for the remaining five as- 
sertions. 

For (7.3.20), replace q by q? in (7.3.5), then set a = 1, b = —1, c = —1/q, 
and p, = q, and lastly let pọ — oo. We then insert the Bailey pair (1) from 
Theorem 7.3.2. 

For (7.3.22), set a = q, b = J/q, c = — y/q, and pı = —q in (7.3.5), and 
then let p2 — oo. We then insert the Bailey pair (3) from Theorem 7.3.2. 
Recall that in (7.3.15) we extended the definition of S, to negative n and 
derived the functional equation (7.3.16). We can extend the definition of T;, 
in an analogous fashion and so derive the associated functional equation 


Ta = -T n1. (7.3.29) 


For (7.3.23), set a = q?, b = J/q, c = — y4q, and pı = —q in (7.3.5), and 
then let p2 — oo. We then insert the Bailey pair (4) from Theorem 7.3.2, 
multiply both sides by q(1 — q), and invoke (7.3.29) with n replaced by n+ 1. 
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For (7.3.24), set a = q, b= —1, pı = yq, and p2 = 1/4/q, and let c — 0 
in (7.3.5). We then insert the Bailey pair (6) from Theorem 7.3.2. 

Finally, for (7.3.26), set a = 1, b = w, and c = w?, and let pı and ps tend 
to oo in (7.3.5). We then insert the Bailey pair (8) from Theorem 7.3.2. . 

We note that the Bailey pair (5) from Theorem 7.3.2 has not been used 
here. It is included for completeness, and is, in fact, the Bailey pair given 
by (6.2.9) for fo(q). 


7.4 Entries for $s(q) and vs(q) 


There are six entries in the lost notebook that involve only ós(q) and 76(q). 
We shall prove these results in this section. The proofs are analogous to those 
used in Chapter 6 to prove the mock theta conjectures. 

We begin by rewriting the identities (7.3.20) and (7.3.21) from Theo- 
rem 7.3.3. 


Theorem 7.4.1. Recall that ¢6(q) and wW6(q) are defined in (7.1.1) and (7.1.2), 
respectively. Then 


ytl = Y, sgr)" (7.4.1) 
su (^) e (*) 
and 
2U(a)ée(q) = Y  se(r)(-1)47* C 37. (7.4.2) 


T,s=— 00 


sg(r)=sg(s) 
Proof. First, we recall some basic facts about sg(n), which is defined by 


a 1, if n > 0, 
se(n) = 
i a ifn<0. 


This has (as previously noted) several simplifying uses. Namely, 
p» Cn = 5 sg(n — a)cn. (7.4.3) 
n=a sg(n—a)=sg(b—n) 


Also, we note that 


t V^ se(n)z" (7.4.4) 
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holds for all z with |z| Z 1, where 


i if |z| < 1, 
ez) = 
—1, if|z|» 1. 
Identity (7.4.4) may now be combined with Lemma 6.3.4 to yield 


oo 


(4,4, ty, q/(xy)id)eo _ »» 


sg(r)z"y*q"^, (7.4.5) 


(z,g/2, Vi). 


T,S——00 


sg(r)-sg(s) 


provided that |g| < |z| < 1 and |q| < |y| < 1. 
Applying (7.4.3) to the inner sum in (7.3.20) and letting r = n + j and 
s =n -— j, we find that 


oo 


: n+j_3n?+n—j? 
v(q)ós(a) = X sg(n + j)(—1)7 tq?” ey 
n,j=—oo 
sg(n—j)-sg(n4j) 


r rst(Ttstl 
= X seyg) 
ss(7)-se(s) 
r=s (mod 2) 
= M) sgot), (7.4.6) 


sg(r)=sg(s) 


where it is permissible to drop the condition r = s (mod 2), because if r and 
s are of opposite parity, then the term with indices r,s cancels the term with 
indices s, r. 

To obtain (7.4.2), we first note that if m — —1 — n, then, by (7.3.16), 


(—1)^g9n^ mg. = aT pets os = ee ec MDH Sn. 


Hence, replacing the sum over nonnegative n in (7.3.21) by a sum over all n 
doubles the value. So, 


= 2 ; .2 
aaye) = > Cir gim em Y (aye. 
n=—00 lil Sin 
Now rearranging as we did for ós(q), we find that 


oo 


2U(qQe(d) = Y.  se(r)-1yq* C 7, (7.4.7) 


T,s=— 00 


sg(r)=sg(s) 
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In order to obtain the fundamental identities connected with $g(q) and 
Ve(q), we introduce the function 


zœ (—q)(—27, —a/2?,q; Doo 
(2, 9/2, 0; Moo 


A(z) = A(z, q) := 


whose partial fraction decomposition provides the necessary framework. 
Theorem 7.4.2. For |q| < |z| < 1, in the Laurent expansion of A(z), 
[:^14() = 2ve6(a), 
[2 "]A(z) = ¢0(4)- 


Proof. By (7.4.5), with x = z and y = —z, (5.1.2), (2.3.1), (2.3.6), and Euler’s 
theorem, for |g| < |z| < 1, 


_ 2G Doo(=2",— 4/2", Pes qo. ug 
WO) Ca <u a dead A 


m 2: sg(r)(-1)'q?27** V qt 
Hostis is 
sg(r)=sg(s) 


The coefficients of z? and z~! are obtained by setting t = r + and t = 


r+ s 4- 1, respectively. By (7.4.6) and (7.4.7), these coefficients are v(q)és(q) 
and 2w(q)vs(q), respectively. Dividing both sides above by v(q) completes 
the proof of the theorem. 


We note that, for each integer n, 


(usa lg "ege Yer qe 


Y^ caysemqC1-0) 


= (-1)"2"q7-@)(z, q/2, 454) 0. (7.4.8) 
(See also (5.1.3).) Applying (7.4.8) to A(z), we see that 


zqo*(—q)(—9727, -1/ (927), d; Doo 
(qz, nS q; q) 
_ 296°(=9) (1 + 1/(g27))(1. + 1/22) (7a? z^, —4/ (02°), a; Doo 
(1 — 1/z)(az, q/z, d; Poo 
zg*z *q !Q?(-q)(—2?,—a/22,; Goo 
—a-l(z,q/2, 0; d) 
——s A(z), (7.4.9) 


A(qz) — 
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and also that 


z^ d, (—q)(—1/2, —42?, q; d) 
(1/2, 92,95 Doo 
_ z !d?(-aq)1  1/22)(-a/22,—a2?,a; Doo 
B (1 — 1/z)(q/z, q2, d; Doo 
oca x (-a)-a/ z^. =27, G Doo 
(q/ z, 2, d; Qoo 
= =z’ A(z). (7.4.10) 


A(z )- 


We still have some distance to go in identifying Ramanujan's identities, 
owing to the fact that A(z) has poles at z — q^ for each nonzero integer k. 
'Thus, our next step is to proceed with what amounts to an isolation of the 
poles of A(z) through effectively employing an analogue of partial fractions. 

'Toward this goal, we define 


oo (Tyg 9 0f 249era 
D(z) :=2 ‘ .4.11 
G2 CD (7.4.11) 


T——OO 


It is easily verified that L(z) satisfies both (7.4.9) and (7.4.10). Now define 
V(z) := A(z) — L(z). (7.4.12) 


From the previous comments, it is clear that V(z) is meromorphic for z 4 0, 
with at most simple poles at z = q}, —oo < k < oo, k Æ 0, and is easily seen 
to satisfy the functional equations (7.4.9) and (7.4.10). 

First, we compute the residue of V(z) at z = 1, namely, 


¢?(—a)\(-1,-4, G Veo 
(a; q)&; 

EE o aes 

7 ^CaahenA n 


lim (z — 1)A(z) = 


, 


by (2.3.1), and, by inspection, 


lim (z — DL(z) = -2. 
Hence, the residue of V(z) at z = 1 equals 0, i.e., V(z) is analytic at z = 1. 
Consequently, the functional equation (7.4.9) (which, as was noted, is valid for 
L(z) as well) shows that V(z) is analytic for z = q" for each nonzero integer 
k. Hence, V (z) is analytic for all z Z 0. 
We define the associated Laurent expansion 


V(z):— 3 Vn”: (7.4.13) 


n=— Co 
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Now by Lemma 6.4.2 of Chapter 6 with n = 3 and C = —1, we see that 
V(z) = Vo(2*,q /2* a5; )os + 2zVi (a2, 07/2? 1d" )os 
+ z? Vo (g^ z?, q/ 3, 4°39" )oo- 
If we apply (7.4.10) to V(z), we find that V? = —V4. Consequently, 
Vis) =O a 0,8 80 os 
TX (alge wu eura usu ra sab au) 
eg Vea que qq uc Vela ure ur ur as 
E Vig "Ur 128 d P uai (7.4.14) 


where we applied (7.4.10) once again to V(z). Now we restrict z to the annulus 
lq| < |z| < 1. By Theorem 7.4.2, the coefficients of z? and z^! in A(z) are 
2v6(q) and ¢6(q), respectively. Also, |q"z| < 1 if and only if r > 0. Hence, 
by (7.4.11), 


po (-1) r(3r+1)/2,3r+2 


L(z)=2 Y] L m 


=2 Sep AE es 5 Ces 


r=0 s=0 


—1 
—9 5 ie er 5 ge 


r=— oo s=— 00 


T,s=— 00 


sg(r)=sg(s) 


Note that when sg(r) = sg(s) either 3r + s +2 > 2 or 3r +s +2 € —2; so the 
coefficients of 2°, z1, and z^! in L(z) are equal to 0. Hence, by Theorem 7.4.2 
and (7.4.12), Vo = 2ws(q) and Vi = ¢6(q). Substituting these into (7.4.14), 
we obtain the following theorem. 


Theorem 7.4.3. If 0 < |g| < 1 and z is not an integral power of q, then 
A(z) = ġel) (z(a22, 7/23, Ps Poo — z?(q?23,q/23, 4°59? )o0) (7.4.15) 


e (1 ye Dee 
+ 2:5e(a) (25, 9/25, Pe )o+2 >> (-1) l 


T=—00 


1—q'z 


Next, we dissect the identity (7.4.15) in order to obtain separate identities 
for W6(q) and $s(q). To this end, we uniquely define Ao(z?), Ai(z*), and 
A»(23) by 

A(z) := Ag(z?) + zA1 (2) + 22 An (2?). (7.4.16) 
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Furthermore, noting that 


1 7 l+qrzt+q7 2? 
l-qz 1—-49»23 " 


we deduce from (7.4.15) and (7.4.16) that 


y" 3r(r+1)/2,3r+3 


3) _ 3 ,3/,3 73. yq 
Ao(2*) = 26 (a) (27, a? [25 qq) s125 € 1-3 (7.4.17) 
and 
)* qr Gn*0/2, 3r 
Ax(22) = —ós(a) (4 2, a/2 qi? oo +2 ME . (7.4.18) 


vr = ger 23 


On the other hand, applying Lemma 7.2.2 with n = 3 and with x and z 
replaced by 1/z and —2?, respectively, and multiplying by 
2 (g; Too? (7a) 725, -4/2 G Doo 
(a; 4) (29, 0° / 29,09; 97 as i 


we find that 
ag COD A 4 doo ( z (1, =g, 0°; 9 )oo 
(q; q)3 (2? 409 729,09: as (—23, —g? [22.071 0 Jos 
, £(-q-dd4 d) , 2(-4,-97, 8° oo (7.4.19) 
| (7a23,—q2/23, d: P) (-9223,-G/23, Bs g) / bi 


Comparing (7.4.19) with (7.4.18), we see that, by (2.3.1), 
Ao(9) = (975 a), (7a) 2, 70/25, q; 9)o 2 7 1, a, 975 "00 
° (q; Deo v. qii pq? (23, qe qug 
23 (q; q)oc (4, 9°, 9°; a9) os (—q23, —a? /23. 995 Ë) (—a? 23, —a/23, a? ; P) 
(ahd? as (99 07/89, arg? lac 


(7.4.20) 
and 


PRU (45:43)5,9 (-a)(- 2^, —/23, a; Doo(—9, =°, 45; P) 
(q:q)9. (23, 03/23, 03; oa (—gz*, —q2/23, 03; 0" Jos 


If we note that 


(7.4.21) 


(=z, —q°/2°, 0°; @)oo(-92°, 4? [22 , 0; )oo(-9° 2", —9/ 22, FG") 00 


= (—2°; qd) (—4/25; Doo (a5; q?)3, 
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and that the terms independent of z in (7.4.21) are, by (3.1.14), 


(g; 07)2,07 (—a)(a5a)es(—9, 0^, d: d? eo 
(q; 0)3 (0; qo. 
(ag?) as g); a^) C07: °) 
(a; 4)2o (70; )8s 

E We ale els 

BENT (70; 8) 
— (759°) 0(G aopla) 
B (P30) 


then (7.4.21) takes the shape 


As) = (a; a)l) (=ë; 49/23, 45; d). (70? 23, — 4/29, 75g Joo 
(975 4? )oo (22, 43/29, 935 G3 Joo 
(7.4.22) 


Comparing (7.4.17) with (7.4.20), and (7.4.18) with (7.4.22), we observe that 
replacing z? by z, respectively, by qz yields the following theorem. 


Theorem 7.4.4. If |g| < 1 and z is neither 0 nor an integral power of q?, 
then 


(2, 3/2, 05; a?) coe (q) 
aaa) walang 4f; Olea —0°/2, P es (907 5; d o iau 
(975 a?)co (2, 09/2, q*; q?)os 
eo ay po HOP 


.4.2 
Y MM (7.4.23) 


r=— oo 


and if z is neither 0 nor of the form q?**?, —oo < k < oo, then 


(2. a? /2, a5; 9 )oo$o(q) 

_ (a Dop) —d?/2, 95 P00 (—a2, 07/2, PHP Joc 
Ee (qz, q? 2, q?; 7? )oo 
y gàr(r*/25 r+1 


S s ag (7.4.24) 


r=— oo 


We now specialize the results of Theorem 7.4.4 to prove six entries from 
the lost notebook. 

First, taking z = —1, —q, —q?, and q in (7.4.23), we deduce that, respec- 
tively, 


CO 8r(r+1)/2 


(—1,-9°, d: Foote (g) = -C uM a 
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gt +D(8r+2)/2 
(74. ^, d^; d?) coe (q -5 ae (7.4.26) 
r+1)(3r+4)/2 
që 
(—4, —0°, 4° P )ootho(a = X oe ee (7.4.27) 


and 


2d(g9: q*)5., © (-1)rgi*DGne2)2 
(q; q) Ve(q )- (g? T 2m 5 


Ee (7.4.28) 


Next, letting z = —1/q, —1, —q, and q in (7.4.24) and using (3.1.14) 
find that, respectively, 


oo gr Br+1)/2 
(—a, 4^, 4°59" )s de (q) = 2 5 TF’ (7.4.29) 
eo 3r(r--1)/2 
q 
(—1,-4°, 4°; 9° )oob6(q) = 2 D (p eH (7.4.30) 
— o g(r +1)(8r-+2)/2 
(—4,-9°,9°3 4° )oobe(q) = P (9) + 2 2 ippa C430 
and 
P) po ur 
(4 a)l) = ^5 -2 » RO (7.4.32) 


We are now prepared to prove several items from the lost notebook 


Entry 7.4.1 (p. 2, equation 2; p. 4, equations 6b, 4b—5b,3b). We have 


oo 


(2n+1)(3n+1) po n(6n4-1) 
q 
dos y Sa cH i quas 
(q; q) óc(q) E TE "EE gl > 1-— q” ES qn ( ) 


gnGnT1)/2 
oo )=2 ; 1.4.34 
(—a, —4^, d^: a? Joho (4 DU ing ( ) 
oo 3n(n-4-1)/2 
3 = q 
pla” )o6(q) = De 14 gH (7.4.35) 
iid 1)(3n4-2)/2 
(n4- n+ 
q 
(—a; —9°, d; d?) ss is (a -5 


Ee a (7.4.36) 
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Proof. Three of these assertions have been proved already. Equation (7.4.34) 
is (7.4.29). Equation (7.4.35) reduces to (7.4.30) once one notes that, 
by (2.3.6), 
(-1,-4°, 975 P) = 24(q"). 

Lastly, Equation (7.4.36) is identical with (7.4.26). 

It is rather more arduous to obtain (7.4.33) from (7.4.32). To prove this 
last result, we begin by noting that 

(97, 9°,9°9°)5 — 2(975 9°)3,(—4, d 475g )oo 


(q, 0507307 Joa (d5)5s( —1,—92. 9*7 0? ce 
<i 3 q 
= 1 + gr’ 
T——oo 


which follows from (5.2.2) or Lemma 6.3.4. Consequently, by (7.4.32), we 
arrive at 


od qr 29 —1 rg(r+1)(3r+2)/2 
(a; doob6(g) = 2 5 irọ 2 5 ( 4 re 1 (7.4.37) 


r=— oo r=— oo 


We now consider the first sum on the right-hand side of (7.4.37) and write 


oo q^ oo q* 
2 =1+2 
rz 
oo r(6r+1) oo r(1 _ 6r? 
7 q qug) 
=1+ ey rege 2» aga OY (7.4.38) 
r#0 


We examine separately the two sums on the right-hand side of (7.4.38). First, 


gr (6r+1) OS gr (8r+1) 99 _r(6r—1) 


LIE + q 
e 1 + q3" = 14g? a 1 + q73r 
r 
Se greco m d^) 
E = 1+ q3T 
oe gr Grr) 
oy (7.4.39) 
» 1- q 4 q?” 
Next, 
2r—1 
a 3 (-1)°0°"*, ifr 2 0, 
l= q 222 s=0 
Ipo ) 222 


s=0 
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2r—1 
5 (-1jgr? ifr > 0, 
EN s=0 
= -1 
— » (—1)g 9 ifp=-—r>0 
s=—2p 


Il 
n 
[uel 
— 
[VA] 
— 
A 
ji 
~~ 
[7] 
Q 
w 
3 
5 


sg(s)—sg(2r—1—s) 


Hence, putting the calculation above into the last sum in (7.4.38), we find 
that 


Y qu-47). y se(s)(—1)*q3"8*", (7.4.40) 


r=—oo sg(s)—sg(2r—1—s) 


In the right-hand side of (7.4.40), we set r = n + 1 + [$s] and note that 
sg(2r — 1 — s) = sg(r — 1 — [25]). Consequently, 


: s (n 1) (35 
2 sg(s)(-1)5 t= — V7. sg(s)(-1ypgq0 THR DGD 


sg(s)=sg(2r-1—s) sg(s)=sg(n) 
DN p» (= 1)°q a s])(3s4-1) »» sg(s)gO* ^ 
i sg(n)=sg(s) 
oo (= 1)5q (145 s])(3s+1) 
= P» [ager ; (7.4.41) 


by (7.4.4). We now split this last sum into the even-indexed terms s — 2r and 
the odd-indexed terms s — 2r 4- 1. Hence, from (7.4.40) and (7.4.41), 


q' (1 — që" 2 p 6r+1) SO g(t +1) (6r-+4) 
3 1+ ye = got 5 1_ qoa . (7.4.42) 


r=— oo r=— oo 


Second, we consider the latter sum on the right-hand side of (7.4.37) and 
split it according to the parity of r, with r replaced by —2r — 2 in the even 
case and by —2r — 1 in the odd case. Thus, 


3 (1) gt tD(8r+2)/2 Hu > qQr*3X 3r+2) DE iin (6r4-1) 
1 — gir? E 1 — q6r+4 q6r*1 ' 


7 7 7 (7.4.43) 
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We now use our results from (7.4.38)-(7.4.43) in (7.4.37) to obtain 


oo r(6r4-1) is (r+1)(6r+4) _ q(2r-3)(3r*2) 
1 _ q q q 
(a; dooge(q) — 14 2? 1—-qr4g EN 1 — g6r+4 
oo r(6r+1) +1)(6r-+4) 
q q” 
=1+2 . 
+ Drar 2 “14 qr? 


Replacing r by —r — 1 in the final sum above, we see that (7.4.33) has been 
established. 


Entry 7.4.2 (p. 13, equations 6b, 5b). If w = e?7!/3, then 


Ye(wa) — Ve(w?a) — v(a)v d BICHEL RES 
CIUS = Pg) (7.4.44) 
= à s o — WAS: D: 
pel) — Yela) — q "ve(q ) = UU (7.4.45) 
Proof. We derive (7.4.44) from (7.4.25). By (7.4.25) and (7.2.14), 
as 3r(r+1)/2 
(71, = 4°,9°5 9° ooe(a m L To j^ q) (7.4.46) 


_ P» — 9,18: 918)... — 2g(g?, q, q18; 918) je 
= 1443" 2 459594 5d Joo aqa -4 54 5d Joo 


PS 3r(r+1)/2 1 


s 
os 


L9 uq qoe ele uuu 2 tu ug etg 


n (7.4.46), we first replace q by wq, and second replace q by w?q. Subtracting 
the second from the first yields 


(—1,—4?, d^: @)oo (Ye(wa) — ve (w?q)) 
= 2(w — o?) (g, qg, 915; g5) (g(g?, q9, q1? 


= 2(w — w?)q(g^, q, 915; q19) 
MET UP UTE 


by (7.2.16). Hence, 


be(wa) — ve(w?q) _ (45.4 5,0 51d -)e (^i oos (q^: a°) 


(w — «?)q (—1, =, 05; d? Jeo (0, 95,08; 9" Joo 


which, by (5.1.2) and (2.3.6), is equivalent to (7.4.44). 
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We now turn to (7.4.45). We begin with (7.4.25), and two lines later note 
that replacing r by —r in the third sum identifies it with the first sum. To 


that end, 
1 
(-1,-9°, 4"; )ooto(a) + 5¢°(—4) (7.4.47) 
_ 3 da _ q? 4 g^) 
esi 1+ q?r 
E PR gri -0/2 b» q 3r(r4-3)/2 p g?r(r*9 /2 
ES 1 +q? 1+ q?r 1 dq 
d 3r(r+1)/2 a 3r(r+3)/2 
= » : 9 : 9 
rT——o00 1+ g?” =—0o Ipae 
29 9r(3r4-1)/2 oo 27r(r+1)/2 pe 9(r+1)(3r+2)/2 
2» : are 2d : RI IN : 277418 
rT——o00 lc g^" T=—00 1+ qt r=—oo lcg 
N ge (r+1)/2 E 202 gC tD 3r+2)/2 E" > git) Gr+4)/2 
14 qr 14 qzirt9 q 14 qertis ' 


where in the last step we subdivided the two series in the previous equality 
into residue classes modulo 3, i.e., we replaced the index of summation r by 
3r, 3r +1, and 3r + 2 in each of the two sums. Now, miraculously, these 
six sums appear in the six identities (7.4.29)-(7.4.31) and (7.4.25)-(7.4.277). 
Consequently, from (7.4.47), 


S d di 9C q) 
Ein a s det) + C 1, 07, 077; "oo e (q?) 
+ ((-9?, 7a, a7; a?" s os (g9) — 9? (— a 
“1-0 P) s?) + 56°(-0")) 
mi dod KL 7:477 sss (q Jod =q", 47; q?") wg (q?) 


-( 


q^-— gs 


er 


+ q3(-1,-9q?",q"" 


Too) (pela?) — a ^ ve(q?)) 
(7.4.48) 


E 
-q 
(= 
39 
3° 


We now apply (7.2.15) with q replaced by q? to the first factor of the first 
term on the right-hand side of (7.4.48) to deduce that 


(71, d, 073g" ote (q) + 5C 


= (-1,- d did?) (ése?) — a stg?) - 56 C70) 
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Hence, by (7.2.17), 
peld?) — vela) — a ^ ve(q^) 
= 1 .. (q^: a9). (a. ELEL DES 
2(-1,—4?,d?:d?)o. (0°; d?)oc (d?, q^, 45; 419), 


which is equivalent to (7.4.45). 'This concludes the proof of Entry 7.4.2. 
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'The method developed in detail in Section 7.4 can now be applied to examine 
the identities related to the functions listed in (7.1.3)—(7.1.8). The proofs are 
somewhat abbreviated, being similar to those in Section 7.4. We begin with 


p6(q), ce(q), and 9s(q). 
Entry 7.5.1 (p. 13, equations 4b, 3b; p. 2, equation 1). We have 


Tpl) + pe(q) = (—a;q?)2,(—a, —a?. 9°; a9)... 


peld) + 206(9) = (—a; 4^ )a, (745, —d?, 45; a oo, (7.5.2) 
and 
- V? (g) 
pel ) 6( ) e(—q?) ( ) 
Proof. We begin by noting that 
Ng deua E 5 q 1670/2. (7.5.4) 
j—0 j——n-1 


Now with r = —n — j —2 and s = —n + j — 1 in (7.3.22), we find that 


T+s rS T--8 2 pm: 
20(-a)pe(a)= Y. sg(r)-1)0***D/Agrs/t iere 9 A1, (7.5.5) 


sg(r)=sg(s) 
rs (mod 2) 


Similarly, with r = n + j + 1 and s = n — j in (7.3.23), we obtain 


x 2 
2v(—q)o6(q) = 5 sg(r)(—1)Cts+1)/2grs/2+0+s+1) /4. (7.5.6) 


sg(r)-sg(s) 
rzÉs (mod 2) 
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Next, we define 


_ 2" (a) (a2, a/ 27, PP )oo 
n g^ omar 


B(z) : 


(7.5.7) 


By Lemma 6.3.6 of Chapter 6 with q, x, and y replaced by \/q, yz, and V, 
respectively, and by (5.1.2), we see that, for |g| < |z| < 1, 


2p(—q)B(z) = 2°22 P o(-ayb(a)(a2^, a/27, q^; q?)os 
2322: o -aw(q)(az?, q/ z2, q?; Jo (a2, 4/2, d^; q?)oc 


(2, 0/2, 4; Qoo 
S ^S rts = Et 
= M gru te) Seige. (7.5.8) 
T,S——0O i—-—oo 
sg(r)—sg(s) 
rzÉs (mod 2) 


We note that the coefficients of z° and zt in (7.5.8) are —2qv(—4)pe(q) and 
—2y(—q)o6(q), respectively, by (7.5.5) and (7.5.6). In complete analogy with 
Theorem 7.4.2, we may similarly prove that 


Ble) = eg(q) (—2(0 27, a" 25,49; eo te (a s 122,9: a9) 
en rgr(3r--1) ,3r--2 


3 6/,3 ,6.,6 | Dg 
— ape(a) (2, 48/27, 08; )o0 + >> 1 zg?" 


(7.5.9) 


Tr=—0o 
On the other hand, applying Lemma 7.2.2, with n, q, x, and z replaced by 3, 
q^, 1/2, and qz°, respectively, and multiplying both sides by 
z^ (gf; a9), (a2? , q/ 25, q^; "Joo 
e(—a)(23, 39/23, q9; G9) o0 


Fi 


we obtain the alternative representation 
(2) = (Pig a a/2*, e 
y(—4)(z3, 48/23, q9; G8 Joo 
, ( z* (a, g, g; a9)os z*v(—-q?) 22 (qd, 05; ee ) 
(ge?.q" fs. C50? Jao ^ (q?s9. Let gg? Jas (4523, q/23, 08; q Jas 


(7.5.10) 


We now proceed to compare (7.5.9) with (7.5.10) (in analogy with the 
analysis done to prove Theorem 7.4.4). Hence, 


Cae eC EAU TC AU ME os 
p(—a)(2, a?/ 2,9; d? Joo 
oo (lrg 
7.5.11 
+ 5 1— gz ( ) 


r=— oo 


qlz, af /z, 4f; af)oo p6 (q) = 


7.5 Entries for the Remaining Functions 139 


and 


CMa aeRO a5, gf; ab CEA EA ee 
(4) q?; @?)o (q2, q5 /z, q6; q9 )oo(0?2, 44/2, 48; 0" 1s 
3r (r+1),r+1 


q 
>> ICE (7.5.12) 


r=— oo 


(z,4f/z,48; ested) = 


Setting z = —q? in (7.5.11) gives 


q(4*; 9), ola) GM qnt DGre2) 

eC u(-4 ug rue t leg" 
(7.5.13) 

We now combine (7.5.13) with (7.4.26) (in which q is replaced by q?) to obtain 


q(—q^. —44, a9; 9° )oop6(q) = 


Ld d Hu (a^; è) pla) 
q Vala ) resi) = g(-a)(—d, —0^,45i d? )o s (d^, —44, 0°50) cc 
Ln nb 16. 6 
— 2 en O° Joo (7.5.14) 


which is equivalent to (7.5.1). 
By a similar argument, combining (7.5.12) with z = 1 and (7.4.20), in 
which q has been replaced by q?, we find that 


(—4,-9, 975 P), — 9°, a9; gf) 


(q^: 4 oo 


óe(q^) + 206(q) = 
which is equivalent to (7.5.2). 
To prove (7.5.3), we need a different representation for ®g(q), namely, 
n+1 


AOEDD es 


n=0 qq een 


`S ca q, 3^; 97 ng” 
-a-@ a *)n 


C purse 
oP —1)rqir+0? 


TE ( 
— 2w(-q) 3 Igne 


n=— o0 


(7.5.15) 


where the last line follows from [33, p. 81, equation (4.1.3)] with q replaced 
by q?, and then with a = q?, 8 = y = q, 6 = —q, € = —q?, and lastly with 
N — oc. Hence, (7.5.3) is equivalent to the assertion that 


1 oo (-1) 3n? --6n--3 


q (=q, —0°, q*; q*)2 
pel = — —J + œ — (7.5.16 
s(a) qp(—4°) 25 lege e(-?) 


T;——oo 


and this is equivalent to (7.5.11) with z — q?. Thus, Entry 7.5.1 has been 
proved. 
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Next, we consider Ag(q) and ue(q). 
Entry 7.5.2 (p. 13, equations 2b, 1b). We have 
2$6(q") — 2us(—4) = (~; 0°) (7 d^. - d^. 4; d°); (7.5.17) 
29 e(q^) + Ac(—4) = (714^), (7a; -9°, df; a? Joo: (7.5.18) 
Proof. From (7.3.24) and (7.3.25), we see that 


oo 


2(-¢,-4, 04; q*)oode(g)= Y. se(ciygq o 727) (7.5.19) 
sg(rj=sg(s) 
r=s (mod 2) 

and 

2(—q,—0, af; Jonel) = Y. se(r)-1yq 2 7). (7.5.20) 
se(r)=se(s) 
r=s (mod 2) 

We now define 

aM ox jM 


(2,0? /2, 07; 07 )oo 
By Lemma 6.3.6 in Chapter 6, with x = —z and y = yz, we find that 
(7a. 45. q^: a ) C (2) 


_ ag(-a)e(-a?)(-az, —a/2, d^; a?)o. (22, 4/27, a^; a") (—2, 0/2, 8; Doo 
(2, d? 2, q^; oo 


=z 5 sg(r)(—1)'qr*z(0*972 5 ghee, (7.5.22) 
T,S——OO i—-—oo 
sg(r)=sg(s) 
r=s (mod 2) 


for |g?| < |z| < 1. Now, by inspection, we find that the coefficients of z° and 
z! are, respectively, 2q(—¢, —q?, qf; q^). Ae(q) and 2(—q, —q?, qf; q^ )ceue(q). 

Again, an analysis similar to that for A(z) in the proof of Theorem 7.4.2 
yields 


Q(à) = 2yua(q) (u(q 2, 0^ /29, 8; E) — a^ (a^ 29, C/O x) 


oo = rgrr+1) z3r+2 
+ 2gà6(q)(2, 9/27, q9; gf) +4 S7 CU 


r-——o0o0 


ica o 0523) 


Our next step, as before, is to dissect C(z) into three parts in order to 
isolate alternative representations of ug(g) and Ag(q). This task turns out 
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to be more challenging than in the cases of A(z) and B(z). We proceed by 
relating C(z) to A(z). In particular, we apply Lemma 6.3.3 of Chapter 6 with 
x = —1/z and y = z, and after multiplying both sides of this new version 
of (6.3.8) by 
z^ e(-q) 
(2, 4? /2, q*; 9 )oo 


we deduce that 


C(2) = 2A(2,q) - ZG a/2 m Doolde a/m d) (ou, 
(=q, —d?, q*; qf) 
Now we are able to subdivide each term on the right side into three parts, by 
using Lemma 7.2.4 on the second term on the right-hand side, and by apply- 
ing (7.4.19) to A(z, q?). This allows us first to identify the portion involving 
2? and its powers. Equating the relevant powers in (7.5.23) and (7.5.24) and 
then replacing z? by z, we find that 


qlz, qf / 2, q9; q?) o Ae(q) 
_ 2z(d*ia? os (q^, 919,412; q1?),, (= 972, —a?/2, —a^ 2, —a [2, 4°, q91 a9). 
i (qt; ias UEUJLUITOmM 
qp(—q) (0, —0°, 0 due 
(—q, —0°, 04; qf) 
J" q?r(r*0z r+1 
—2 S de PEN (7.5.25) 


T——OO 


+ 


Now isolating the portion with exponents on z congruent to 1 modulo 3, we 
find that 


2(z,q°/z, 4°; a?) ce uc (a) (7.5.26) 
_ PP )ooe(—4°)(=2, a^, z, —a^[ 2, a? [2, 08, 05; d? )oe 
(qf; qos (a? 2. uf yq; dos 
= a Ae 9s Ae 6 6. 46 
e(-a)(-a. FTP ole, d'/2, V3 P)oo _ y 3 4 


(49,0 0 Jes 


y qi *0,rHn 


g6r*?z 


r=— oo 


Combining (7.4.23) (with q replaced by q?) and (7.5.25), we find that 


qy(—a)(—9°, -@°, a; q^), 
qAÀe(q) — 2ve(q?) = 7.5.27 
MD (490,05: tos 
Replacing q by —q in (7.5.27), we obtain a result equivalent to (7.5.18). B 


a similar argument, combining (7.4.24) (with q replaced by q?) and (7.5.26), 
we deduce that 


= —f =H. ern 
2$6(q") — 2ue(q) = al a ae Ad Jes. (7.5.28) 


We thus obtain a result equivalent to (7.5.17). 
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Entry 7.5.3 (p. 17, equation 1). Recall that yg(q) and o¢(q) are defined 
in (7.1.7) and (7.1.4), respectively. Then 


2e(q) = 3ée(q) — — I Su (7.5.29) 


Proof. By two applications of Lemma 6.3.4, with w = ens, 


oS 3z oS 32" 

———————— - 1.5.30 
2 Lug pM (1 — wq")(1 — «?q") ( ) 
=(1—u? NN 1— 

(l-w E. tog ol 2 ie ae 


(1 — w?)(q;9)3, (wz, qw?/z,0; Goo , (1 — w) (a; g) (wz, qu/, d; a)oc 
(u,qu?,9;0)s.(2,0/2,d3d)eo (W, qw, q; d) (2, 0/2, q; Doo 
(9;9)3, 

(43, )00(2, q/ 2, d; Qoo 


(w? (wz, qu? [2, qq) oo + w(w?z, qu/ 2, 45 @)oo) - 


Therefore, by (7.3.26), (q; q)sc^ye(q) is the coefficient of z? in 


oo 3z" oo 
s ,s(3s3-1)/2 ,—s 
2 x 2) 00 2 
Tr=—oo 1 tq +q : s—-—oo 
. GO ear Aer S73 Bois, ex 2 
SEL E TU (w? wz, qu? [z, 45 d)o + (o2, qu/z, 95 a)oe) 


=: D(z). (7.5.31) 


For future use, we reduce the expression in parentheses above by using the 
Jacobi triple product identity (5.1.2) to deduce that 


w? (wz, qu? /z, d; q)oo + w(w? z, qu/z, q; Doo 


oo 


=e 5 (durs 4p ire Hy qnin 28 


n=— oo 


oo oo 


—3 5 Giger ss _ 5 (gee 
n=1 (mod 3) RC 
= —3z(q* 27, g°/2°, a5: g?) — (2,a/2, 95 Doo: (7.5.32) 
As in the previous analysis of A(z) (as well as B(z) and C(z)), we now 
determine from (7.5.30) and (7.5.31) that 


[jg Gera erri 


D(z) = yela) (42, 97/2, a5; P) +3 X ( 


T=—0o 


<a. (7.5.33) 
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Now replace z by q?/z in (7.5.33) to arrive at 


(z, d? /2, q*; 9° )oo'¥6(4) 


(acu (eom A a 
= gun e CTUM (w? (wz, qu? /z, q; Goo + w(w?z, qw/z, q; @)oo) 


yr git +1)/2z r+1 
=3 oes SRI ~ (7.5.34) 


T=—0o 


n (7.5.34), we set z = —1 and invoke (7.5.32) to deduce that 


(—1, —d?, 9°59" oo (276(4) — 346(2)) 


(ara), (71,05, d?) 


By Lemma 7.2.1, the last equality is equivalent to (7.5.29). 
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Entry 7.6.1 (p. 4, equation 1b). If vs(q) is defined by (7.1.2), then 


So Cie PM PD (7.6.1) 


Our proof follows closely that in [59, Section 3]. 


Proof. We must first establish a meaning for the divergent series on the left 
side of (7.6.1). Thus, using [32, p. 266, equation (12.3.6)] in the second line 
below, we assert that 


Y CDe an uu 3 (o5; P Jnl; °)n(—a)” 
£o 0, ai- f (993 g) ag’; 9°), 
Re 3n(n4-1)/2 


uu A oo q 
DE (1 4- qn)? 

2 1 g?n(1)/2 

alee pee 


rq 
1 B9 gon (n--0/2 


EET 5 To (7.6.2) 


n=— oO 
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upon using (2.3.6) in the penultimate line. Hence, we shall assume that (7.6.1) 
is equivalent to the identity 


3n(n4-1)/2 


»» cr np 2U(q^)vs(a) = je C9. (7.6.3) 


n=—Co 


The identity (7.6.3) follows from (7.4.23) by setting z = —1 therein. 


Entry 7.6.2 (p. 16, equation 1b). If ¢6(q) is defined by (7.1.1), then 


+250! E q) : S a ( £637 (5) | , (7.6.4) 
n=1 


aE ~ (4:3). 


where (3) denotes the Legendre symbol. 


The second term on the left side of (7.6.4) was studied extensively in [59], 
and we shall utilize one of their identities to establish this result. 


Proof. We define 
ó- (q) = 5 (—q;q)2n-14 


(597 )n 


n=1 


q)2n—- "2 
0) =) ctor 


Our first objective is to prove that 
o6(q) — 6 (q^) = a(—a^; 8) (749, - 4°, a9; q9).... (7.6.5) 


To accomplish this, we proceed as before. We define 


and 


rata cave er 


ue (2, 9/2, 9; Qoo 


(7.6.6) 


Now D(z) is quite similar to A(z), studied in detail in the proof of The- 
orem 7.4.2. Consequently, we omit the details of the proof of the essential 
decomposition of D(z), namely [59, Theorem 2.3], 


oo (-1) grr tD/2730+2 


D()- M EEF 24- (q) (2, 0/2, 4°59" )oo 
— $- (q) (z(a2. 07/20 Poo — z^ (a? 22,a/23 d): )oo}. (7.6.7) 


As noted above, the proof of this identity is parallel to the proof of The- 
orem 7.4.2. One requires representations for ¢_(q) and v. (q) using Theo- 
rem 7.3.1. Then replace q by q?, and set a = q^, b = q, and c = 0. Insert 
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the resulting Bailey pair in Lemma 7.3.2 with q replaced by q?, p1 = —q?, 
p2 = —q?, and a = q*. After simplification, we find that 
—e(—q)4— (q) = pa (—1)0+8+1)/2gr+1)s+((r+s+1)/2)? 
=0 
is xd 2) 
= = _1\(=r=s+1)/2 , (2r—1)s--((r--s—1)/2)? 
(-1) q . 
r,s=1 
rs (mod 2) 


Apply Theorem 7.3.1 with q replaced by q?, a = q?, b = q, and c = 0. Insert 
the resulting Bailey pair in Lemma 7.3.2 with q replaced by q?, p1 = —q, and 
p2 = —q? to find that, after simplification, 


oo 


"Ls 2 
—2y(—q)b_(q) = 5 (—1)0+8+2)/2gCr+1)s+((r+s+2)/2) 


rs iod 2) 
I 5 (—1)7-#42)/2 g(2r—1) s+ ((r-+9—2)/2)? . 
T,8=1 
r=s (mod 2) 
We wish to isolate that portion of (7.6.7) where the exponents of z are 
congruent to 1 modulo 3. To do this, we apply Lemma 7.2.2 with n = 3 to 
each curly bracketed factor in 


D(z) = TP ia eG a/2*i Dew [Eco Ran) 
(050), (23, q* / 285 0" Jas (eid? / d ds? día ra J) 
ye f (a alia) (325 P1275 Poo (Ps 7). 
(qz, q/z, died q?)sc MA 
ee ele TEM 2 " D» gg eg ss 
(u:9)2. (29, 09/29; q? ALS. m UM 


q? 3 ,3—2j. 
d dERO o 


(4/2) ( 
2 CT 6—25 / z3: q6) ` (7.6.8) 


We now consider D(q?/*) in both (7.6.7) and (7.6.8), and identifying the 
two expressions, we obtain 
2k/3(q2k+1 q5=2k. q6) 

E 1 g7-3h; g6) 


aT eG a jes etide y i 
(q; Doo 
PO: n 4n(3n--5)/2 Tu 


=1 
= 2; =i 1 — gant? 


n=— 00 


— 24_(4)(q; Doo — 4- (a)a! (q; doo 
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Now isolating those terms of the sort q^*'/? in the identity above, we find 
that 


P9 (-1)* n(3n4-5)/24-1 


q a(g; ad)o (a5; gê) 

M E 7.6.9 
oN PM TEE, in reas, "99 
Next, setting z — q? in (7.5.12) gives 

po —1)” n(3n+5)+2 š 6. ,6)6 
esq (^id?) Y (-1)"q 1G Doo (0°; 9" Vee (7.6.10) 


Lg nra Cae qos 


n=—Cco 


Finally, if we replace q by q? in (7.6.9), subtract the result from (7.6.10), 
and divide both sides by (q?;q7)o., we arrive at, after simplification, 


asla) — é- (0°) = a(—4^:a^)o (749, a9, a5: a9)... (7.6.11) 
which is (7.6.4). 
Now multiply (7.6.11) by 2 and subtract it from (7.5.2) to find that 


pela?) + 26_(4°) = (Ca a) (7 q^, -9°, a5; a?) 
= 2q(- 4^ °) (74^, — 4°, 4°54 )oo- (7.6.12) 
Noting that the left side of (7.6.12) is an even function of q, we see that, upon 
applying (2.3.1), 


óe(q?) + 26. (q?) = even part of (—a; q?)2, (—4^, —^. 0°; gf) 
1 
= even part of ———.— (—q, —4;q^; q^ )s.(7d^, q^. g5; 1) 00 
(34 MIS 


— even part S nu ae 2» qn 


n=—Cco m=— oo 


- 12m? 4 3 An? +4n 3 12m? +12m 
= > gp A» q +q P» q 5 q 


n=— oo m=— oo n=— 00 m=— oo 


n m c3(q") 


gi2nt4 12n+8 
(7.6.13) 


q 
- Gu. q?) M +6 x qi n*4 1 — gi2nt8 


where c$3(q) is the generating function for three-color generalized Frobenius 
partitions. In the last two equalities, we applied, respectively, [22, p. 14, equa- 
tion (5.20)] and [22, p. 26, equation (9.4)]. The final identity in (7.6.13) is 
simply (7.6.4) with q replaced by q?. 


S. Cooper pointed out to us that the even part of y(q)y(q?), calculated 
n (7.6.13), can also be calculated from the identity [117, p. 192, third line 
from the bottom of the page] 


e(q)e(q?) = alaf) + 2av(q?)u(q9), 


where a(q) is one of Ramanujan’s cubic theta functions. 
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7.7 Further Work 


Several papers have been written on sixth order mock theta functions following 
the appearance of [39]. We should begin by mentioning very general studies 
such as the work by Hickerson and E. Mortenson [163] and K. Bringmann, 
J. Lovejoy, and K. Mahlburg [78]. These works produce a general framework 
for many instances of mock theta functions, including those of the sixth order. 

The paper [59] by Berndt and Chan contains two further sixth order mock 
theta functions, and we followed much of their exposition in Section 7.6. 

Finally, papers by R. Antony [44], Y.-S. Choi [106], Choi and B. Kim 
[111], R. McIntosh [202], and S. Saba [241] are explicitly devoted to particular 
aspects of the sixth order mock theta functions. 


Check for 
updates 
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Tenth Order Mock Theta Functions: Part I, 
The First Four Identities 


8.1 Introduction 


The tenth order mock theta functions are quite similar to the fifth and sixth 
order mock theta functions in their complexity. We shall be studying the four 
tenth order mock theta functions appearing at the top of page 9 of the Lost 
Notebook [232], namely, 


yo) 
q 
— +, 8.1.1 
pola) » G39? )n-+1 ) 
oo n+1 
Yola) = Y] al 2 ] 8.1.2) 
(G0 )n 
= (=1)"q" 
x =y 8.1.3 
10(q) > (—q; q)2n , ) 
oo cuT n—1 n? 
X10(@) := d = 8.1.4) 
n=1 g = 


The object of this chapter will be to prove the first four identities appearing 
on the same page 9. The first proofs of these identities were given by Y. S. Choi 
[103], [104]. Our procedure here will be different and has its origins in the work 
of the first author [30] and S. Zwegers [287]. These identities have also been 
proved by E. Mortenson [217]. 

To split this lengthy chapter into manageable pieces, we proceed as 
follows. Section 8.2 will be devoted to establishing relevant Bailey pairs. 
Section 8.3 will use the Bailey pairs to provide useful representations of 
¢10(¢), V1o(q), Xao(q), and x1o(q). Section 8.4 will provide useful rewritten 
versions of the four entries to be proved. In Section 8.5 we will then prove the 
rewritten identities. 
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8.2 Bailey Pairs 


The treatment of the tenth order mock theta functions begins with estab- 
lishing three Bailey pairs. These originally arose in [23]. We provide more 
transparent proofs here based on the work in [30]. 


Lemma 8.2.1. Let, for each non-negative integer n, 
(8.2.1) 


and 


AO(n, 2) = 3 (475a) (71) aC 9) BOG, 2). (8.2.2) 


Then, for n > 3, 


AO(n, z) = —zq" AO(n — 1, z) + zq?" ? AO(n — 2,2) + q^" AO(n — 3, z). 
(8.2.3) 


Remark. We shall be proving three lemmas to begin this section. Each 
has a conceptually simple, but computationally complex, proof. So, we will 
provide complete details only for this lemma. 


Proof. Note that (zq; q)n is a polynomial in z of degree n. Consequently, this 
sequence (8.2.1) constitutes a basis for the polynomials in z. 

Given the definition of BO(n, z), we see that AO(n, z) is a polynomial in 
z expanded with the basis elements (zq; q)n. Furthermore, 


z(zą; q); = (qd 7 —¢ 7 (1 — 294) (za; 9); 


= qit (zq; q); — a ?  (240)5.1. (8.2.4) 
So, if we write 
AO(n, z) = 5 c(n, j)(zq;q)j, (8.2.5) 
j=0 


where ME 

(+1; go; (- 1" 4C 9) 
(q; 9); 

then the truth of (8.2.3) is equivalent, by coefficient comparison of terms 

involving (zq; q);, to showing that, for n > 3, 


(8.2.6) 


e(n, j) = 


e(n, j) = —q" (I e(n — 1,5) — q ? e(n — 1, j — 1)) 
+g? (Titeln — 2,9) — q 7 e(n — 2,j — 1)) 
+ q ^7" c(n — 3, j). (8.2.7) 
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If we multiply (8.2.7) by 
(—1)"7? (q; q)2j 
(q*-92:9)94 4 


we reduce (8.2.7) to a fixed Laurent polynomial in q" and q?, which is easily 
checked to be valid. 


Lemma 8.2.2. Let 


0, ifn=0 
Bl(n,z) := 4 (zq; q)n-1 (8.2.8) 
(q; d)2n-1 ° ica 
and 
= Le mI. 9); 1(—1)^7)g 0 2) B1(j, z). (8.2.9) 


Then, for n > 3, 


Al(n, z) = —zq*- 5 Al(n — 1,z) + zg?"^? Al(n — 2, z) + zq^" ^? Al(n — 3, z). 
(8.2.10) 


Proof. This follows by coefficient comparison of terms involving (zq;q);, 
which is possible using (8.2.4). 


Lemma 8.2.3. Let 
(24; q)n 


B2(n,z) := —— ——— 
(mz) (d; q)2n41 


(8.2.11) 


TL 


A2(n, 2) = (1 — g+) Y (q^ g),(-1)"74 03) B2(j,z). — (8.242) 
j=0 


Then, for n > 4, 
A2(n, z) = —zq" A2(n — 1, z) + q? (1 + za" ?)A2(n — 2, z) 
+ q9n7l(z-pq"7?)A2(n — 3,2) — zq?" 5 A2(n — 4,z). (8.2.13) 


Proof. Asin the proofs of the previous lemmas, (8.2.13) follows by coefficient 
comparison of terms involving (zq;q);, which is possible using (8.2.4) when 
necessary. 


In the following lemmas, we require the following polynomials in q~!. For 
n > 0, define 


S(n) := S(n,q) :— 2; q (8.2.14) 
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and 
T(n) := T(n, q) := 3 q 4 3. (8.2.15) 


Lemma 8.2.4. For n > 0, 
AO (2n, 1) = 2g?" T (n — 1) — q^ "^ S(n — 1), (8.2.16) 
and, for n » 1, 
AO(2n — 1,1) = —q97 5-9 S(n — 1) + 299^ -4* T(s — 2). — (832.17) 


Proof. By direct calculation, we see that 


AO(1,1) = —q = —qS(0) + 2T(—1), 
AO(2, 1) = 2q? — q? = 29? T(0) — q?8(0), 
AO(3, 1) = =q" — 24° + 2g° = —q"S(1) + 29? T (0). 


Having established the base cases for mathematical induction, we proceed 
utilizing (8.2.3) when z = 1. Hence, for n > 2, we must show that the right- 
hand sides of (8.2.16) and (8.2.17) satisfy, for n > 2, 


AO(2n, 1) = —q?* AO(2n — 1,1) + 9"? AO(2n — 2, 1) 
+ q°"-" AO(2n — 3,1), (8.2.18) 


and, for n > 1, 


AO (2n + 1,1) = —q?"*1 AO(2n, 1) + q” AO (2n — 1,1) 
+ 2973 AO(2n — 2,1). (8.2.19) 


Thus, moving everything to the right-hand side, we first examine (8.2.18). 
Let 


Eoln) = — (26 T(n — 1) - g^" S(n - 1)) 
- d^ (- 9 -30+ 8 (n 1) + 295-41 T(n — 2)) 
n (2° T(n — 2) — g3n-U*-(n-0 (n — 2) 
4 gen (7i Dt sm Dl S(p — 2) + gg3(n-0* -4n- 2H (s = 3) . 


We must show that £o(n) is identically equal to 0 for n > 2. Now, for i > j, 


n—i 
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n—i 


Eoln) = -28 me + ga ned +T(n— 3)) 

+ [1 + ‘an (24-679 + S(n— 2) 

"n (-29 men + 2°") Ga 4 T(n — 3) 

ES (79H _ qu) S(n —2) + gg? 2417 (n — 3) 


=04+0-S(n—2)+0-T(n—3) 
=0. 


Next, moving everything to the right-hand side, we consider (8.2.19). Let 
Aine = (ger? Sn) 4 gg D^ Ae) ep _ 1) 
E gr (20 T(n _ 1) _ ge" S(n E 1) 


ES qf” (79 sn _ 1) + agi 4017 (n "E 2) 


= br t3nti (24 d Bg e D" 4 S(n — 2)) 
4 ore _ geet) (agr 0-7»? + S(n — 2)) 
_ gar "+19 (n — 2) 
+ (cag +2" — aq? 42041) (qm? +" + T(n — 2)) 
E rr 4 ne T(n — 2) 


— 04-0: S(n— 2) 40- T(n — 2) 
= 0. 


Thus, we have shown that the expressions on the right-hand sides 
of (8.2.16) and (8.2.17) satisfy the same third order recurrence as the expres- 
sions on the left-hand sides and that they also satisfy the necessary initial 
conditions. Hence, (8.2.16) and (8.2.17) follow by mathematical induction. 


Lemma 8.2.5. For n> 1, 
Al(2n,1) = =? -T(n — 1), (8.2.20) 


and, for n > 0, 
Al(2n + 1, 1) = q?* *^S(n). (8.2.21) 
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Proof. By direct calculation, we see that 


A1(1,1) = 1=qS(0), 

A1(2,1) = —q = —qT'(0), 

A1(3,1) = q* + 2g? = q*S(1). 
Now that we have shown that the base cases satisfy (8.2.20) and (8.2.21), the 
remainder of the proof exactly parallels the proof of Lemma 8.2.4. We now 


utilize (8.2.10) when z = 1. Thus, we must show that the right-hand sides 
of (8.2.20) and (8.2.21) satisfy, for n > 2, 


Al(2n, 1) = —q?^*! A1(2n — 1,1) + q9"-? A1(2n — 2,1) + q?’ A1(2n — 3,1), 
(8.2.22) 
and, for n > 1, 


Al(2n + 1, 1) = —q?* A1(2n, 1) + q9"—? A1(2n — 1,1) + g®"-° A1(2n — 2,1). 
(8.2.23) 


So, moving everything to the right-hand side, we begin with (8.2.22). Em- 
ploying (8.2.14) and (8.2.15) below, let 


£(n) :— -T(n sija g?n- 4802-1 n1) Gn el 


— gini; D) T(n — 2) + gin-9 30-3) 0-2) Gn, 2) 


2n n —n? n n?— TL —— he 2 
= gr? (a 4 -T(-2)-& nC (n—1) + S(n - 2)) 
_ gr? -T(n — 2) + gi 9H S (n — 2) 
— 0-40: T(n—2) -0- S(n — 2) 
=0. 


Next, moving everything to the right-hand side, we consider (8.2.23). Re- 
calling the definitions (8.2.14) and (8.2.15) in our analysis below, let 


Fi(n) = —q9 +" S(n) + gin 9m m m(q, — 1) 


_ që” 330-0" 79 (s, zu ge 9 3071 20 - Dm — 2) 


= = go («7 t S(n— 1) + gr (qe +T(n- 2)) 


a9" Mo cio qr TH 2) 
=0+0-S(n—1)4+0-T(n- 2) 
= 0. 
Thus, we have shown that the right-hand sides of (8.2.20) and (8.2.21) 
satisfy the same third order recurrence as the left-hand sides, and that they 


also satisfy the necessary initial conditions. Hence, (8.2.20) and (8.2.21) follow 
by mathematical induction. 
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Lemma 8.2.6. For n > 1, 
A2(2n, 1) = 299^ *? T (n) + "+" S (a — 1), (8.2.24) 
and, for n 2 2, 
A2(2n — 1,1) = -q9 -^S(n) — 249^ ?"m(q — 2). (8.2.25) 
Proof. By direct calculation, we find that 


A2(1,1) = —q? — 2q = —q*S(1), 
A2(2, 1) = 29? + qf + 20? = 249? T(1) + 4f S(0), 
A2(3, 1) = —g!! — 29? — 2g? — 24° = —q'"S(2) — 2¢°T'(0). 


Having established the base cases, we proceed following familiar lines. 
We employ (8.2.13) when z = 1. Thus, we must show that the right sides 
of (8.2.24) and (8.2.25) satisfy, for n > 2, 


A2(2n, 1) = —q?" A2(2n — 1,1) + g***1 (1 + g?77?) A2(2n — 2, 1) 
+ q9^71 (1 + q?^72) A2(2n — 3,1) — q?"—? A2(2n — 4,1), (8.2.26) 


and, for n > 2, 


A2(2n + 1,1) = —q?**1 A2(2n, 1) + a4? (1 + g?^71) A2(2n — 1,1) 


+ gon 2 p pun A» (2n — 2. 1) — q199-9 A2(2n — 3,1). 
(8.2.27) 


First, moving everything to the right-hand side, we examine (8.2.26). To 
that end, once again invoking the definitions (8.2.14) and (8.2.15) below, we 
write 


&(n) : = - (29 1" T(n) + g^ "^s(n — 1)) 
- d^ (9^ ^s(n) — 299?" T(n — 2)) 
4 gH (a 4 g2n-?) ) (24 3(n—1)?+2(n— YT(n— 1) 
go 07 0-9 gin — 2) 
nta + gin?) (-g90- D^ (-Dg(n — 1) 
—g9- D*-2-D Tq — 3)) 


m gs (28-2 20-2 pn o 2) +4 gi 0-2 (0-2 s(n u 8)) : 
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Following the pattern exhibited in Lemmas 8.2.5 and 8.2.6, we replace each 
T and S expression by 


T(n-i) = q 7 — 4 T(n— 3) (8.2.28) 

j—n-2 

and ] 
(n—-i)=2 P q ? 4 S(n - 3). (8.2.29) 


=n— 


Upon doing this, we find that 
€5(n) 2 04-0- S(n — 3) - 0: T(n — 3) =0. 
Next, as before, 
Fa(n):=-— (- enteros ide gg? 20D T(n _ 1) 
qe e Bn? 2T (m) 4 E = 1) 


gr 7^ S(n — 28 -T(n _ 2)) 


2q 3(n—1) )? 42(n— ons —1) 


q^!) \(- 
qi! )( 
4 g3-IP+H-D (qu — 2) 


Hu gion-3 ee u 1) E 2807 D?-20-DT(n = 3)) . 


As above, we use (8.2.28) to replace appearance of T by T(n — 3), and we 


use 
n—i 


S(n-i) =2 M g” 4 S(n- 2) (8.2.30) 
g=n-1 
to replace each appearance of S by S(n — 2). After tedious and lengthy cal- 
culations, it follows that 


Fo(n) =0+0-S(n—2)+0-T(n—3) =0. 


Thus, we have shown that the right-hand sides of (8.2.24) and (8.2.25) 
satisfy the same third order recurrences as the left-hand sides and that they 
also satisfy the necessary initial conditions. Hence, (8.2.24) and (8.2.25) are 
valid by mathematical induction. 


Theorem 8.2.1. Define 


(8.2.31) 
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and define 


a0 2n,(q) = Won, = qi" *"S(n) q^ -^S(n—1), ifn >0, (8232) 


dOn (d) = 002441 = —2¢2 HHT (n) 292 *?^T( — 1), ifn >. 
(8.2.33) 


Then (@On, BOn) form a Bailey pair with a= 1 (cf. (7.3.1)). 
Proof. Invoking (7.3.2) with a = 1, we see that 


1 ifn=0, 


, 


(8.2.34) 


aO, F (1 — >> (q; @)n4j—1(—-1)"- Iq?) BO; 


ifn>0. 
(q; d)n-j 


? 


j=0 
We now refer to Lemma 8.2.1 with z = 1, and we see that 


- n— jt. (—1)"-5 ql 2°) BO;. 


j=0 


Next, we note that, for n > 0, 
AO(n, 1) = q?"-^! AO(n = 1, 1) = (=1) iC 2 ) BO; (q^ 7; d)2j-1 


xig 90g eq tgeg 7) 


n n—j (23 7) , 
- (1 EE TODD (— 1) q LU TIT 


— aO,, (8.2.35) 
by (8.2.34). Hence, by (8.2.35), (8.2.18), and (8.2.19), 
aO», = AO(2n,1) — q^ 1 AO(2n — 1,1) 
= 29?" T(n -1)- ge -^S(n —1) 
— q! (=g entisin =1)+ gg9 - 4n Tn u 2) 
= agri mtn ogm S(n — 1) +g (n - 1) 
= d $(n) g "$(n— 1), 


which establishes (8.2.32). 
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Finally, by (8.2.35), (8.2.18), and (8.2.19), 
02,41 = AO(2n + 1,1) — q” +1 AO(2n, 1) 
— —q 
= qi! (ag T(n — 1) - g^7^s(n - 1)) 


= —9g? +3n+1 ae 2g +2"T(n _ 1) E 2g tH T(n = 


= —2q3"" Fan Vp (n) + 2g? +T (n NM 1), 
which establishes (8.2.33). 


Theorem 8.2.2. Define 


bln(q) = Bln = 1 


and define 
alo(q) := alo :— 0, 
odas (q) = alan = —q?" ^ (1— qf")T(n-1), ifn >, 
alən+1(q) := olan4a :— qt —g^"?)S(n, ifn>0. 
Then (aln, ln) form a Bailey pair with a = 1 (cf. (7.3.1)). 


Proof. Invoking (7.3.2) with a = 1, we see that, for n > 0, 


aln = (1— 4”) 5 (Gant j—1(- 77903) 01; 


cx (a; d)n—5 


=(1-q"")Al(n, 1), 
by (8.2.9). Thus, by (8.2.20), for n > 0, 
olan = —(1— qf)g? -T(n — 1), 
which establishes (8.2.37), and, by (8.2.21), for n > 0, 
alanya = (1 — gh 12)g9 1^ (n), 
which implies (8.2.38). 


Theorem 8.2.3. Define, for n > 0, 


B2, (q) = B2n = 


» S(n--* 30-29 S(p) ES gg 0-0? AD py = 1) 


1) 


(8.2.36) 


(8.2.37) 
(8.2.38) 


(8.2.39) 


(8.2.40) 


(8.2.41) 


(8.2.42) 
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and 


3n? +n g 2 3n? 2n _ 1 
2an (q) = ag, = T (n) = q (n L (8.2.43) 
=q 


—2g9 +40 +17 (n) m gi? +6742 g(q) 


Q22541(q) :— 022541 = = 


Then (a2n, 82n), n > 0, form a Bailey pair with a = q (cf. (7.3.1)). 
Proof. Invoking again (7.3.2), now with a = q, we find that 
2n4+1 ^" . 2 duc 
Qd, = —— — Pai; q) OS VET z )g2; 
j=0 
ae (8.2.45) 
by (8.2.12). Hence, by (8.2.45) and (8.2.24), 


1 
dis = F C ES gr ^ S(n u 1) 
=q 


1 
i xm ppm $ 2g3” +T (n E 1) 4 gr "s(n _ 1) 
1 
em (cQ) a gg? T (n E 1) ; 
which proves (8.2.43). 
Finally, by (8.2.45) and (8.2.25), 
1 


ada. = pag (76 01 en e 1) — 2ghH 24 TK — 1)) 


=- 1 (-2g en git’ +542 (qn) » gg9 mH TS u 1) 
=q 


1 n? Ti3- n? TL 
= ay CP mmu) — mmu), 


which establishes (8.2.44). 
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Lemma 8.3.1. Recall that $19(q) is defined by (8.1.1) and that S(n) and T(n) 
are defined, respectively, in (8.2.14) and (8.2.15). Then 


diola) = Ee (>: ge” +27 (1 _ g°"*3) S(n) 


—9 5 qmm E em) (8.3.1) 
n=0 


160 8 Tenth Order Mock Theta Functions: Part I, The First Four Identities 


Proof. Given a Bailey pair (o4, 8n) with a = q, we require the following 


instance of Lemma 6.3.2 where pı > oo, p2 = —q, and a = q. To that end, 
v ni) (5 d)oo > (i?) 
So? Jan = = Sai ang? Bn. (8.3.2) 
n=0 (-4: Goo n=0 


Now, by (8.2.42), 


u$) 


("2 
wo) = 3 cr 


n=0 qq Jayi 


£ GO0ma 
So (-4; Png?) Bn. 


n=0 


oo 2.92 g("2') 
aye q 


Hence, by (8.3.2), 


10(q) = a b» qU3)o2, 


CT 
1— 
E q 5 g^ On* 092, di 3 q (n+1)( an-FD Dona 
ea) e = 
1 oo 
- ` CO a age” +39 T(n, E 1) 
e(-4) V 


T »» (-299 (a) + entem) 


n=0 


= 2 
-2X q” "PE eme) 
n=0 


and therefore (8.3.1) has been demonstrated. 


Lemma 8.3.2. Recall that 1o(q) is defined by (8.1.2) and that S(n) and T(n) 
are defined, respectively, in (8.2.14) and (8.2.15). Then 


yola) zs 5n? merde — q?S(n) 


n=0 


_9 Y go 9H _ "E f (8.3.3) 
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Proof. Given a Bailey pair (&n, 8n) with a = 1, we require the following 


instance of Lemma 7.3.2 where pı — oo, p2 = —1, and a = 1. Thus, 
RES H d)e < ("i") 
= 1; q)nq* ? 7Bn 
23 1+q" — (-diQ)e DI 
oe n+l 
= D J Br (8.3.4) 
n=0 


Now, by (8.2.36) and (8.1.2), 


x o) 
NO d 
Vides » (a: 4?)n 
= 3 (q^; PEU, 
i 2. (a: q)2n-1 
- MC q)«-14 3 2 14. (8.3.5) 
n=0 


Hence, by Theorem 8.2.2, 


— 1 S gert 3n?—2n 4n 
Pola) = 575) (x Tag ( 2q [log )T(n — 1)) 


oo  2n?-3n41 
q + 


1 +4 gent 


+ 


n=0 


= Fer (> qnm = gt!) s(n) 
n=0 
—9 5 ge” G " q?")T(n 0 ) 
n=0 
= = (È qnnm u q?"*jS(n) 
n=0 


= 2 
-25 ae" +9n+4(1 _ eme) , 
n=0 


which is identical to (8.3.3). 
Lemma 8.3.3. If X10(q) is defined by (8.1.3), then 


(e - ss) 


Xola -x5 ton Ein (1 — gl6nt8) (ng?) 
2 
ny gion’ +12n+3 (1 _ eee ; (8.3.6) 
n=0 


where S(n,q?) and T (n, q?) are defined, respectively, in (8.2.14) and (8.2.15). 
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Proof. Given a Bailey pair (a,(q),Bn(q)), with q replaced by q? and a = 1, 
we require the following instance of Lemma 6.3.2, where q is replaced by q?, 
p2 = q, a = 1, and pı > oo. Accordingly, 


oo 


C71" (a), Bn(a?) = ipe = zi na anl). (8.3.7) 


n=0 


Next, from the definition (8.1.3), 


& (74:9) 
xS Cg" (GP nl?) 
om (q^: q?)2n 


MIT 


Now by Theorem 8.2.1 with q replaced by q?, we see that (8.3.7) implies that 


X10(q) = a 3C)" a0. (qq) 


va) = 
2 
- ED (> ae AO an (q mS An? Tintin m. ») 
n=0 
1 = 2 2 2 ns. 
= j 2 ge (a +27 g(n, q?) = ge? 2 S(n — 1,4?)) 
q n=0 
git tant aaa q?) EN ago 407 (ny = 1, 2) 
n=0 
1 (< 2 2 
E wa 2 Cae +21 g(q, q2) — qlon?+18248 (s. 1,4") 
n=0 


oo oo 
42 y gon PHP, @) 9 5y a) 


n= n=0 


0 
= EP (x q^ +2" S (n, gà) _ ge) 
n=0 


oo 
42 5y gon HEST n, @)(1 _ pu i 
n=0 


which completes the proof. 
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Lemma 8.3.4. With x1o(q) defined by (8.1.4), we have 


TL 


2 =. n? n4-6—2j? —2j n 
x1o(q) = "e 5 q! +16n+6—23 75 (1 _ a EA 


1 2 383 T 
+ 5 5 4199 T6n41—2j (i. e (8.3.8) 


Proof. We follow the pattern of the proof of the previous lemma. We begin 
by noting that 


xio(q) = 5 


(-1)go*)* 


£x Ca0ma 
2 
_ 3 Ae Qaia ee ca 
(97; q? )an—1 


n=0 

1 > N N 

-== 5X1) q” aln(q) 

n=0 

1 ee — 

= “Ta p q^ olas (q?) u > jt? “ola 
q n=0 n=0 
1 > n? —4n n 

= wg) m» 4 (= q? Hin 1,q?) 
q n=0 


oo 


u 5 ge rig a ense] 
n=0 


1 = 2 
u 2 gU TSBREPBUN m eer (n, q?) 
zl 2. 


+ 5 ge wheat E q9^* *)5(n, ^ : 


n=0 


and consequently (8.3.8) follows. 
Theorem 8.3.1. If ¢10(q) is defined by (8.1.1), then 


oo 


bold) = ——— Y^ sg(r)(-1) tg ts? ets, (8.3.9) 


sg(r)-sg(s) 
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Proof. Let Rg(q) denote the right-hand side of (8.3.1). In the first double 
sum in Ry(q), replace n and j by in and i j, respectively. Hence, this sum 
becomes 


oo 2 .2 
D p» go Tene E up (8.3.10) 


n=0 ljan 
n=0 (mod 2) j=0 (mod 2) 


Next, in the second sum in Ry(q), replace n and j by ¿(n — 1) and $(j — 1), 
respectively. Thus, the second sum becomes 


3 y^ qg A) 
| n=0 [j| n 
n=1 (mod 2) j=1 (mod 2) 
oo 2 2 
E ` 3 qn 44n—j yq u g^). (8.3.11) 
n=0 Il 


=1(mod2) =" 
n=1 (mo ) j=1 (mod 2) 


Note that we have used the fact that 


1 & 2 2 
$10(q) = SEPINMELOLS ERRAT MM 


n-0  |j|£n 
j=n (mod 2) 


= 1 5 5 (—1) g6 +4n-97)/4 


n-0  |j|£n 
j=n (mod 2) 


= 5 5y (—1)" qE +16n-+12-97)/4 


n-0 |jl<n 
j=n (mod 2) 


Now replace n by r+s and j by r—s in the first sum above, and n by r—s—2 
and j by r — s in the second sum. This yields 


as =i 
1 
¢10(q) = 5 Crater ater uH 5 p 


y(—4q) r,s=0 T,S——0O0 
I oS 2. 
= sg(r)(—1)"t8q("+9) SPESE. 
e(—d) P 


sg(r)=sg(s) 


which completes the proof of (8.3.9). 
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Theorem 8.3.2. If i4o(q) is defined by (8.1.2), then 


oo 


1 S a rs Pog 
V1o(q) = ar 5 sg(r)(—1)***1go* )?+rs+3(r+s)+2_ (8.3.12) 


T,S=—oo 


sg(r)—sg(s) 


Proof. Let R,(q) denote the right-hand side of (8.3.3). In the first sum, we 
assume that n and j, the index in S(n), are even. Replace n and j by iN and 
iJ, respectively, in the first sum to obtain 


= 2 2 
5 5 qON T8N-A—J 4 E q+»). 
N=0 |J|€N 
N=0 (mod 2) J=0 (mod 2) 
Now in the second sum on the right-hand side of (8.3.3) we assume that n 


and j, the index of T(n), are odd. Replace n and j by (N — 1) and $(J—1), 
respectively, in the second sum. Accordingly, we acquire the sum 


oo 2 i i 2 
F D tag /4+9(N—1)/2+4-(J—1)?/4-(3-1)/2(1] — gN+1) 
N=0 |J|SN 
N=1 (mod 2) J=1 (mod 2) 
oo 3 2 
i 5 Y g (ON +8N+4—-J7)/4(y — 9N 1), 


N=0 |J|EN 
N=1 (mod 2) J=1 (mod 2) 


Note that, for the calculation above, 
n n 
j-0 je-n-i 


Hence, we may rewrite (8.3.3) in the form 


1 = 2 632 
piolo = —— 5 5 qON +8N+4—J ea = gt) 


e(-a) N20 |JIEN 
N=0 (mod2) J=0 (mod 2) 


s 2 2 

m X X goN +8N+4-J "uu = ght) 
N=0 |JI<N 

N=1 (mod 2) J=1 (mod 2) 


2 2 
(2 gio +8N+4—J 41 = q7!) 


II 
M 
M 


N-0 |J|<N 
J=N (mod 2) 
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= y 5y (=1)NgEN?+8N+4-3?)/4 


N20 |J|<N 
J=N (mod 2) 


= 2 2 
u Y Y (—1)NqGN H2N-44—J?)/A 


N20 |J|<N 
J=N (mod 2) 


We now replace N by —r — s — 2 and J by r — s in the first sum and N by 
r+ sand J by r — s in the second sum above to find that 


—1 
1 2 
w q) = X —1 Phere) +rs+3(r+s)+2 


T,s=— 00 


p 5 poai 


r,s=0 
1 : 2 
= sg(r)(—1)**g(m*9 rea. 
ea) pas 


sg(r)=sg(s) 


which finishes the proof of (8.3.12). 


Theorem 8.3.3. If x10(q) is defined by (8.1.4), then 


1 = 2 2 
xao(q) = "e 5 ag(r)q2” terete? Far ael (8.3.13) 


T,S——OO 


sg(r)=sg(s) 
Proof. Let Ry(q) denote the right-hand side of (8.3.8). Now, noting that 


n n 
2y av = p» q- 9 3, 


j=0 jJ==n—1 


and replacing n and j by 3(N— 1) and z(J— 1), respectively, where N and J 
are odd in the first sum in (8.3.8), we find that the first sum in Ry, (q) becomes 


= 2 2 
5 5 ger) /4+16(N—1)/2+6—2(J—1)*/4-2(J Drag es 
N= |J|<N 
N=1 (mod 2) y=1 (mod 2) 
= 2 2 
- 5 5 j: 9v -H12N--4—2J ^ _ "eae (8.3.14) 


N=0 |J|£N 
N=1 (mod2) J=1 (mod 2) 
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Next, replacing n and j by iN and iJ , respectively, where N and J are even, 
in the second sum in R,(q), we obtain for this sum 


2 
»» y q0N* +12N 44-25 Met = que. (8.3.15) 


=0 |JIEN 
N=0 (mod2) J=0 (mod 2) 


Using (8.3.14) and (8.3.15), we may rewrite the right-hand side of (8.3.8) in 
the form 


1 2 -2I 
xio(q) — yla) x 25 pru eget 
q N- |JIEN 
NEL 0d2) J=1 (mod 2) 


" 1 5 y qCON?+H12N+4-23?)/4(] _ AN +4) 
N=0 |J|<N 
=0 (mod 2) J=0 (mod 2) 


N 
1 € 2 eae 
= 3 Y. qQ9N -12N-c4-2J 41 u go) 


oo 
= 1 y qO0NT +12N+4-23°)/4 


| 1 Y Y q0N 3 38N420-2J?)/4. (8.3.16) 


Now, replacing N by —r — s and J by —r 4- s in the first sum, and N by 
r--s— 2 and J by —r + s in the second sum, we deduce that 


0 oo 
1 gr 24 9rs—3(r+s)+1 1 2(r+s)?+2rs—3(r+s)+1 
x1o( q) SAEN =R q 
aC »? Yla) 3 


T,s=— 00 r,s=l1 


—1 oo 
1 r+s)?+2rs—3(r+s r?—3r 
M pete ancien aS ng M 


T,8=— 00 r=0 
1 3 2(r+s)?4+2rs—3(r+s)+ 2r?—3r41 
= (X j RD» +a 
r,s=0 


(8.3.17) 


In light of the fact that 


oo oo 


-yu)e yaa prb (8.3.18) 
r=0 


T——OoO T——OO 
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we can write the conclusion of (8.3.17) in the form 


2 
x10(q) = E 5 sg(r)g? t9 +2rs—3(r+s) +2, (8.3.19) 


r,s=— 00 


sg(r)=sg(s) 


Now we define 


: (8.3.20) 
0, otherwise. 


n ia if sg(r) = sg(s), 
Finally, we replace (r,s) by (—r, —s) in (8.3.19) and note that 
p—r,—s = —Pr,s F 0.0 F 55,0: 


Hence, 


oo 


2r?-L6rs--2s? —3r—3s 
Pr,sq 


T,s=—co 


oo oo 
X fqq TETH Oe 5 » ptn, 


Consequently, by (8.3.18), 
1 S r? Ts s? E S 
xio(q) = dg) ` prag O torera errasti, (8.3.21) 


which is equivalent to (8.3.13). 


Theorem 8.3.4. Recall that Xıo(q) is defined by (8.1.3). Then 


oo 


1 2 str+s 
Xio(q) = Ug EE o dA AUS (8.3.22) 
sg(r)=sg(s) 


Proof. By (8.3.6), 


1o NN 
X3o(q )- = 5 q!” +2n—2jń; (1 So q1” +8) 
n=0 


Yla) |j| n 
*3g »» 5 gion’ H12n+3—27°—25 (1 - q!” +16), (8.3.23) 
n=0 j=0 


Let Rx (q) denote the right-hand side of (8.3.23). In the first sum, replacing 
n and j by iN and iJ , respectively, where N and J are even, we obtain the 
sum 
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oo 
2 _9 72 
D M gU 0NT AN -2J*)/4( — g&N+8)_ 
N=0 |JI€ 
N=0 (mod 2) J= aoe 


Noting that 


2X4 297-25 — P» q 73 (8.3.24) 


and replacing n and j by $(N — 1) and ¿(J — 1), respectively, in the second 
sum, we find that the second sum becomes 


2 _9 72 
> Y g(lON? AN -2J Te — g8N48), 


N=0 |J|<N 
N=1(mod 2) y=1 (mod 2) 


Hence, combining the last two sums, we deduce that 


1 « La gi 
X3ol q) = 5 5 gree +4N—2J ^ = ga) 


|J|EN 
J=N (mod 2) 


ES b " 
_ (10N?4+4N—2J7)/4 
qe 24. & 


N=0 Juv 


1 2 2 
(10N?--36N--32—2J?)/A 
— —— = 1 q í 
v(q) 


N-0  |J|EN 
J=N (mod 2) 


Now, in the first sum, replace N by r+ s and J by r — s, while in the second 
sum, replace N by —r — s — 2 and J by r — s. Thus, 


oo =} 
1 s)? TSTTTS T s)? TS-rT-rS 
Xo) g (re +s | »» qr rey +2 um 


r,s=0 r,s=—00 
1 3 2(r--s)? -2rs--r--s 
=-= ), seri 


T,s=— 00 


sg(r)=sg(s) 


1 3 2(r--s)? -2rs--rJ-s 
aay Pr,s . 
Yla) » 


T,s=— 00 


This completes the proof of Theorem 8.3.4. 
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8.4 The First Four Tenth Order Identities: Equivalent 
Formulations 
In this section, we introduce the first four Ramanujan identities for the tenth 


order mock theta functions. We shall then follow S. Zwegers [287] in presenting 
alternative formulations that will be more amenable to proofs. 


Entry 8.4.1 (p. 9). Recall that ¢i0(q) and wWio(q) are defined by (8.1.1) 
and (8.1.2), respectively. If w is a primitive cube root of unity, then 


(biolog?) = ro(w2a"!)) 


1 
Poil?) — 
JS 


w2 
qi/3 5 (-1)"q"' 5 pee 
= igni facce . (84.1) 
2 
(ad). X (-1)"q" 


Entry 8.4.2 (p. 9). Under the same hypotheses as Entry 8.4.1, 


q ? olg) + : > (wo10(wa"/?) = oo (uq 9) 
GG 


»» (147 / 5 (1) grey? 
I ECIMM — . (8.4.2) 
2 
(md). D> (-1)g" 


Entry 8.4.3 (p. 9). Recall that Xıo(q) and xio(q) are defined in (8.1.3) 
and (8.1.4), respectively. If w is a primitive cube root of unity, then 


1 
Xio(q?) — TEES (oio (og!) = wy yo (ug!) 


5 guint iis 5 (1) gom 
ML Hem . (84.3) 
Shs Ne qp eM 


Entry 8.4.4 (p. 9). With the same hypotheses as Entry 8.4.3, 


2/3 
x10(q°) + - "E (Xsoiog ?) = Xia?!) 


oo 


»» q^ -*0/6 5 NUT gr ED 
=-qg = mm . (8.4.4) 


(=g) Y, quen) 


n=—Cco 
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Our objective in this section is to reformulate these four entries so that 
they will be amenable to proof. We note that Y.—S. Choi [103], [104] first 
proved these four entries. We shall follow the subsequent proofs by Zwegers 
[287]. 

For reference, we recall (8.3.20), namely, 


T if r,s > 0, 


Prs=4—-l, ifr,s <0, (8.4.5) 
0, otherwise. 
Furthermore, define 
1 if r = 0 (mod 3) 
O(r) =<? , 8.4.6 
(r) lc otherwise. ( ) 


Theorem 8.4.1. Entry 8.4.1 is equivalent to the identity 


oo 


$5 ses CH) UH (5) — ôlr)) (60) — 9(3)) 


k,e,r,s=—0o 
x g^ +e +r? +3rs+s?+3r+3s+1)/3 


oo 


= -(q a)?’ (-0) 9, (-1yqn nmn, (8.4.7) 


n=— 00o 


Proof. We begin by observing that 


plg P )pl wg ploa) 


(= Pgh) a 
(1 + wd gni/3) 


n=1 


3 


=1j=0 
B D (1 _ gu = gy = gr? 
E II (1+ q^)3(1 + g5n-1)(1 + g3n-2 
= e (-4), (8.4.8) 


- [I t 6 
= H LH Goeie 


0 
_ II (1 _ ey (1 L gi "P ge = an) 
(1 - q?n-1)3 (1 = q9n-5)(1 = q9"-3)(1 — q6n-1) 
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Ha; (8.4.9) 


by (3.1.15). 
We now multiply both sides of (8.4.1) by 


Tol wg p(w? plg), 


and invoke (8.3.9) and (8.3.12). Consequently, the left-hand side of (8.4.1) 
becomes 


oo 
2 2 
qel -wq p(w!) 5 py, (— 1) +q?" +9rs+3s*+3r+3s 


r,s=— 00 


— 3 ee 2 2 
qo q’) fa wqi/3) » py, (1) * * (ug /9)r 4+8rsts?43r+3s+2 


m w? r,s =— 00 
= y(—wq"/3) y peg etie] . (8.4.10) 
We now write 
y(—q"/3) = bo, o(a) + 80,1 (a) + 6o,» (a), (8.4.11) 
where 
vld = So (Cung. (8.4.12) 
=} (mod 3) 
Hence, 


plwg) p(w?) 
= (60,0(q) + w80, (4) + «80,2 (q)) (80,0(¢) + «69,1 (q) + w^6o,2(q)) 
= 05 o (a) — 00,0 (q)00,1(q) — 00,0 (q)00,2(q) + 95.1 (9) + 209.1 (q)00,2 (q) s 05.» (qd) 


= MI pk) m, (8.4.13) 
k,£——oo 


where 


p(k,£) — 4 —1, if (k,£) = (0,1), (0,2) (mod 3), (8.4.14) 
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Hence, the first expression in (8.4.10) can be rewritten as 


oo 


2:102: Oy 2 
5 pr,só(r)ó(s)p(k, £) (—1)****r*sq( + +r +s +3rs+3r+3s+1)/3 


k,l,r,s=—oo 


(8.4.15) 
We now rewrite the second term in (8.4.10) noting that 
"Je 0, if k = 0(mod3), 
-U 
xa(k) := —— =1,  ifkz1(mod3), (8.4.16) 
—1, ifk=2(mod3). 
Hence, 
pl) M. prsxs(22 +r? +5? + 3r 3s 2)(- 1) t 
£,r,s——oo 
x gif tr? Fires? Ear r8 1/8 
= XX espe? es - Poly ciem 
k,e,r,s=—oo 
x qE? tE +r? +3rs+s?+3r+3s+1)/3 (8.4.17) 


Combining (8.4.15) and (8.4.17), we find that the expression given by (8.4.10) 
reduces to 


YI oss {5(r)5(s)p(k, £) + 6(k)x3(r? + s? — - 1)} 


k,l,r,s=—oo 


ktl+r+s (Kk? 4-02 +r7+3rs+s?+3r+3s+1)/3 
sgag : 


= M, prs {(8(k) — 6(r)) (EE) — 4(s)) + ôl) (ECs) — 1) (6(K) — 6(0)] 


x (—1)8 e req EP En arate? Far 3e 1)/8. (8.4.18) 
where the replacement of the expression inside the curly brackets follows from 
checking the 34 = 81 possible values that can be taken. 

Finally, we note that the term ó(r) (d(s) — 1) (6(k) — ó(£)) drops out of 
the sum because it is anti-symmetric in k and £Z. This last simplification re- 
duces (8.4.18) to the left-hand expression in (8.4.7), as desired. 
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Theorem 8.4.2. Entry 8.4.2 is equivalent to the identity 


$5 Pre(—1)* 7*9 (8(k) — 6(r — 1)) (80) — 8(s — 1)) 
k,£,r,s——oo 
x q(F tO +r? ores? +r+s)/3 


= (did)? (20) XO (71g 0D, (8.4.19) 


n=— oo 


Proof. We start by multiplying both sides of (8.4.2) by 
plwg p(w?) pla"). 


The resulting right-hand side is easily reduced to the right-hand side 
of (8.4.19) upon invoking (8.4.8). 

Next, we examine the left-hand side of (8.4.2). Using (8.3.9), we transform 
the left side of (8.4.2). The resulting first expression is 


qT’ p(—ug!/*)p(-u?q ela pol?) 


oo 


= M  prsd(r)5(s)p(k, 0) (1) 009 


k,£,r,s——oo 
x gi tO +r? +3rs+s°+9r+9s+16)/3 


oo 


x. pr,ó(r + 2)5(s + 2)p(k, £) (—1)* tns 


k,l,r,s=—oo 


z q(F HP +r’ eme eh tr+s)/3 (8.4.20) 


where r and s have been replaced by —r — 2 and —s — 2, respectively. This 
requires us to also note that p_-—2,-s—2 = —prs — Ôr+1,0 — Ôs+1,0 and that 
dr,0 d Ôr+1,0 =0 always. 

Next, we consider the second expression and simplify as before to deduce 
that 


e^7d) M) prsx32P? +r? +3rs +s? +r +s+ 1)(-1) tt 


L,r,s=— 00 


2.2 2 
x q“ +r^+3rs+s^+r+s)/3 


= 5 prsôlk)xa (r? +3? — Ê Em -- 8 4- 1)(-1)***n*9 


x gH rh +3rsts? tr+s)/3 (8.4.21) 


We now combine these last two expressions, and using the same reasoning 
that informed the identity (8.4.18), we obtain the left-hand side of (8.4.19). 
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Theorem 8.4.3. Entry 8.4.3 is equivalent to the identity 


$5 prs (6(k — 1) - à(7)) (6(6 — 1) — 4(s)) 
k,£,r,s——oo 


x g(R(R+1)/24€(C4+1)/2+2r? +6rs+2s°+3r+3s)/3 


oo 


- 4(d;q?). s? (q) V5 (-1)ng tn. (8.4.22) 


n=— Co 


Proof. We multiply both sides of (8.4.3) by 


Aab (wq 3 (uq! 3) (q?), 


and using (8.4.9) and the representation v(q) = (q?;q?)ss/(q; q?)so, we see 
that the right-hand side of (8.4.3) is transformed into the right-hand side 
of (8.4.22). 

We now trisect v(q) by 


Yla") = vola) + vs (a) + v»(a), 


where ss 
Wos D gem 
n=0 
n=j (mod 3) 
Hence, 
vog (uq?) 


= (wo(q) + a (q) + vo (q)) (Vola) + «^vi (q) + va (a) 
= po (a) + 2uo(q)vo(q) + v3(4) — volatila) — vi (a) v» (a) + vi (a) 


—À 5 p(k = l= Dg eee. 
k,£——oo 


where p(k, £) is given by (8.4.14). 
'Thus, after the multiplication just described, the first expression on the 
left-hand side of (8.4.3) becomes 


oo 


p pr,so(r)ó(s)p(k — 1,2 —1)(—1)*t4trts+1 


k,£,r,s——oo 


x giP(R+1)/24 6041) 2-27? Vers 2s? F3r-E35)/8. (8.4.23) 
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and the second expression becomes 


— 20(q") 5 Pr,sX3(Ê +8 + 2r? + 6rs +23? + 3r -- 3s +2) 
£,r,s=—0o 
x q 0/2927? +6rs+2s?+3r+3s+1)/3 
=— 5 Prsôlk— 1)x3(—r? — s? ++ -- £— 1) 
k,£,r,s——oo 


x g 0/240) /2- 127 +6rs+2s7+3r+38)/3 (8.4.24) 


We now note that 
ó(r)ó(s)p(k — 1,£— 1) — 6(k — 1)xa(—r? — s? 
= (6(k — 1) — à(r)) (Œ — 1) — ó(s)) 
-Fó(r)(ó(s— 1) — 1) (6(k — 1) — (L — 1)), 


> 
N 
[23 
= 
— 


and, as before, when we insert this into the evolving left-hand side of what 
was originally (8.4.3) (i.e., (8.4.23) + (8.4.24)), we see that the anti-symmetry 
of the second term in k and £ implies that the left-hand side reduces to 


Y. prs Gs — 1) - (7) (8U — 1) - 6(s)) 
k,e,r,s=—0oo 


x g(R(R+1)/246(0+1)/2+2r? V6rs 25? Var 35/3 
, 


as desired. 


Theorem 8.4.4. Entry 8.4.4 is equivalent to the identity 


>> pre (5(k — 1) — &(r-- 1)) (8(£— 1) — 6(s + 1)) 
k,e,r,s=—0oo 
x q+) /2+2E+1)/2+2r"+6rs+2s”+r+s—2)/3 
em 2 
eu uuu v (pup tes, (8.4.25) 
Proof. We begin by multiplying each side of (8.4.4) by 
—Aq (ug (uo? qu (q?). 


As before, it is easy to check that the right-hand side becomes the right-hand 
side of (8.4.25). 


8.5 Proofs of Entries 8.4.1—8.4.4 177 


On the left side, the resulting first expression is 
— y» Pr,s0(7)0(s) p(k m 1, m 1) 
k,£,r,s——oo 
x giP(R+1)/24+6(0+1)/2+2r?+6rs+2s7+9r+9s+6)/3 
= MD enr +1)5(s + 1)p(k — 1,2— 1) 
k,e,r,s=—0o 


x g(RR+1)/24€(C41)/242r? +6rs+2s°+r-+s—2)/3 
E 


where to obtain the latter expression we have replaced (r, s) by (~r—1, —s— 1) 
and noted that p... 1, 5-1 = —Pr,s- 
'The resulting second term on the left side is 


— 29-3.) (q?) iy PrsX3(C? +£+ 2r? + 6rs -- 28? +r +s) 
£,r,s=—0o 


x gq 1/2927 +6rs+2s"+r+s)/3 


oo 


=- M) prsi(k—1)x3(-r? — s? +P ET s) 


k,£,r,s=—oo 


x g (F7 2-91) 2-927 + 6rs+2s°+r-+s—2)/3 


We now conclude by noting that 
ó(r -- 1)ó(s + 1)p(k — 1,2 — 1) — 6(k — 1)xa(—r? — 8? +Ê +L+r +s) 
= (ó(k — 1) — ó(r + 1)) (6(£ — 1) — ó(s + 1)) 
— ó(r + 1) (6(s + 1) — 1) (6(k — 1) — ó(£ — 1)), (8.4.26) 


which is precisely the relationship utilized in (8.4.18), except that (k, £,r, s) 
has been replaced by (k — 1,4 — 1,r -- 1, s -- 1). As before, the anti-symmetric 
argument on the second term on the right side of (8.4.26) when substituted 
into the series allows us to see that the final combination of the two trans- 
formed left-hand expressions yield the left side of (8.4.25) as desired. 


8.5 Proofs of Entries 8.4.1—8.4.4 


Having laid the ground work, we proceed with the proofs of Entries 8.4.1— 
8.4.4 as reformulated in Theorems 8.4.1-8.4.4. Our method is an elaborate 
application of the constant term method, beautifully fashioned by S. Zwegers 
[287]. Our first steps provide identities for the classical theta functions. The 
first such result contains two classical theta function identities, which we prove 
in a standard way. (The first identity below is a restatement of Jacobi's triple 
product identity (5.1.2).) 
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Theorem 8.5.1. Define 


oo 


O(z;q):— 5 (-1)"q)a” = (q.v, q/25 q)oo- (8.5.1) 
Then, 
Y, CU" G0) - 6(0) g at 
k,£——oo 
Lg dq it i O(; q?)O(a; q) (8.5.2) 
and 
2 (5(k — 1) — 6(£)) g 6 0/2€20)/3 t 
k,£——oo 
- 2D 60 q^)e(—zq^; q^). (8.5.3) 


Proof. We first examine (8.5.2). Denote the left side of (8.5.2) by fr (x) and 
denote O(z; q?)O(z;q) by fr(x). It is then a matter of shifting indices to see 
that 

f(z) = —q°x* fr (x°) (8.5.4) 
and 

fn(z) = —q°a° fn(zq^). (8.5.5) 


In light of the fact that both sides are analytic in x except for x = 0, we see 
immediately that we only need to establish the identity for the coefficients 
of z-!, x°, and x'. However, we may reduce these calculations even further 
through the following observations. 

From (8.5.1), we see that O(x, q) has simple zeros whenever z is an integral 
power of q. Consequently, fa(x) has a double zero at q” if n is even, and a 
simple zero if n is odd. 

On the other hand, we can establish that fz (x) has exactly the same zeros 
as follows. To see that fr(1) = 0, replace (k,£) by (£, k), and to see that 
fi,(0) = 0, replace £ by —£. To see that fz(q) = 0, replace £ by —£ — 3. The 
remaining assertions about the zeros of fr (x) now follow from (8.5.4). 

Hence, fr(x)/fr(x) has no poles and satisfies the equation 


Hence, fr(x)/fn(x) may be expanded in an infinite Laurent series, and the 
functional equation above implies that the only non-zero term in this Laurent 
expansion is the coefficient of x°, i.e., fr (x)/fr(a) is a constant. To find this 
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constant, we determine the coefficients of z? in both fr(x) and fg(x). The 
coefficient of x° in fz(x) is equal to 


oo oo 


a du. quus 


k-—oo k= 
1 


k=1,2 (mod 3) 


oo 


--2 3 (pt 


k-c—oo 
k=1 (mod 3) 


oo 


3 
= 9291/9 5 (<1) +2m 


=u (gafas (aa asus a 
= 24! (q; Jo (q"), 
where we used the triple product identity (8.5.1) and the familiar product 


formula (3.1.15) for y(q). 
The coefficient of x° in fg(x) is the coefficient of x in 


oo 


5 gne D em(nd-1)/2 gmn 


m,n--—oo 


m 5 gon 0/2 = -W (ê). 


Hence, 
fe. 29 Polta )oo _ pis 
fa mo 4 


which establishes (8.5.2). 
Next, we examine (8.5.3). In this instance, we define 


q) = —q 


gu(e) = Y, (8(k—1)- (D) qme (8.5.6) 
k,£——oo 


and 
gr(x) := O(xq; q?)O(—zq^; q*). (8.5.7) 


As we did previously, we can show by index shifting that 


gr (x) = q?a?gr (xq*) (8.5.8) 
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and 
gr(a) = q?a?gn(vq*). (8.5.9) 
We now examine the zeros of each function. The zeros of gn(x) are simple 
and occur when x is an integral power of q, and at x = —q", when n = 
2 (mod 4). 


We now show that the zeros of gr(x) are exactly the same. In light 
of (8.5.8), it suffices to show that gr(g) = 0, gr(—q?) = 0, and gr(1/z) = 
gr (x). Now gr(—q?) = 0 follows directly if we replace £ by —£ — 3. Next, 


gL (q) = P» (8(k P 1) = ó(£)) gq 0/2028 vat)/3 
k,£——oo 
E q! 5 (5(k u 1) = (m = 1)) ghar D bem Uma /2)/8 
pus 
E lyi D (8(k — 1) — &(m — 1)) qEE+D/2+m(m+1)/2)/3, 
k,m=—oo 


The anti-symmetry in k and m implies that gz (q) = 0. 
The identity gz (1/x) = gz (x) follows from replacing ¢ by —£ in (8.5.6). 
By the same argument that we used for fr(x)/fn(x), we see that 
gL(x)/gn(r) is a constant. So, again, we consider the coefficient of x° in 
both gz (x) and gn(x). For gr(x), this coefficient is given by 


oo oo 


M ((k-1)-1)g D= SE hne 


k--—oo k-—-—oo 
k=0,2 (mod 3) 
oo 


-92 y q +06 


k——oo 
k=0 (mod 3) 


oo 


—.9 5 gener 


= -2(-q; 9° )oo(-97; à?)es (d^; Foo 
= —2p(—¢°)(—43 @) co, 


by employing the triple product identity (8.5.1) and a familiar product rep- 
resentation (3.1.14) for y(—q). The coefficient of z? in gg(x) is the coefficient 


of x? in 
»» (-1jgim +r” 
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i.e., M 
3 Cay = pla") 
Hence, | 2:2) 
gL q^; Q^ )oo 
m = —-2(-4id)e. = T i 


which yields the second identity (8.5.3). 


Before we proceed to establishing Entries 8.4.1-8.4.4, we recall from 
Lemma 6.3.5 that 


3 r s rs (EO. nud) 
387 ACT eL 8.5.10 
OSEE O(x, q)O(y; q) ) 


Theorem 8.5.2. Entry 8.4.1 is valid. 


Proof. We shall employ the standard notation |x”y™]f to indicate the coef- 
ficient of z"y" in f. Hence, 


oo 


So Pres D) 07 (5(k) — 6(r)) (6(0) — 4(s)) 
k,£,r,s——oo 
x gh tE +r? rires? Far r8 1/8 


= [°y] 5 pr s(— LFF” (3 — 6(m)) (8() — 6(n)) 
k,f,m,n,r,s=—oco 


x qme?) [ers ene 1/8 mors (8.5.11) 


Now in this last expression, we apply (8.5.2) to the (k,@)-sum and to the 
(m, n)-sum, while we apply (8.5.10) to the (r, s)-sum. It follows that the left- 
hand side of (8.5.11) is equal to 


[xy] { (orgs GO ote q’)O(a; a) 


x (ve Gt o:a) 
ye [a EDO v i) 
(: O(x-1q;q)O(y-!q;q) )} 


= - (9 gy G(e; q^)O(y: q^)O(v y !q;q) 


Cae 
CHER 0, 0 »» 1) Cem gk(k-1) (£1) m (m4-1)/2 
ES Sopa Ai y] (—1) q 


x Fons em 
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CIE SS eee 
aE oe 


oo 


= — (q; q) ° (—4) 5 (—1)™qm(m+3)/2, 


m=— oo 


and consequently by Theorem 8.4.1, we see that Entry 8.4.1 is valid. 
Theorem 8.5.3. Entry 8.4.2 is valid. 


Proof. We proceed as in the proof of the previous theorem. The argument 
is exactly the same, except that we are focusing on a different coefficient. To 
that end, 


$5 sxs(-1)****7** (6(K) — 5(r — 1)) (6(2) — &(s — 1)) 
k,£,r,s——oo 


x qE tE tr’ rares? +3r+3s+1)/3 


oo 


= [ey] |) — prys(— 14" (8(k) — 6(m)) ((4 — 4(n)) 
k,l,m,n,r,s=—co 


2,2 2,,2 . m = = 
x q Hl Em? +n )/3+rs+r+s 2/3 ym ryn s 


= = (4; D2. —1,-1 c k--£4-m , k(k—1)--£(£—1)2-m(m-4-1)/2 
E Ga? ] 5 (=1) gna Trent) 
? ed k,l,m=—0o 


x gh mym 


soio oo 
—1 M5 )so ee ee 

us A 
= (qq) e? (74) 5 (—1) ge 6mM+1)/2, 


m=— oo 


and consequently, by Theorem 8.4.2, we see that Entry 8.4.2 has been estab- 
lished. 


Theorem 8.5.4. Entry 8.4.3 is true. 


Proof. Here, by (8.4.22), we must examine 


$5 prs (6(k — 1) - 6(r)) (8(6 — 1) — 4(s)) 
k,l,r,s=— 00 


r giR(R+1)/24+ (+1) /2+2r? +6rs+2s*+3r+3s)/3 
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oo 


= [°y] t prs (5( — 1) — 8(m)) (6(€ — 1) — ô(n)) 


k,l, m,n,r,s=— co 


x g AUD 22-91) 242m 9287) [3-2 ere mr ns 
lg 0,,0 2 2 4 2 "We 
z NOTUM y?]4 O(xq; q*)O(—zq^; q*)O(ya; q*)O(—uq^; q^) 


O(z-ly- !q^;q?) ) 
O(x-!q; q?)O(y-1q; q?) 


Cae 0, 010(— 42. 42\O( 2+ 92 —1,,71,2.,2 
c nr M y Je(-cq':q )0(-yq;q')O(v y qq) 
= ACRE ES [x99] b» (—1ymghF 20 em? em pk—m, t—m 
(95.9)% S onm 
= 2 
—4(dq ey) (q V^ Oee tm, 


and so by Theorem 8.4.3, we conclude the truth of Entry 8.4.3. 


Theorem 8.5.5. Entry 8.4.4 is a valid identity. 


Proof. From (8.4.25), we must evaluate 
Y^ s Go 1) - (2) G( 1) - 91) 
Ren om x g (BRI) /2HE+1)/2+2r?+6rs+2s”+r+s—2)/3 
= [x°y") 3 Pr,s (9(k — 1) — 6(m)) (Œ — 1) — 6(n)) 
k,l,m,n,r,s=—0o 


(k-4-1)/24-£(£2-1)/2--2m? -2n?) /3+2rs—r—s 24m-rT Lyn s—1 


x q“ 


ii 0,0 —1 —16( 2 ?)e( 2, ^Je( n ?)e( 2. 4) 
gero 78! ny zq;q )0(—cq';q )O(yq;a")O(—uq^;q 


x Bu yg w^) 
Oleg ha eg 0") 


== “Ege, Oech Ou Oey "a d) 
2. 235 oo 
—24d 54 Joo m 21 ?. m? m m m 
= 4q 2 ( ) [2°] 5 (—1) q?* 20 3m yk yt 
(a; d). k,£,m-——oo 
< m m?— m 
=4(; Pla) M. (-1)"g9" 3 


By Theorem 8.4.4, we observe that Entry 8.4.4 has been established. 


| Check for | 


9 | updates 


Tenth Order Mock Theta Functions: Part II, 
Identities for $1o0(q), v1o(q) 


9.1 Introduction 


The previous chapter provided an account of S. Zwegers’ ingenious proofs of 
the first four identities that appear on page 9 of Ramanujan's Lost Notebook 
[232]. Identities (5) and (6) have not yielded to Zwegers’ approach. The meth- 
ods of [218] give proofs not only of the two entries below but also of the four 
entries treated in Chapter 8. 

In light of this, we shall need the next three chapters to analyze (5) and 
(6). This chapter follows closely the treatment in [106] by Y.-S. Choi to pro- 
vide Appell-Lerch series connected to ¢19(q) and v49(q). The only significant 
variation from Choi's work is the proof of Lemma 9.2.1. The main results in 
this chapter are Theorems 9.7.2 and 9.7.4. 


9.2 A Preliminary Lemma 


We recall Ramanujan's notation for theta functions from (5.1.1) 


f (a,b) :— b» an (-0/25n(n71)/2 — (—a; ab). (—b; ab) oo (ab; ab)oo, (9.2.1) 


T;——oo 


by the Jacobi triple product identity (5.1.2). We note that for any integer n 
[55, p. 34, Entry 18(iv)], 


f (a, b) = antt 0/2gn(-07? F(a(ab)", b(ab)-"). (9.2.2) 


Recall next the Rogers-Ramanujan functions 


E 1 BOUE im dm 
G(q) := 73 4. 5 ; = . (9.2.3) 
(459° )oo (94; 4°) oo (4; oo (d: d)cc 
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and 


< 1 — (mé, P) _ f(—a,—a^) 
Eg) = (a; 5); 5) (tao — (mae ' ee 


where we made two applications of (9.2.1). 


Lemma 9.2.1. If f(a,b) is defined by (9.2.1), then 


— ax(q?)af (-4^, —q?) + as(q^)q? F(a, —4^) 
Au Wd ivo at ae) 9.2.5) 
(rg ug aM ofgsg B 

where 

ai (oy = LE o (a: oe fd, =) 

Mos fd om f (4, —4°) ve) 
and 
ear (a: g5) (0°; g) f (=f, —9°) 9.2.7) 


IPs.) 


Proof. In the following, we also use Ramanujan's notation for two special 
cases of f(a,b), namely, (a) = f(a.q) and v(g) = f(g,g?). Thus, us- 
ing (9.2.1)-(9.2.7), we may rewrite (9.2.5) as 


q? (4/9; 00 (9; q??) H (q*)G 
H(q?)(q*^;q P G(q*) 
q^ (a 5; a° )oo (475; Poo G(T") H (q)(a: Doo 
G(q?)(q^; 9? )oo H (q?) 
_ CAE ee v(-q'?) 
(q29; q?9). (0*0; a)l) 
Before we begin the proof of (9.2.8), we use (9.2.3), (9.2.4), and elementary 
product manipulation to first establish the identities 
Gq’) | G(a(s a) 


Ge) ~ Hae qi). (pam 


(a) (4; Moo 


+ 


(9.2.8) 


and H(q*) | H(a)(qq)s (9.2.10) 


H(q) — G(—4)(4°5 4" )oo 
Using (9.2.9) and (9.2.10) in the first and second quotients, respectively, on 
the left-hand side of (9.2.8), we may reduce the left-hand side of (9.2.8) to 


P(g a Joo gs a" s Ga) H (a) (a; q^ Joo 

(—9; a) G(q*) H (a*)G(—q)H (—a) (a5; q!?)os 

x (gH (—a)H (q^) + G(—a)G(q^)) 

4 (a 5:4 00 (V3 Poo G(g) H(q)(qa?)es plaa) (9.2.11) 
(—4; oo G(q*) A (q*) G (—a)H (—a) (a? "m (g^;u Jos B 
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where we have used Entry 8.3.3 from our third book on the lost notebook [34, 
p. 222]. We now simplify the right-hand side of (9.2.11) further by employ- 
ing (9.2.3), (9.2.4), Euler's theorem, and the identity (3.1.14), i.e., 


q; djo 
y(-q) = AG Doo (9.2.12) 
(=q; g)> 
Hence, the right-hand side of (9.2.11), i.e., the left-hand side of (9.2.8) reduces 
to 
2(,5. 452 
q'(q'iq Yoo 
Pul ee, 9.2.13 
i (745; q) l ) 


On the other hand, with the employment of (9.2.12) and the product 
representation (3.1.15), i.e., 
255 
Q 5; joo 
Yla) = CUBES = ) ; (9.2.14) 
(q: à?) 5c 
we may, by simple product manipulations, reduce the right-hand side of (9.2.8) 
to (9.2.13) as well. This completes the proof of Lemma 9.2.1 


9.3 $1o(q) and v'1o(q) as Power Series Coefficients 


'This section is devoted to the Laurent series expansion of a special theta 
quotient D(z) and an identification of two of its coefficients with $19(g) and 
W10(q). The theta quotient D(z) is defined by 


_ (ag), f (72. -alz fis a2) 


D(q,z) = D(z): Coe p ; (9.3.1) 
Hence, by (9.2.1), 
_ AP (^ g/2^ qig)ss(2, g^ 2, 10" an 
i (q; ao (9, 0/23 d)8s 
_ 2G a)oc (a^i ^) (— 2. = 4/25 Doo (274; 8/ ^; Poo 
(a; 9? )c0 (za; 4/23 a?)os (87; 9? Joo 
2G Poof daf(—a,-4/2*) (9.3.2) 


(9; 4?)os f (—24, —9/z) 


Thus, D(z) is meromorphic for z 4 0 with simple poles at z = q?**! for each 
integer k. 


Lemma 9.3.1. The function D(z) satisfies the functional equations 
De =e" DG) (9.3.3) 


and 


D(zq?) = —z~° D(z). (9.3.4) 
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Proof. Let 
J(z) = f(-2, 4/2). 


Then, for each non-negative integer N, 


Ng NUN DAAg-N (e.g 21a) ss 


( 
= (1 — q17"/2)--- (1 — 1/2)(q, za" ,a/2; @)o0 
( 
[pg NI UAI TI (9.3.5) 


Next, 


J(z 1) = (q, 1/2, q2; doo 
= (1— 1/2)(q, 4/2, 425 q)oc 
= —27} (q, 2.9/2; q) 
= =z! J(z). (9.3.6) 
We now apply the identity (9.3.6) to each of the theta functions comprising 


D(z) in order to deduce (9.3.3). Similarly, we apply (9.3.5) to each theta 
function in the definition of D(z) to arrive at (9.3.4). 


In this and the following two chapters, readers will be asked to manipulate 
several Jacobi products for theta functions. We have now presented three 
options. In many cases, readers may find it convenient to simply use the 
product formula (9.2.1). For more complicated manipulations, readers may 
want to use (9.2.2) or (9.3.5) and/or (9.3.6). In the sequel, we usually appeal to 
one (or possibly two) of these options, but readers may feel more comfortable 
with employing the option or options that we do not cite! 


Lemma 9.3.2. For |g| < |x| < 1 and |q| < |y| < 1, 


oo 


r S Ts __ (q; q)à, f (—xy, —q/(£y)) 
2, HOW = Fe caa Cah da 


T,S——OO 


sg(r)=sg(s) 


Proof. This is a restatement of Lemma 6.3.5 from Chapter 6. 


Lemma 9.3.3. In the annulus |q| < |z| < 1, 
b10(q) is the coefficient of z? in D(z) (9.3.8) 


and 


V1o(q) is the coefficient of z in D(z). (9.3.9) 
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Proof. From (9.2.1), we see that 


oo 


f(-z,-P/z) = M, (-1)gn7 025, (9.3.10) 


n=—Cco 


and, from Lemma 9.3.2, with both z and y replaced by z, we obtain 


(9;.9)3, f (722, —4/2°) E" > THs „rs 
Pone p sg(r)2^ **g"*. (9.3.11) 
sg(r)—sg(s) 
Hence, by (9.2.12), (9.3.1), (9.3.10), and (9.3.11), we see that 
$(—@) D(z) = (a; q) (a; 4). D(z) 
_ Pa a) f(-2^,—a/2?)f (72, a^ /2) 
Px —q/z) 
=2 V^ o sprang W^ irate". — (93.12) 


T,S——00 n--—oo 


sg(r)-sg(s) 


If we now extract the coefficient of z? from the right-hand side of (9.3.12) 
(i.e., taking n — —r — s), we see that the resulting double series is precisely 
the numerator in (8.3.9) from Chapter 8, thus confirming (9.3.8). Finally, 
let us extract the coefficient of z from the right-hand side of (9.3.12) (i.e., 
taking n = —r — s — 1). The resulting double series is precisely the numerator 
of (8.3.12) of Chapter 8, thus confirming (9.3.9). 


9.4 The Lambert Series L(z) and M(z) 


In this section, we consider two Appell-Lerch series 


oo ( —1)*gBh tI) H usn ph 
Lue Y ca (9.4.1) 


and 
oo (—1 jg tir! 5n 


M(2):— D Ph (9.4.2) 
We shall study 
V(z) := D(z) + L(z) + M(z), (9.4.3) 


where D(z) is defined in (9.3.1). Like D(z), we note that L(z) and M(z) are 
meromorphic for z 4 0 and have simple poles at z = q?**! for each integer k. 

We now require two results from Chapter 6, which we restate here for 
convenience. The first is Lemma 6.4.1. 
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Lemma 9.4.1. Suppose that a and b are arbitrary non-zero integers, and m 
is a positive integer. If 

1 1 
[Cee Hg) Per er tectam e 


F(z) :— 


then F(z) is meromorphic for z #4 0, with simple poles at all points zo such 
that zb = qk™—* for some integer k, where we take the real positive root of the 
foregoing equality. The residue of F(z) at z is equal to 
(etm z0 
big sg 


The second is Lemma 6.4.2. 


Lemma 9.4.2. Suppose that F(z) = F(z,q) is analytic for all z Z 0, and 
assume that there is a constant C #0 and a positive integer n such that 


F(qz) = Cz "F(z). (9.4.4) 


Then, 
n-1 
F(z) = X Ratf(O gres Cer tun) 
r=0 


n—1 
= 5 Pe (Otar z 0g" gd No: (9.4.5) 
r=0 


If, in addition, n is odd and exceeds 1, C = +1, and 


F(z!) =—-—Cz-" F(z), (9.4.6) 
then 
(n—1)/2 
F(z)= 25 F, (2° F(C z”, Ug 2") 
r=0 
—C2"" f(Oq' 27”, Oq"7"2^)). (9.4.7) 


In the following theorem, R( f(z); A) denotes the residue of f(z) at z = A. 
Lemma 9.4.3. We have 

R(D(z); q) = —2¢°, (9.4.8) 

R(L(z) + M(z);q) = 20°, (9.4.9) 


and 
D(z) + L(z) + M(z) is analytic at z = q. (9.4.10) 
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Proof. Recall that all of the poles of D(z) are simple. Hence, by (9.3.2) 
and (9.2.1), 

R(D(z);q) = lim (z — q)D(z) 

z—q 

_ FPP )ofG 1)f(7a5,—1/a) pn ETD 
= lim 

(a: d?)oc (47: q x 24 (1— az) 


PPP of (a, 1) f (d^, -1/q) 
(q; )æ (0°; 0°) 


= = Dy, 


To determine the residues of L(z) and M(z) at q, we need only examine the 
term n = —1 in the series (9.4.1) and the term n = 0 in (9.4.2), respectively. 
The residue for each at q is q?. Hence, 


R(L(z) + M(z);q) = 20°. 


Thus we see that z = q is a removable singularity of D(z) + L(z) + M(z), and 
consequently (9.4.10) holds. 


Lemma 9.4.4. The function V(z), defined in (9.4.3), is analytic at z = q 
and satisfies the two functional equations 


V(1/z) = zV (z) (9.4.11) 


and 
V(zq^) = —z-°V (z). (9.4.12) 


Proof. From (9.4.3) and (9.4.10), we see that V (z) is analytic at z = q. Also, 
it is immediate from (9.4.1) and (9.4.2) that 


L(1/z) = 275M (z) (9.4.13) 
and 

M(1/z) = z ?L(z). (9.4.14) 
Next, if we replace z by zq? in (9.4.1) and shift the index of summation n to 


n — 1, we see that 
L(zq?) = —z ?L(). (9.4.15) 


Hence, by (9.4.13) and (9.4.15), 
M(zq^) = q L(1/(zq")) 


= -La/z) 
z *M(z). (9.4.16) 
In Lemma 9.3.1, we showed that D(z) satisfies the same functional equa- 


tion as does L(z) 4- M(z ) from (9.4.13) and (9.4.14), and the same functional 
equation as each of L(z) and M (z) do from (9.4.15) and (9.4.16), respectively. 
Hence, (9.4.11) and (9.4.12) follow owing to (9.4.3). 
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The upshot of (9.4.10) and Lemma 9.4.4 is that V (z) is, in fact, analytic 
for all z Z 0. Hence, V(z) has a Laurent series expansion about z = 0 which 
will be explored in the next two lemmas. 


Lemma 9.4.5. Define the Laurent series coefficients Vn, —oo <n < co, by 


V(z) =: 5 Vaz”, z #0. 


n=— o0 


Then 


V (2) = Vi (2f(—27q?, —27°9®) + z^ F(z, —27* 9°) 
+ Vo (z2f(—235q*,—2 999) + 2? f (2548, 2 993)). (9.4.17) 


Proof. In Lemma 9.4.2, set C = —1, n = 5, and replace q by q?. Accordingly, 
V(z) = Vo (F(72*, 72 ?q9) + 2 f(-2 *,—29g'")) 

p Vi (zf( 25g, az Pg") "eil zu acu 

+ Va (2° fad.) + 2° fed ag). 


If we apply the Jacobi triple product identity (9.2.1) to each of the theta 
functions in the coefficient of Vo, we find that this coefficient is equal to 0. 
Hence, (9.4.17) follows at once. 


Lemma 9.4.6. Recall that wo(q) and dio(q) are defined by (9.3.9) 
and (9.3.8), respectively. Then 


Vi = vio(q) (9.4.18) 


and 
V2 = c1o(q). (9.4.19) 


Proof. We assume that |g| < |z| < 1. Thus, |q?"t+z| < 1 if and only if n > 0. 
Hence, by (9.4.1), 


oo [ope ORE genre 


L(z) = x 1— zq?nH 


= 5 (—1) gts goto gala) 5 (grum 
m sg(m)=sg(n) 


Xo ae uL MM 
ee es ae 
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If sg(n) = sg(m), then 5n+m-+5 is either > 5 or € —1. Hence, the coefficients 
of z and z? in L(z) above are equal to 0. By an analogous argument, the 
coefficients of z and z? in the Laurent expansion of M(z) are also equal to 0. 

In Lemma 9.3.3, we proved that the coefficient of z? in the Laurent expan- 
sion of D(z) is $1o(q), and that the coefficient of z in this Laurent expansion 
is %10(q). Hence, by (9.4.3), the identities (9.4.18) and (9.4.19) follow. 


We also note that f(—z°q?, —275q8) and f(—2?q*, —z- 549) are functions of 
2°, and the constant term in each is equal to 1. Thus, by (9.4.3), Lemma 9.4.5, 
and Lemma 9.4.6, we see that the following result has been established. 


Theorem 9.4.1. If 0 < |g| < 1 and z is not an integral power of q, then 
D(z) = polg) (zf (722a, —2 ^q) + a^ f(—2 d, ?q^)) 


4 ó1o(q) (2? f(-28g*, — 9g") + z2 f(—2° 99, —z 5q*) 
- L(z) - M(z). (9.4.20) 


9.5 Five-Dissection and Reformulation of D(z) 


We first observe the immediate five-dissections 


4 


1 1 = 
= (2n+1)j Jj 
— g2ntly 1 — 710n4+5,5 doa id 
1]—q^"tig ]1-—9gl0nt5z $0 
and 
1 g” : (2n--1)(5—3) Jj 
— q i T3 zI., 
— g2n41 — gl0n+57—5 x 
]1—g?"/zg  ]—gl0nt5; = 


We now apply these two dissections to L(z) and M(z), defined, respectively, 
in (9.4.1) and (9.4.2), as they appear in Theorem 9.4.1. We readily produce 
the following lengthy five-dissection of D(z): 


99. (HL) MgrSnt7)+2 y5n+5 
D(z) = zhola) f (=, 905) ( S CUM - 


n=—Cco 


] — qidnt5 x5 


oo (—1)2 gr (52+13)+5 ,—5n—5 
] — qi0n*57-5 


I — qi0n45;5 


ee —1)” n(5n+9)+3 ,5n4-5 
) a( S ae z 


n=— 00 


oo (T QR ELA eb 
] — gion457-5 
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Mus (=I) gE ovr HD- nke 


+ 2°d10(q) f(—2°¢°, —27°q*) a( 5 1 — qi0n45 5 


T;——oo 


| > ] — q10n+5 775 


E oo (Sr gr Goris) rh bus 
 z^io(g)f(-2q5,—2 q^) e b» 1 — qiont5 75 


n=— Co 


oo DAS] 


oo E e] 


! 2. ] — qi0n45-5 


n=—Co 


oo (Saye gbevart rt gane pe we oo (—1)8gon Oc Hg 9n» 
MUN 1 — gions 5 Eg 1 — qlont5 7-8 


n=—Co n=—Cco 


Let us now write this five-dissection in the notation 


D(z) = $ # D;(2), 


j=0 
where 
" oo (Sly gr ern ot Dub 
Di(z)) Ll V1o(q) f( 2 Z 548) 5 = qlon+5 25 
oe [Dynamo bcp 
De 1 — q10n457-5 , (9.5.1) 
T oo (—1)2 gr 5n +9)+3,5n+5 
D»(z?) = éio(a)f( zig —z ?q?) 2d ] — q10n-5 25 
oo (-1)99 009 +11) +4 yon? 
p» 1 — qiont+5 7-5 , (9.5.2) 
B oo (—1ysgn eer) tents 
D(z") = piola) f(—2°¢°, —z 544) y» ] — q10n-5 25 
oo (aye qom pea conch 
ue ] — qi0n*57-5 , 
3 d (1) rg boris) 15 Dara 
Dalz’) = piola) f (=z, 2 ?q?) X 1 — qiont5 25 
oo n n(5n+7) +2 ,—5n—5 


»» (-1)"q 
] — q10n45 7-5 , 


n=— oo 
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oo = 5n(n+1)4+1,5n+5 oo - 1n 45n(n4-1)-1,—5n—5 
5) (-U"q z 5 (—1)"¢ z 
Do(2^) = L ] — qi0n45;5 s 25 ] — qi0n*57—-5 


T,——oo T;——oo 


9.6 Further Decomposition of D(z) 


We are required to define three additional functions, namely, 


(a; Deol C— 2, —a/(22)) f 72, —4°/2) 


A(z,2,q) :— ; 9.6.1 
(n3 = Df Casa f Cs 212) EUM 
1 oo (— 16 gre) 

h(z,q) :— — 9.6.2 

vnd) e(—) 2 l-q"z m 
and 

1 oo (S1)r ght) gnt yn 
QG,2,9 =O) 0-3 2, —"i— gn; 
1 oo (Sagres 2n—-1,—n—-1 


We note that by (9.3.5) and (9.3.6), or simply by elementary product manip- 
ulation, that 


(95 a)2. (4: Foo f (—22, —a/ (22) 
e(—-a)f (72, —a/z) f (—2a, —a/z) 
Clearly, both A(z, z,q) and Q(z,x,q) are meromorphic functions of z for 


z #0 with simple poles at z = q?**, for each integer k. 
In the sequel, we use the notation 


A(z,2,q) = (9.6.4) 


[2^] 5 Anz” = An. 
n=0 


Lemma 9.6.1. If 0 < |q| < 1 and x is neither 0 nor an integral power of q, 
then h(x, q) is the coefficient of 2? in the Laurent series expansion of A(z, x, q) 
in the annulus |q| < |z| < 1. 


Proof. By (9.6.2), Lemma 9.3.2, and (9.6.1), 


hea) = pag CD 


n=—oo s=—cO 


n 
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o (q; a)à, f (72v, —q/ (2x) 
e(-a)f (72, —a/z) f(—2, —a/2) 


f(-2, —q^/z) 


which completes the proof. 


Lemma 9.6.2. The function Q(z) satisfies the functional equation 
Q(zq’) = —x ?z !Q(). (9.6.5) 
Moreover, the residue of Q(z) at z = q is equal to —a~1q. 
Proof. By (9.6.3), we see that 
S (—1)ngn(n D-20991) 520-1 pnt 


Q(zg^) = ; 2 


"n -—-—oo 


i= q?nt3z 


po (—1)0gni r8) 2(n+1) y 2n—-1,—n—1 


1 
9 » 1 — @r-1/z 


n=—Cco 


Replacing n by n — 1 in the first sum above and replacing n by n+ 1 in the 
second sum, we find that 


99  (. 1yn-1,n(n--1), 2n—1 n 
a=- > ` Dd sala 
1 3 (—1)rtigr? +3nt1 gy 2n-3 ,-n-2 
Seres 1— qz 
gel | » (—1) ght) gnt n+ 
2 E. 1— q?n*1z 


oo 
—1)” n(n+3)+1 p—2n—-1,—-n—1 
po (-1)”q 


T= q?ntl[z 


and so (9.6.5) has been established. 
Lastly, the residue of Q(z) at q is 


ae 1qz-lz-! 
lim (z — =li E di 
lim(z — g)Q(z) = lim (z — a) (sm 2 ae) ili 


as desired. 


Lemma 9.6.3. The function A(z,x,q) satisfies the functional equation 
A(zq°, T, q) = =g? zl A(z, x, q). 


The residue of A(z,x,q) at the pole q is —x~1q. 
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Proof. By applications of (9.6.1), (9.3.5), and (9.3.6), 


(qa). f(— 220°, —(@2q)—*) f (—2z4?, —27}) 
p(-g)f(—um —«-'g)f(—29*; —(2q) ) 
(meas 7a r^f(-z-(zz) aXY(-« M(-25-z-«) 
e(—aq)f(—9,—929- q)g ta^ f(—2,—- uq) 
= —g *z1 A(z, v, q), 


A(zq^,2,q) = 


and so the first part of Lemma 9.6.3 has been proved. 
By (9.6.1) and Lemma 9.4.1, the residue of A(z, z, q) at z = q is given by 


mz a MG rq) — lim(z — o£ se (a2: (22) 1 a)f (72 271) 
pe ME o(—a) f(-x, —2-1g)f(—2,—2-1q) 
(q;9)3,f(-aq,-27")y(—a) q 
gí-gf(-5x—- 9) fads, 
=r}, 


and so the second portion of Lemma 9.6.3 has also been proved. 


Theorem 9.6.1. For |q| < 1 and x not an integral power of q, 
A(z, 2,9) = f(-a?z,-a-727"q")h(a, q) + Q(z, 2,9). (9.6.6) 


Proof. Recall that the definitions of A(z, x, q), h(x, q), and Q(z, x, q) are given 
in (9.6.1)-(9.6.3). We define 


E(z) := A(z,2,q) — Q(z, v, q). (9.6.7) 


Noting that, in Lemmas 9.6.2 and 9.6.3, A(z,x,q) and Q(z,x,q) satisfy the 
same q-difference equation, we see that 


E(zq*) = —x ?z !E(z). (9.6.8) 


Furthermore, by the same two lemmas, A(z,x,q) and Q(z, x, q) have identical 
residues at z — q, and so we deduce that E(z) is analytic at z — q. This fact, 
along with (9.6.8), implies that E(z) is analytic everywhere except at z — 0. 
Since f(—x?z, —2-?z-!q?) satisfies the same functional equation (9.6.8) and 
is analytic everywhere except at z = 0, then f(—z?z,—cz ?z-!q?) must be 
identical to E(z) up to a multiplicative constant, i.e., 


E(z) = Eo f (—2?2, —x ?; gh, 


for some constant Eg. By Lemma 9.6.1, the coefficient of z° in A(z,z,q) 
is equal to h(x,q). As for the coefficient of z? in Q(z,z,q), we recall that 
from (9.6.3), 
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1 
Q(z, x, q) = z 5 sg(n)(—1)”q tD +On+1)m uan HL npe pt 
sg(n)=sg(m) 
_ ; 5 sel 18g HIF EnH ge 28d eee 


sg(n)=sg(m) 


If sg(n) = sg(m), then n+m+ 1 is either < —1 or > +1, and so the coefficient 
of z° in Q(z, x, q) is 0. Thus, by (9.6.7), we conclude that Eo = h(x, q). 


We now consider nine further functions defined in terms of theta quotients. 
First, for |g| < 1 and 1 € m < 4, define 


GZ, 9) :— Gm(2z) = am(z)2" f (2g? ^, 2 9919 7m), (9.6.9) 
where 
d(a^; q?)cc (q^; q' Jofa -) 
a =a = 9.6.10 
1) = aala) F(a, Jd er 5 l ) 
and (q? 5) (qt? 10) K 4 €) 
qq )s (aq 4 of, —4 
a2(q) = aa(q) := : 9.6.11 
ala) = asta) J5-9mnt-5247) l ) 
Next, we define, for 1 < m < 4, 
Hm (2,4) := H(z) :— 2q2A(z?, q”, g") (9.6.12) 
and 
5. ,543 5,5 ,—545Y£(. 410 | ,—10,20 
CACO dietus td id EMG ACC FC P d ) (9.6.13) 
(gts gna (00; 9 oa f(—25,—2- Pg?) 
By (9.6.1), for 1 € m € 4, we note that 
5.,543 f(. ,D,m | ,—5,b5—mY£(. 45 . ,—5,10 
H(z) =2q2 4 Ki Jæ fl BUM MC P ) (9.6.14) 
vd )fi-2 9.0) f(i-29, 2-98?) 
Lemma 9.6.4. For |g| < 1 and 1 € m & 4, 
Ga(zq?) = —27 Ga (2) (9.6.15) 
and 
Guile) = 27 Gs uz). (9.6.16) 


Proof. These functional equations follow from applications of (9.3.5) 
and (9.3.6) to the definitions in (9.6.9)-(9.6.11). 
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Lemma 9.6.5. For |g| < 1 and 0 € m < 4, 
H,,(2q7) =—27° H4) (9.6.17) 


and 
Haz) es Heals), (9.6.18) 


where we use the convention that H5(z) = Ho(z). 


Proof. The functional equations (9.6.17) and (9.6.18) follow from applications 
of (9.3.5) and (9.3.6) to the definitions in (9.6.12) and (9.6.13). 


Lemma 9.6.6. For 0 € m < 4, the residue of Hm(z) at Çq, where Ç is any 
fifth root of unity, is equal to 


2gmetig? 
perd 


Proof. For 1 € m < 4, the required residue, by Lemma 9.4.1, is equal to 
Jim (2 — 6a) Hu (2) = 24(60)" (4554). 
FOCA) a, (Ca) ^4? )f(— (6a), — (6a) ^q?) ca 


x 


oO Ce dj 5(q*; @°) 3, 
acmtlg i 5+m ,-q ") 
i 5f (-q Z 
2gmtlq 2 
= ~p ; 
as claimed. 


Lastly, for m = 0, by Lemma 9.4.1, 
lim (z — Çq) Ho(z) 
z—6q 


gia 5) Fea a eg) wr (s eu) wv). ca 
(9105 aC et i )c0 big sq». 


26g" 
5 ? 


and so the proof of our lemma is complete. 


Lemma 9.6.7. Let |g| < 1 and suppose that k is an arbitrary integer. Then 


XO Ha(-q*) = 0. (9.6.19) 
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Proof. For 1 < m < 4, from the definition (9.6.12), we easily deduce that 


Hs-m(z) _ 29m f(-25q 7m, —z-8g™) 
Hm(z) — z"f(—-zqm,—z-5q9-m) ^ (9.6.20) 


We now apply (9.3.5) with z replaced by x 
We then find that 


f(z m 5 B-my = lok? —5k+2mk ,—10k p(.—.,—8 l0kkm | 5 ,5—-m— He 


q”, q replaced by q”, and N = 2k. 


q ,—724q q »>—*% | 
(9.6.21) 
Now, if we set z = —q" in (9.6.21), we find that 
fag”, a a F(—a Fg, ag), p 
Thus, by (9.6.20) and (9.6.22), if z = —q*, we deduce that 
As_m(z) = E 
Hm(z) : 
Hence, (9.6.19) follows immediately. 
We now define 
4 4 
W(z,q) := W(z) = D(z) - M, G«(z) - M, Ha(2), (9.6.23) 
m=1 m=0 


where D(z), Gm(z), and H,,(z) are defined, respectively, in (9.3.1), (9.6.9), 
(9.6.12) (for m > 1), and (9.6.13) (for m = 0). Our objective in the next 
few pages is to show that, in fact, W(z) = 0. This will provide the neces- 
sary decomposition of D(z) to provide essential representations of ¢19(q) and 
V1o(q). 

For convenience, we now restate the Atkin and Swinnerton-Dyer Lemma, 
Lemma 6.5.3. 


Lemma 9.6.8. Let f(z) be an analytic function of z, except possibly for a 
finite number of poles in every annulus 0 < rı € |z| € r2. Suppose that for 
certain constants A #0 and w, with 0 < |w| < 1, and for some integer n 
(possibly positive, 0, or negative) that 


f(wz) = Az" f(z), (9.6.24) 


identically in z. Then either f(z) has m more poles than zeros in |w| « |z| € 1, 
or f(z) vanishes identically. 


Furthermore, we require Lemma 7.2.3, which we again restate for conve- 
nience. 


Lemma 9.6.9. If n is a positive integer, 0 < |g| < 1, and z z 0, then 


n—1 


p y q*C- 1)/2 e f((— Lig eng qp Agni Hana cR 
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Lemma 9.6.10. The function W(z) is analytic except for a finite number of 
poles in every annulus 0 < rı < |z| € ra. Furthermore, W (z) is analytic for 
|q?| < |z| < 1 and satisfies the functional equation 


W(zq?) = —z 9W(z). (9.6.25) 


Proof. The assertion about the poles of W(z) follows from the fact that, 
by (9.3.2), (9.6.9), (9.6.12), and (9.6.13), the only possible poles of W(z) 
occur as simple poles at z = (q^, where ¢ is one of the five fifth roots of unity 
and k is any integer. 

In the annulus |q?| < |z| < 1, we note that the only possible poles occur 
at Çq, where Ç is any fifth root of unity. If ¢ Z 1, then, by (9.3.2), D(z) is 
analytic at Çq. From its definition (9.6.9), Gm(z) is analytic for all z # 0. By 
Lemma 9.6.6, the residue of Ho(z) +--- + H4(z) at Cq is 


4 m 
AE 


m=0 


Thus, for ¢ 4 1, W (z) is analytic at z = Cq. 
At z = q, Lemma 9.4.3 tells us that the residue of D(z) equals —2g?. 
Moreover, by Lemma 9.6.6, the residue of Ho(z) + --- + H4(z) is equal to 


Hence, from (9.6.23) and the two foregoing calculations, we conclude that 
W(z) is analytic at z = q. 

Finally, (9.6.25) holds, because by (9.3.3), (9.6.15), and (9.6.17), all of the 
functions on the right-hand side of (9.6.23) satisfy this functional equation. 


By Lemma 9.6.11, to show that W (z) is identically equal to zero, we need 
only prove that W(z) has at least 6 zeros in the annulus |g?| < |z| < 1. The 
following lemmas are devoted to this goal. 


Lemma 9.6.11. We have W(—1) = 0. 
Proof. By (9.3.1) and (9.6.13), it is clear that 

D(—1) = Ho(-1) = 0. (9.6.26) 
By Lemma 9.6.7 with k — 0, 


A 
S Ba) et (9.6.27) 


m=1 
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By (9.6.9)-(9.6.11), 


= (—ai(q) + aa(q)) f (a^, 4°) + (a2(q) — as(a)) f (a^, qf) 
= Q. (9.6.28) 


Hence, by (9.6.23) and (9.6.26)-(9.6.28), we conclude that W(—1) — 0. 


Lemma 9.6.12. We have W(—q) = 0. 
Proof. Again, by (9.3.1) and (9.6.13), we observe that 
D(-q) = Ho(-4) = 0. (9.6.29) 


By Lemma 9.6.7 with k — 1, 


XO Ha(-a) = 0. (9.6.30) 


For our next calculation, we will need two applications of the basic identity 
[55, p. 34, Entry 18(iv)] 


f(a, b) = ani *0/25n(—07? F(a(ab)”, b(ab)-"). (9.6.31) 
Hence, by (9.6.9)-(9.6.11) and two applications of (9.6.31) with n — 1, we 
find that 


4 


A 
$5 G«(-4) = » o (a) f (q**5, 8) 


m=1 m=1 


= —qai(q)f (d^, q^) + a^a» (q)f (q. a?) 

— gazla) f(t, q^) + a*a4(q) f (a ^, q) 
= (—ai(q) + a4(q)) af (d, a") + (a2(q) — as(q)) d? f (a; a?) 
=0. (9.6.32) 


Therefore, by (9.6.23), (9.6.29), (9.6.30), and (9.6.32), we conclude that 
W(-q) =0. 


Lemma 9.6.13. We have 


W(q!/?) = W (°?) = 0. (9.6.33) 


Proof. We first examine W(+q'/?,q). Suppose instead that we prove that 
W (—x, x°) = 0. Then if we make the change of variable x = +,/q, we obtain 
+,/q,q) = 0. We shall adhere to our convention of keeping q as the variable 
and show that W(—q, q?) = 0. 


z 
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By (9.3.1), we see, by inspection, that 
D(-4, q^) = 0. (9.6.34) 
If we replace z by —q and q by q? in (9.6.20), we find that, for 1 < m < 4, 
Hs—m(—4@, 42) B go-2!” f (g15-2m. g2m-5) 
Hm(—4, 7) pega) 


where we applied (9.6.31) with n = 1 to the denominator above. Hence, it 
follows that 


= 1, 


XO Hm(-4, 4") = 0. (9.6.35) 


m=1 
Thus, so far, by (9.6.23), (9.6.34), and (9.6.35), we have shown that 
4 


W(-4,4") =- >) Gm(-4, 9°) - Ho(—-4, 4"). (9.6.36) 


m=1 


By (9.6.9)-(9.6.11), 


4 
XO Gm(-a P) = -aai(q?) F, a!) + Par?) (q^, a?) 
mci 


— gazla) f(a) + taala) f (a a?!) 
= —qar(q*) (f(@’, T= Tu) 
+ q^as(q^) (F, a) — af(q?, q7)). (9.6.37) 


Note that the identities 
f, è) = F, a) - d f(-a 1, Q7) 
and 4 7 13 3 17 
fa, =°) = f(a',.a^) ^ af(a.a *) 
follow by splitting the series on the left sides into odd indexed terms and 


even indexed terms. Using these identities in (9.6.37) and then employing 
Lemma 9.2.1, we deduce that 


4 
So G«(7a,d) = -aa(4?) f (d^, -@°) + a2) f (-a, —a*) 


-— d (a^:q eo f(-d,-a?7)f(-a 5, =) 
(q?9; a°?) (q*0; "oo f (q9, 2) 


= —Ho(-4. q^), (9.6.38) 
by (9.6.13). Using (9.6.38) in (9.6.36), we conclude that 
W(-4q, q^) = 0, 


which, by the first paragraph of our proof, is what we needed to prove. 

To prove that W (+q3/ ?) = 0, we make the same change of variables as we 
did above and then apply the functional equation (9.6.25), remembering that 
when we made the change of variable, q was replaced by q?. 
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All the pieces are now in place to prove our main lemma. 


Lemma 9.6.14. If z is neither 0 nor Cq", where C is a fifth root of unity and 
k is any integer, then 


4 4 
= M Ga(z a) V. Ha(z.Q). (9.6.39) 
m=1 m=0 

Proof. By (9.6.23), W(z) is the difference of the two sides of (9.6.39). We 
have shown in Lemmas 9.6.11-9.6.13 that W(z) has at least 6 zeros in the 
annulus |g?| < |z| < 1. Applying Lemma 9.6.8, we conclude that W(z) is 
identically equal to 0. 


9.7 Central Identities for Vo(q) and $1o(q) 


Theorem 9.7.1. Recall that i19(q) is defined in (8.1.2). Then 
yola) f (-29q^, —2 9g?) 
= ai(a)f(-zd^,—z ^q) + 24A(25,a, d) - 2aQ(z^,q, q^), (9.7.1) 


where aı(q) is defined in (9.2.6), A(z,x,q) is defined in (9.6.1), and Q(z, x, q) 
is defined in (9.6.3). 


Proof. By (9.5.1) and (9.6.3), 
Di(z5) = piola) f (—250°, —2 55) + 24Q(25, q, 9°). (9.7.2) 
By Lemma 9.6.14, (9.6.9), (9.6.10), and (9.6.12), 


Dy (2°) = —2~" (Gi(z) + H1 (2)) 
= a (a) f (=g, —27°q®) + 2gA(z°, q, g"). (9.7.3) 
Comparing (9.7.2) with (9.7.3) yields (9.7.1). 


Theorem 9.7.2. If h(x,q) is defined in (9.6.2), then 


piola) = ai (q) + 2qh(q, q?). (9.7.4) 


Proof. The identity (9.7.4) follows immediately from combining (9.6.6) 
and (9.7.1). 


Theorem 9.7.3. Recall that ¢10(q) is defined in (8.1.1) and that ag(q) is 
defined in (9.2.7). Then 


Z , 
zs aa(q)f (54^, -z q) 25 2gA(z”, qT, q) = 20Q(z, q^ g^). (9.7.5) 
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Proof. By (9.5.2) and (9.6.3), 
Do(z°) = piola) f (—2?a*, 2 4) + 2gQ(z”, q^, q7), (9.7.6) 


and by Lemma 9.6.14, (9.6.9), (9.6.11), and (9.6.12), 


D3(z°) = z^? (Ga(z) + Ha(z)) 
= ax(a) f (—2?q*, —2 ?q9) + 2gA(z°, q^, q^). (9.7.7) 


Comparing (9.7.6) with (9.7.7) yields (9.7.5). 


Theorem 9.7.4. With $1o(q), a2(q), and h(x,q) defined in (8.1.1), (9.2.7), 
and (9.6.2), respectively, 


10(q) = a2(q) + 2qh(q?, q?). (9.7.8) 


Proof. The identity (9.7.8) follows at once from (9.6.6) and (9.7.5). 


| Check for | 


1 0 | updates 


Tenth Order Mock Theta Functions: Part III, 
Identities for x10(q), Xio(q) 


10.1 Introduction 


This is the second chapter in a three chapter odyssey devoted to proving 
identities (5) and (6) from page 9 of Ramanujan's Lost Notebook [232]. The 
developments in this chapter are parallel to those in Chapter 9; so this will 
afford some brevity in the presentation. Following Y.-S. Choi [106], we shall 
be considering 

S10(q) := a (2 — x1o(9)). (10.1.1) 


Our treatment closely follows that of Choi. The only significant alteration 
is in the proof of Lemma 10.2.1. The primary results in this chapter are 
Theorems 10.7.2 and 10.7.4. 


10.2 A Preliminary Lemma 
Lemma 10.2.1. Recall that f(a,b) denotes Ramanujan’s ubiquitous general 


theta function defined in (9.2.1), and that (q) = f(q,q) and v(q) = f(q,q?). 
Then 


(10.2.1) 


and 


(10.2.2) 
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ud uu ula sg uro) 
ni) Fog Pa) oe 


and 
(aë; a) (01°; Goof (—a. —a^) 
f(-q*,-q9)f(-d^, =°) 

Proof. We rely here on a number of the basic results used in proving 
Lemma 9.2.1. In particular, we shall rewrite (10.2.1) and (10.2.2) in terms of 
the Rogers-Ramanujan functions G(q) and H(q) given in (9.2.3) and (9.2.4), 
respectively. Thus, using (9.2.3) and (9.2.4), we find that (10.2.1) can be recast 
in the form 


bo(q) = (10.2.4) 


HEP Jos (2 9; a oa G(g 
(q^; q?)s H (g? 
, d (a5; E); goo H (g) (—a; —@) oo H (—a) 
i (973 0?) G (0? 
2q(q"°; q19)5, (05) (4°) 
yla )p(—4ë) f (1, q1?) 
and that (10.2.2) can be put in the form 


, (10.2.5) 


(10.2.6) 


( 
If we multiply (10.2.5) by 


(Pig as 
eid ola "eg sl —4) o 


with the use of (9.2.9) and (9.2.10), what remains on the left side is 


(tP) ol) | (aa) (10.2.7) 
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where we invoked Entry 8.3.3 in [34, p. 222, equation (8.3.4)] and employed 
the simple identity 


(10.2.8) 


which is easily deducible from (9.2.3) and (9.2.4). 

Now that the two terms on the left side of (10.2.5) have been reduced to a 
single term of infinite products, we may directly (but, unfortunately, tediously) 
deduce (10.2.5), and hence also (10.2.1), by simplification of infinite products 
with the help of the Jacobi triple product identity (9.2.1) and (9.2.12). 

Finally, if we multiply both sides of (10.2.6) by 


Caer 
Carag ast wre’ ate gr us 


with the use of (9.2.9) and (9.2.10), what remains on the left side is 


G(g)H(g) | H(g)G(a* 
H(q?)H(q)  G(q?)G(q) 
_ Gi) (ae (a: g?) ) H(q) ( Gla) (GP) ) 
H(q) NG(—) (a5; q") G(q) X H(—-4) (4°34? )oo 
— (GP )oo (G(q)H(—-a) - H(a)G(C—a)) 
(gigs G(—-q)H (-4) 
(a;d^)ss 2qv(q9) (—a;—a)s 


(Fd) (W: Pe (Cd d) re 

where we invoked Entry 8.3.21 in [34, p. 225, equation (8.3.24)] and (10.2.8). 
As before in (10.2.7), we have collapsed the two terms on the left side 

of (10.2.6) into a single term of infinite products. Thus, we may directly 
deduce (10.2.6) and thus (10.2.2) by simplifying the products with the help of 
the Jacobi triple product identity (9.2.1), (9.2.12), and (9.2.14). The reduction 
is straightforward but tedious. 


10.3 Xio(q) and Sio(q) as Coefficients 


In Chapter 9, we studied a function which we denoted by D(z), defined 
in (9.3.1); in this chapter we focus on an analogue 


i, neds -1 qe Ad 
ee E zf(-z,—2 'q Mea 12 EU q) (10.3.1) 
f(—z407 72 q ) 
We note that E(z) is meromorphic except at z = 0, with simple poles at 
z = q?**! for each integer k, which can be seen from applying the Jacobi 
triple product identity (9.2.1) to the denominator f(—zq-!,—2-!q?). 
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Lemma 10.3.1. The function E(z) satisfies the functional equations 
E(z7!) = —2-* E(z) (10.3.2) 


and 


E(zq*) = 2° E(2). (10.3.3) 


Proof. Asin the proof of Lemma 9.3.1, we utilize (9.3.5) and (9.3.6) to show 
that the left sides of (10.3.2) and (10.3.3) are identical with their correspond- 
ing right sides. 


We restate Lemma 9.3.2 here for convenience. 


Lemma 10.3.2. For |g| < |x| < 1 and |q| < |y| < 1, 


TSTS __ (a; q)à, f (7xy, —a/(xy)) 
M sg(r)styq = ee cam E d (10.3.4) 


r,s=— 00 


sg(r)=sg(s) 
Theorem 10.3.1. For |g| < |z| < 1, 


Xio(q) is the coefficient of z in the Laurent series of E(z) about z = 0, 
(10.3.5) 


and 


Sio(q) is the coefficient of z? in the Laurent series of E(z) about z = 0. 
(10.3.6) 


Proof. From (9.2.1), we note that 
(z,q*/z) = 5 gies. (10.3.7) 
i—-—oo 


In Lemma 10.3.2, replace both x and y by z/q, and replace q by q?. Accord- 
ingly, 


(q^; q?)2,f(—2?q7?, —z 3g) o 2rs—(r--s) ,r--s 
eT Vp 25 04 grts, (10.3.8) 


sg(r)-sg(s) 


Lastly, by manipulating the Jacobi triple products (9.2.1) for the theta func- 
tions below, we can check that 
f(-2g *, —z ?q*) = f(—z, —-z 1q?)f(zq^, z iq?) (10 3 9) 
f'(-2q !,—x-q)  (ma)es(q 8?) f (720 *,—2-1q?) 
Consequently, by (10.3.7)-(10.3.9) and the product representation (9.2.14) for 
vq), 
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zi (a)f(—2,—2 aM Ga aos atq) 
[EET 


=z 5 sg(r)g?*- (r*9)7rts 5 q? 70 st. 


T,S——oo i-—-—oo 
sg(r)—sg(s) 


V(q) E(z) = 


Now, by (8.3.22), Xio(q) is the coefficient of z in the Laurent expansion 
of E(z) about z = 0, and by (10.1.1) and (8.3.19), we see that S1o(q) is the 
coefficient of z? in the Laurent expansion of E(z) about z — 0. 


10.4 The Appell-Lerch Series L1(z) and Mi(z) 


Just as E(z) is playing the role that D(z) played in Chapter 9, so now we 
examine Li1(z) and Mi(z), the analogues of L(z) and M(z) in Chapter 9. The 
functions L4(z), Mi(z), and Vi(z) are defined by 


oo 10n(n+1)+1,5n+5 oo 10n(n+1)41 z5n+5 
" q Z q 
LG)- $i p pem o 0041) 
o9 10n(n+1)+1,—5n eS umm —5n 
"E q Z q z 
Mi(z) = 2 Ta pÈ Gogy (10.4.2) 
and 
Vi(z) := E(z) — In(z) + Mı (2), (10.4.3) 


where E(z) is defined in (10.3.1). 
As in the preceding chapter, R(f(z);a) denotes the residue of f(z) at 
z=a. 


Lemma 10.4.1. We have 


R(E(z)q) = —2q^, (10.4.4) 

R(E(z); ?) = —2q*, (10.4.5) 

R(a (2) — E = —24?, PS 

R(Ii(z) - Mi(2); à?) = -2q^, (10.4.7) 

Vi(z) = E(z) — Li(z) + Mi(z) is analytic at z = q and q*. (10.4.8) 


Proof. Each of the first two assertions follows from applying the Jacobi triple 
product identity (9.2.1) to each of the theta functions appearing in the def- 
inition (10.3.1) of E(z). The third and fourth residues are much easier to 
calculate than the first two and follow easily from the definitions (10.4.1) 
and (10.4.2). Assertion (10.4.8) follows directly from (10.4.4)-(10.4.7). 
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Lemma 10.4.2. The function Vi(z) is analytic at z = q and satisfies the 
functional equations 
Vi (271) = 29V (2) (10.4.9) 


and 
Vi (zq*) = z ®Vi (2). (10.4.10) 


Proof. By Lemma 10.4.1, Vi(z) is analytic at z = q. Also, by (10.4.1) 
and (10.4.2), 


10n(n+1)+1,—5n—5 9o 10n(n+1)+1,—5n—5 


-1y) _ q i q = o5 
Iie) = 25 ] - qti] | > 1 — gin3z-1 = 2 M) 
(10.4.11) 
and 
oo 10n(n+1)+1,5n oo 10n(n+1)+1 ,5n 
Sja q Z q 2E 7 ,—5 
Mi(? )- p 1— qz + 2 1-gq^3 z Li) 
(10.4.12) 
Hence, 
Li(z ')- Mi(z !) = —27? (Li (z) — Mi(z)). (10.4.13) 
Next, using (10.4.1), we see that 
oo 10n(n+1)+1,,20n+20 ,5n+5 oo 10n(n+1)+1,,20n+20 ,5n+5 
q q Z q q z 
Li(zq*) = 5 1 4n4-5 f 4n+7 
n--—oo =q d n-—-—oo 1- q s 
B > gion(n—1)+1 9200 ,6n n c9 qiln(n—1)+1920n 25n 
= 1— giant, Le qint3z 
ss Tuy (10.4.14) 
Also, using the definition (10.4.2), we find that 
oo On(n+1)4+1,—20n ,, —5n oo 10n(n+1)+1,—20n ,—5n 
Ay q q d q q Z 
Mi (zq ) Es 2 t= q^^-3z-l ue pai 1— gfn-lz-1 
B 29 q On(n—1)+1,—5n Se gi0nin—1)-H1,—-5n 
B E 1— qgir-3z-1 ^ p» 1 — gin-lz-1 
B ` q On(n+1)+1,—5n—5 Bo gO 485-6 
= pi. Lager j Eu 1 — gint3z-1 
= 25M, (2). (10.4.15) 


Finally, by (10.3.2) and (10.3.3), (10.4.13)-(10.4.15), and (10.4.3), we conclude 
that (10.4.9) and (10.4.10) hold. 
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By the final assertion of Lemma 10.4.1 and Lemma 10.4.2, we conclude 
that Vi(z) is analytic at z = q?**!, for each integer k. Thus, V; (z) is analytic 
for all z 4 0 and thus possesses a Laurent series expansion about z = 0. 


Lemma 10.4.3. Let 


Se AO (10.4.16) 


Then 
Vi(z) =v (zf (t, z g^j- 24 f (z 5g 16 8C q^) 
+ va (2° fled, 275g?) — Tau 2 a) . (10.4.17) 


Proof. We apply the second portion of Lemma 9.4.2 from Chapter 9 with q 
replaced by q^, C = 1, and n = 5. Observe that if we utilize the Jacobi triple 
product identity (9.2.1), we may easily show that 


e.g es) E ZU q929) -— 0. 


Hence, from the second part of Lemma 9.4.2, we readily deduce (10.4.17). 


Lemma 10.4.4. If vı and v2 are defined by (10.4.16), then 
vı = Xio(q)-2 and | v9 — Sio(q) — 2q- «. (10.4.18) 


Proof. Let us assume that |g?| < |z/q| < 1. Then |q*"*1z| < 1 if and only if 
n > 0. Also, |g?"*?2| < 1 if and only if n > —1. So, replacing n by n — 1 in 
the second sum of (10.4.1), we find that 


y B oo goer tla oo 1050 1- Lon 
TOLLIS Igt C » 1 — qin-lz 
n-—-—oo n=— o0 
oo oo 
= 5 g Da FLEEL Sn Hae d 5 (g rta 
n-—-—oo m-—-—oo 
sg(m)=sg(n) 
oo oo 
+4 5 qn (n7 DH 5nsg(n) 5 (gn tay 
n=— 0 m=— o0 


sg(m)=sg(n) 


E y sg(n)g 0n" H1)+1+(4n+1)m „5n+m+5 
sg(n)=sg(m) 
+ Y Gg ee I ee, (10.4.19) 
se(n)=sg0m) 
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In the first sum of the last equality, the fact that sg(n) = sg(m) implies that 
either 5n 4- m -- 5 > 5 or 5n+m+5 € —1. Similarly, in the second sum, either 
5n -F m > 0 or 5n 4- m < —6. Hence, the coefficient of z in L1(z) occurs in the 
second sum for n = 0,m = 1 and is equal to 1. The coefficient of z? in L1(z) 
arises in the second sum for n = 0,m = 2 and is equal to q^ !. 

Next, we consider Mi(z). Note that |g4"*!z-!| < 1 if and only if n > 1, 
and |q?^*32-1| < 1 if and only if n > 0. Replacing n by n +1 in the first sum 
n (10.4.2), we find that 


o ids Lind: ANN 10n(n+1)+1,—5n 


q L 
My(z) = > 1— qind$z-1 33 qi t3z-1 
n=— 00 n=—00 
oo oo 
= 5 ge ee Pap (i) 5 (mm 
n--—oo m=— 00 


sg(m)=sg(n) 


oo 


+ 5 qir (D) ,-ngg (a) 5 (gre 


n=— 00 m--—oo 
sg(m)=sg(n) 


= 5 sg(n)q OO +DO+2+1+(4n+5)m „—5n-m-5 


n,m--—oo 


sg(n)=sg(m) 


E 5 seg et +1+(4n+3)m ,—5n=m, (10.4.20) 
sg(n)=sg(m) 


In the first sum on the far right-hand side, the condition sg(n) = sg(m) implies 
that either —5n — m — 5 € —5 or —5n — m — 5 > 1. In the second sum on the 
far right side above, the implication is that —5n — m > 6 or —5n — m < 0. 
Hence, the coefficient of z in Mi(z) occurs in the first sum for n, m = —1 and 
is equal to —1. The coefficient of z? in Mi(z) occurs in the first sum when 
n = —1,m = —2 and is equal to —q~!. In Theorem 10.3.1, we proved that 
X10(q) is the coefficient of z in E(z) and S10(q) is the coefficient of 2? in E(z). 

Combining all of the observations above on the coefficients of z and 2? and 
recalling (10.4.3), we conclude that (10.4.18) has been established. 


We conclude this section by combining (10.4.3) and Lemmas 10.4.3 
and 10.4.4 into the following theorem. 


Theorem 10.4.1. For |g| < 1 and z neither 0 nor an integral power of q, 
E(z) = (X1o(a) — 2) (2f (245, 279419) — z* f (29919, 2799*)) 


+ (Siola) — 24) {27 f (2548, z 94?) — A f (29412, 2 >a) } 
+ Tata) — Mı (2). (10.4.21) 
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10.5 Five-Dissection and Reformulation of E(z) 


We see from Theorem 10.4.1 that to obtain a five-dissection of E(z), we need 
to obtain five-dissections of L1(z) and M,(z). Returning to the definitions of 
Li(z) and Mi(z) in (10.4.1) and (10.4.2), respectively, we see that our goal is 
easily achieved once we observe the elementary identities 


1 = 1 * (4n--h)j „j 
1— ginthz m qe q20n-F5h 25 = q 
and 4 
l _ k yq 6-9 
1— ginthz-l 1 qa0nt5h 7-5 E d 


Thus, by Theorem 10.4.1 and the employment of the identities above in 
the representations Li(z) and Mi(z) from (10.4.1) and (10.4.2), respectively, 
we find that 


4 
E(z) =X Bj(2°)24, (10.5.1) 
j=0 
where 
Ei (25) = (X10(q) — 2)f (254, z 9419) (10.5.2) 
Pe gioninti)+1+ (antl) g5n+5 ee qion(nt1)+1+(4n+8) ,5n- ES 
T p» 1 — q20n-5 25 + 1 — q20n+15 25 
n-—-—oo n-—-—oo 
Y g 0n (n1) LE (16n-+4) ; -5n-5 O glOn(n+1)+1+(16n+12) ,—5n—5 
— g20n+5 4,—5 — g20n+15 7—5 , 
yee 1 — q??n*»z ps 1 — q4nT157 
Eo(z°) = (Siola) — 2q7") f (2*4, 24?) (10.5.3) 
29 qion(n+1)+14 (8n+2) gond5 99 gidn(nt+1)+1+(8n+6) 25n+5 
+ »» 1 — q20nt5 25 1 — q20n415 25 
n-—-—oo n-—-—oo 
© gionint1)+1+(12n+3) „—5n—5 gidn(ntt)+1+(12n+9) ;—5n-5 
B 1 — g20n+5 2-5 1 — q20n+15 2-5 : 
n=—co TL,——oo 


E3(z°) = —(S10(q) — 2q7*) f (25g, 27°) 


oo g On(n-FD- LE (120-13) „5n+5 oo qidn(nt1)+1+ (12919) gont5 
| | 
i 1 — q20n+5 75 i 1 — q20n+15 25 
n=—Co n=— Co 
o9 qida(nt1)+1+(8n+2) ;5n—5 eS g On (n+1)+1+(8n+6) y—bn—5 
2 1 — q2on457-5 1 — quon+15 7-5 , 


T;——oo n=— Co 
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E4(z°) = —(X10(q) — 2f (2245, 2°") 


Gs qO (n1) +1+(16n+4) jn Saad g On(n-ED)- 1L (164-12) „5n+5 
| 
| D 1 — q20n45;5 + 1 — q20n41575 
n=— 00 n=— 0 
Q g 0n HL-ELE(4n- 11) ,—9n—-5 oo g On in-FD-ELE(4n- 3) „—5n—5 
2 ] — q2ond5-5 ] — q20n3157-5 , 
n=—oo n=—co 
and 
oo oo 
Bo (25) B gOnio-FL)-H fon ES " q0 (n+1)+1,5n+5 
P ] — q20n45 25 p ] — q20n41555 
sgt 29 glOn(n-F1)- H1 ,—5n—5 3 oo q0 (n+1)+1 z—sn—8 
> j ] — q20n45 2-5 25 ] — q20n415 7-5 
n-—-—oo n-—-—oo 


10.6 Further Decomposition of E(z) 


We require the three functions 


Bids (°; g?) f (207, —2 1x ?q?)f(e, 2 1^) 


10.6.1 
(overt =e, 3 SUED 
1 o9 gn On) 
k(x, q) :— Hae 22 1-ges (10.6.2) 


a 1 oo gan (1) ginti nl 1 oo q?n (n1) y4n-8 n1 

ES »» 1 — qti 2 1 — gin t3z 
n=—0o n=—0o 
1 oo ge VETE) rie tert cnr 1 oo qn F3)E8,,4n—8 ,—n-1 
2 f= g rtig- 2 5 pe g^ t3z7-1 


n=—Co n=—Cco 


(10.6.3) 


Clearly, as functions of z, B(z,x,q) and P(z,x,q) are meromorphic for z Z 0 
with simple poles at z = q?"*! for each integer n. 


Lemma 10.6.1. For 0 < |q| < 1, and x neither 0 nor an integral power of q, 
k(x,q) is the coefficient of z° in the Laurent series expansion of B(z,x,q) in 
the annulus |g| < |z| < 1. 


As in the previous chapter, we shall use the notation 


oo 
[27] 5 anz” = aj. 
n=0 
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Proof. By (10.6.1), (10.6.2), and Lemma 10.3.2, with z, y, and q replaced by 
z?, z/q, and q?, respectively, 


1 oo 
iil Es p» 1 BE H geet) ys 
= [20 e sc "a yos i gt) 


v(g)mf(—2?,—»- *q*)f(-39 !,—2-!q*) 
= [22] B(z, x, q). 


Lemma 10.6.2. The function P(z) satisfies the functional equation 
P(sg"-—z's P, (10.6.4) 
and has the residues 
R(P(z);q) = —x^!q and R(P(z); à?) = -z^3g*. (10.6.5) 
Proof. From (10.6.3), 


"2 1 oo gant +4(n+1) 74n+1 ,n+1 
Plzq’) = 5 > 1— qint5z 
n=— 00 
1 PS qe AHIHI) g4nt3 nl 
t3 2. 1— qz 
n--—oo 
1 oo q?” (n+3)+1 A(n--1) 4, —4n 1,—n-1 
9 > T= g^^-3z-1 
n--—oo 
1 o q?nin-F3)t8 4(n-F1)4,—4n—3,—n—1 
ED 2. I — qin-1z-1 


Replacing n by n — 1 in the first two sums above, and replacing n by n 4- 1 in 
the last two sums, we find that 


oo 2n(n-4-1),.4n—3 n oo 2n(n--1),.4n—1 n 
x Z 1 x z 


1 q q 
Ay f 
Hem je 2 2, 1— gintlz 2 2s 1 — gin t3z 


99 2n(n+3)+1 p—4n—5 ,—n—2 


1 q 
2 >, l1 g^ ^tlz-l 


29 2n(n+3)+3 p—4n—-7 ,—n—2 


F3.—1 
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as desired. 

The poles at z = q and z = q? are simple, and so the residues can be 
simply calculated. Note that two series have simple poles at z = q, and the 
remaining two series have simple poles at z = q?. 


Lemma 10.6.3. Recall that B(z,x,q) is defined in (10.6.1). Then 
B(zq*,«,q) = z 1x *B(z, 2, q) (10.6.6) 
and 
R(B(z,2,q);q) = x !|q and R(B(z,z,q);¢°) = —z~q?. (10.6.7) 


Proof. By (9.3.5), or by the elementary manipulation of products arising from 
the Jacobi triple product identity (9.2.1), we deduce that 


(a; o f (—22?q?, —2- 1» q+) lgt) 


B(zq*,2,q) = 
(409 — Qa f(a, a TC eds 21) 
(iat) e? f(-22)q 1,27 1 Pe 1 f (n, 2-70") 
V(g)zf(—2?, —7?q?)z ? f(-2q-!, —2-1q3) 
—z iy *B(z,c,q), 
and hence (10.6.6) has been shown. 
By Lemma 9.4.1 with a = 3, b = —1, m = 2, and k = 1, 
2.02)8 f(—32,—g- 282 P = 7 


plaje f (=x, —x7?q?) CHL RES 


Applying Lemma 9.4.1 once again with a = 3, b = —1, m = 2, and k = 0, and 
using (9.2.1) or (9.3.5) to simplify, we deduce that 


Cem imc Xm Em iE p 


ved V — g 
RB) 0) = Qe) DE 
(qua) TMCa-m)(e) — d 
vinef(—-z*,-s-*g^) (Core 
= re. 


Thus, the residues in (10.6.7) have been verified. 
Theorem 10.6.1. For |g| « 1 and x neither 0 nor an integral power of q, 
B(z,2,q) = f(zz* 2712744") (kle, q) — 271) + P(2), (10.6.8) 


where k(x,q) and P(z) are defined in (10.6.2) and (10.6.3), respectively. 
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Proof. We begin by defining 


F(z) := B(z,2,q) — P(z). 


Note that B(z,x,q) and P(z), as functions of z, have simple poles at z = q?"*! 
for every integer n. By Lemmas 10.6.2 and 10.6.3, F(z) satisfies the functional 
equation 


F(q*z) = x iz *F(z), (10.6.9) 


and, owing to the identities of the residues of B(z,x,q) and P(z) at z = q 
and z = q? from (10.6.7) and (10.6.5), respectively, and to the identities of 
the residues at their further poles from the functional equation (10.6.9), we 
conclude that F(z) is analytic in z for z Z 0. Thus, F(z) has a Laurent series 
expansion 


F(z) = 5 Faz^, z z- 0. 


Applying (9.4.5) from Lemma 9.4.2 in Chapter 9, we deduce that 
F(z) = Fof (zaf, 2712744). (10.6.10) 


Now for |g| < |z| < 1, the coefficient of z° in B(z,x,q) is k(x,q) by 
Lemma 10.6.1. We determine the coefficients of z? in each of the four series 
comprising P(z). Let us examine the first sum from the definition of P(z) 
in (10.6.3), namely, 


1 oo gan (1) ginti n1 


2 1 — girtlz 


oo 


== Y sg(n)gnetne Grm gant eem 


sgln)=sg(m) 


If sg(n) = sg(m), then n +m + 1 is either € —1 or > 1. Thus, the coefficient 
of z? in this first sum of (10.6.3) is equal to 0. Similar arguments can be made 
for the three remaining sums in (10.6.3). The coefficient of z? in both the 
second and third sums is £71, while the coefficient of z° in the fourth sum 
is 0. Hence, 

Fo = k(z,q) — 27", 


and consequently (10.6.8) has been proved. 


We now define two sets of functions that will eventually be components of 
E(z). For 1 € m < 4, define 


In(2,q) = Im(2) := bu(a)2" f (22g, z ge“), (10.6.11) 
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where 
= (a: a? )co (a 9: 7 loo f (79^, — 9°) 
EQ f(-5-2)fl-c,-0) bas. 
m (a5; Č) (q1^; a°) f (—a, —a*) 
m) = 0) = — e s =a) F(a, e) id 
Define 


2d (a sa fana ye yr, 7 Pg) 
V(a?)e(—-q9)f (—29q^ 5, —2 9415) l 


Furthermore, for 1 < m < 4, define 


Jo(z,q) := Jo(z) := 


(10.6.14) 


Jana Jule) := 202" Be" qu (10.6.15) 
where B(z,x,q) is defined in (10.6.1). It follows that, for 1 < m < 4, 
Jm(2;q) := Ja (x) 


B ogam CRA f(- gegen 5 eg f (25, ea) 
t plq 5\q m f(—q 2m, e" q19- am) f(—289—5. —2—8g18) 


Lemma 10.6.4. Recall that L,,(z) is defined in (10.6.11). For |g| < 1 and 
1 € m «x4, 


(10.6.16) 


Lalsa ex LG) and Iml )-—-—27* m8. (a). 
Proof. By (10.6.11) and (9.3.5) or (9.2.1), we see that 

In (q^) = ba (q) s" q* f (25t, 279971) = 27 Imz), 
and, by (10.6.12) and (10.6.13), 


Lax )- big )z mit 5 g”, 22979— am) 


= bmn(q )z m f(z 5 re m) gg 4(5 m)) 


= =z f mz). 


Thus, both claims in Lemma 10.6.4 have been demonstrated. 


Lemma 10.6.5. Let |g| < 1. Fori < m € 4, 
Ja (zg*) = z Ju. (z) and Jas T) = =z J5-m(2), 
and for m = 0, 


Jo(zq*) = z-5Jo(z) and Jo(z—-*) = —2-* Jo (2). 
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Proof. By (10.6.15) and Lemma 10.6.3, 
Jm(zq* )- m 2,mg'm Ti Bis g 5,20 Nu a 
= Dee "Bo qu) 


md Jn) 

and by (10.6.16), (9.3.5), and (9.3.6), 

I (271) " ogee img Pg 9 — zg 2m) PC ang 

2 Dig? y F(—0™, =q) f (— rs 

E 2qz7™ (q10; q10)3. [e qim-5z -5)f(— z 5g5- 2m. " g 5gbt?m)z -5 f (a5 zo q) 
_ v(q 5)q m f(—q 2(5— m). —q?m)z ET z5q —5 ,—2- 5915) 

= —x °Is_m(z ). 
For m = 0, by (10.6.14), (9.3.5), and (9.3.6), 

Jud) _ g5(q 10, q19)3, f (a5 qi? Aa ore NR 


We )ve( DN eq", q 5) 
DG ig go 4-900 (z3q 10 Z d ud - 10g 10 f (— z5, —g 8g") 
v(g?)v(—a?)2 WR qug? mE 


= z Jo(z). 
Finally, by (10.6.14), (9.3.5), and (9.3.6), 
299 (a5; q19 2, f (2 9g 719, 25499) f(—275, 25419) 
vig*v m) (8 *q-9, 2g") 
2q (q! 0. ig^. z710 f(z5q 5,4—10 2° gq?) (— z 9f(—2,—z-9g19) 
v(a?)e(—a 5z CHI (=g * ogg) 
= —a > Jo(z). (10.6.17) 


Jo(z*) = 


In conclusion, all four portions of Lemma 10.6.5 have been proved. 


Lemma 10.6.6. Let ¢ be any fifth root of unity. Then, for0<m< 4, 


m+1 „2 
R(Jm(2); 64) = ae (10.6.18) 

and acmttg 4 
RUIm(2); 0g") = —=— (10.6.19) 


Proof. Return to the definitions of Jo(z) and Jm(z), 1 € m < 4, given 
n (10.6.14) and (10.6.16), respectively. Use the Jacobi triple product iden- 
tity (9.2.1) for each of the theta functions appearing in these formulas. It 
is easy to see that Çq and q? are simple poles for all five functions J(z), 
0 € m < 4. The residues for each are simply calculated from the definition 
of a residue at a simple pole. Readers should be warned that some manipu- 
lation of the Jacobi triple products is necessary for the calculations (10.6.18) 
and (10.6.19). 
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Lemma 10.6.7. If |g| < 1 and k is an arbitrary integer, then 


4 
XO Jm(—a*) = 0. (10.6.20) 


Proof. For 1 € m < 4, by (10.6.16), 


ope ig ea) K 5,0—2m 


oo =z q , —g 8g?) f (2°, z 540) 
J5-m(2) Oe ae aa f (—250 eee) 
Jm(z)  2gz™ (g; SF (= 2°? zg") f(z, zg”) 
ie gia =a) f —aeg eg Pg) 
7 jg HM ge 2m, —g 5gimY$) (10 " 21) 
go 2™ f (z5q2m-5, Lz-5g15-2m)' m 
We now use the Jacobi triple product identity (9.2.1) to deduce that 
f(i-2¢ >" Lg 5g mh) i =z g Am F(—2 me Spsg many, 
(10.6.22) 
Employing (10.6.22) in (10.6.21), we find that 
_ z—5g2Mm-5 . ,5,15—2m 
Js-m(z) — _,10-2m f(-£ ^q 17% q (10.6.23) 
Im(2) F(q, —z-5qid—2m) 


We now apply (9.3.5) with z replaced by z-?q?"-5, q replaced by q!9, and 
N — k. Accordingly, 


Fsg, 5 tamam) 


—zbg 
2 ; —2m-— 
= (=1) gF —5k Cee alan E ae SERITUR =g 2 BUR) 
= (-1) gbk’ 10e 2mk , ok Fg ag 5+10k aS d DL (10.6.24) 
We now set z = —q* in (10.6.24) to arrive at 
jig evum rS = qr DET 10 ai pe LAD (10.6.25) 
Setting z = —q* in (10.6.23) and using (10.6.25), we conclude that 
Lak 
PER) 2-1 (10.6.26) 
Equation (10.6.20) now follows immediately from (10.6.26). 
'To conclude this section, we wish to show that 
4 4 
E(z) = M. In(z, a) + V Ja (2.9). (10.6.27) 
m=1 
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To this end, we define 


4 4 
Wi(z,q) = Wi (2) = E(z) - So Im(z,¢) - So Jo (2,9). (10.6.28) 


m=1 m=0 


Our examination of Wi(z) here perfectly parallels our treatment of W (z) 
in Chapter 9, and will utilize some of the lemmas from that chapter in the 
developments here. 


Lemma 10.6.8. The function Wi(z) is analytic in z except for a finite num- 
ber of poles in every annulus 0 < rı < |z| € ra. Also, Wi(z) is analytic for 
\q*| < |z| < 1 and satisfies the functional equation 


W,(zq*) = —2 ?WAi(z). (10.6.29) 


Proof. The assertion about the poles of Wi(z) follows from the fact that 
by (10.3.1), (10.6.11), (10.6.14), and (10.6.16) the only possible poles of W: (z) 
occur for z = (q^, where ( is one of the five fifth roots of unity and k is 
any integer. In the annulus |q*| < |z| < 1, the only possible poles occur at 
Çq and ¢q?, where Ç is any fifth root of unity. If ¢ 4 1, then by (10.3.1), 
E(z) is analytic at z = ¢q. By de 6. a Im(z) is analytic for all z Z 0. By 
Lemma 10.6.6, the residue of $27. o Jm(z) at Çq equals 


acmtt¢? 
5 


m=0 


Thus, for C 4 1, Wi(z) is analytic at z = Çq. 
Finally, at z = q, by (10.4.4) in Lemma 10.4.1, the residue of E(z) at z = q 
is —2q?, and, by Lemma 10.6.6, the residue of 3. x Ja (z) is now 


Hence, Wi(z) is analytic at z = q. 

If ¢ £1, then by (10.3.1), E(z) is analytic at z = ¢q?. By UR 6.11), Im(z) 
is analytic for all z 4 0. By Lemma 10.6.6, the residue of D o Jm(2) at 
z = (q? is equal to 

2gmtlgi 
5 


m=0 
Thus, for C Z 1, W4 (2) is analytic at z = Cq?. 
pou at z — q?, by (10.4.5) in Lemma 10.4.1, the ps of E(z) at 
z = q? is —2q*, and, by Lemma 10.6.6, the residue of X s o du2] ab a m a 
is 
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Therefore, W1 (z) is analytic at z = q?. 

We conclude the proof by noting that (10.6.29) is valid because, by 
Lemmas 10.3.1, 10.6.4, and 10.6.5, all of the terms on the right-hand side 
of (10.6.28) satisfy the same functional equation. 


Combining the facts established in Lemma 10.6.8 with Lemma 9.6.8 from 
Chapter 9, in order to prove that W; (z) is identically equal to 0, we need only 
to find 6 zeros of Wi(z) in the annulus |q*| < |z| < 1. The following lemmas 
reveal zeros at z = +1, —q,+q?, —q°. 


Lemma 10.6.9. We have W,(1) = 0. 
Proof. By (10.3.1) and (10.6.14), 
E(1)=0 and  Jo(1)=0. (10.6.30) 


By (10.6.12) and (10.6.13), 


= (b1(q) + ba(q)) f (a^. a9) + (bo (a) + bs(a)) f (d^, a°) 
=0, (10.6.31) 


and by (10.6.16) and (9.2.2), 


: "d oe ete fimm € NR im M 

owe) eee We com 
f(-a-@) , FË,- ) 
qif(-a*—49)  e*f(-g?,—a8) 

_ 24(a^:a S, FG") ( f(-a35-d) X f(-a-) 
plapa) Chafee i ai) 
f(-4,-@°) k fC,- ) 
ele) fer) 

i (10.6.32) 


Thus, by (10.6.28), (10.6.30), (10.6.31), and (10.6.32), W1(1) = 0, as desired. 


Lemma 10.6.10. We have W4(—1) = 0. 
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Proof. By (10.3.1) and (10.6.16), respectively, 
E(-1)=0 and Jp(-1)=0, 1<m<4. (10.6.33) 
By (10.6.11)-(10.6.13), 


= (—bı (q) + ba(q)) f(—a*, —419) + (ba(@) — bs(@)) f(—4°, —a"?) 
= —2b; (q) f (—a*, —q"°) + 2b2 (q) f(—4°, —a?) 
20r ^q ag ye) 


- ^ Oed) ^ PENES 
by (10.2.2). 
By (10.6.14) and (9.2.2), 
- MfG Cara. e 
ai= WPA f.q) 
_ 2d* (q 5; q 9), (07 ela) FL, a) 
vl 5)p(—q Ua Syla?) 
... 2g(g19; q19)3 pla) f (1, 919) 
"m 5o e 5o(q5) x (10.6.35) 


Hence, by (10.6.28) and (10.6.33)-(10.6.35), we conclude that W,(—1) = 0. 


Lemma 10.6.11. We have Wi(—q) = 0. 
Proof. By (10.3.1), 


E(-q) — 0. (10.6.36) 
By Lemma 10.6.7 with k — 1, 
4 
M Jm(—¢) = 0. (10.6.37) 
m=1 


By (10.6.11)-(10.6.13) and (9.2.2), and by Theorem 9.6.9 with first q and x 
replaced by —q° and q?, respectively, and second with q and x replaced by 
—qř and —q, respectively, and with n = 2, 


2 Im(—@) = 5 -q bml) f(T, gee 


= —gbi(q) f (-d?, =q") + b(a) f(—9"*, —q") 

— q°b3(q)f(—a"", -—@°) + gbala) f (0%, -¢7*) 

= -ghi(a)(f (74, -¢") — a? f(-¢', —q?)) 

+ gbala) (F(=, =") + af (~, —47)) 
(7d, q?) + q?bo(q) f(a, —q^) 


(10.6.38) 
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By (10.6.14) and (9.2.2), 


jd 20^ (a ^:q)5, f -a ^, el) 
° V(q9)e(—q9) f (1, gt) 
.. 24? (49; g) (7a 9v (-a?)e (a?) 
V(q9)e(—q9) f (1, q!9) 
—.. 2q(a!^; q1?)2, v (—a9)e (a?) 
- 7 weceüa RUM 
Thus, by (10.6.38), (10.6.39), and (10.2.1), 
4 
Y Im(—4) + Jo(—a) = 0. (10.6.40) 
m=i 
In conclusion, by (10.6.28), (10.6.37), and (10.6.40), Wi(—q) = 0. 
Lemma 10.6.12. We have Wi(q?) = 0. 
Proof. By (10.3.1) and (10.6.14), respectively, 
E(q’?)=0 and = Jo(q?) =0. (10.6.41) 
By (10.6.11), (9.2.2), (10.6.12), and (10.6.13), 
4 4 
5 Im(q’) m 5 bml f(t, a 
m=1 m=1 
= q^ (bi(a) + ba(q)) f (a^^, a9) + a^ (bo (a) + b(a)) f (a^. a?) 
=0. (10.6.42) 


Next, by (10.6.16) and (9.2.2), 


- 2 _ 29(49;49)5,0(q19) / f(-33,—4") a Fa a?) 
2, In(a’) = v(q?)e(—a*) (: 

vu diu vedo ae a) 
(4 FC, 1 us) 


_ 2a(q; a9) S, (q'?) (s 4 qiue -q) 
v(q?)e(—q?) t9.) ft.) 
"Pim md £750) 

1 fd.) IFE, 
=, (10.6.43) 


Hence, by (10.6.28) and (10.6.41)-(10.6.43), we conclude that W;(g?) = 0. 


Lemma 10.6.13. We have W1(—q?) = 0. 
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Proof. By (10.3.1) and (10.6.14), respectively, 
E(-q?)=0 and = Jo(—q’) =0. (10.6.44) 
By Lemma 10.6.7 with k = 2, 


4 
X Jml) = 0. (10.6.45) 


m=1 


By (10.6.11)-(10.6.13) and (9.2.2), 
4 


4 
S In(-d) = X (=) bala) (art? -qitm) 


m=1 
= -q?by(q)f (~f, q)  a^bo(q) f(-@, a?) 
— q?b3(q)f (—a ?, —4”) + gbala) f (7a 9, —q7?) 
= —q° (bı (q) + ba(a)) f (—a5, —a!*) + a^ (bo (a) + bs(q)) f (—a?, —a?*) 
=0. (10.6.46) 
By (10.6.28) and (10.6.44)-(10.6.46), we deduce that W1 (—q?) = 0. 
Lemma 10.6.14. We have W1(—q?) = 0. 


Proof. From (10.6.29), (10.6.28), (10.3.2), Lemma 10.6.4, Lemma. 10.6.5, 
(10.6.17), and Lemma 10.6.11, 


Wi(-g)) = Wy (gt (-1/a)) = Wi (1/4) = —Wi(—-a) = 0, 
which completes the proof. 


Theorem 10.6.2. Let E(z) be defined by (10.3.1). For z neither 0 nor Gq", 
where k is any integer and Ç is any fifth root of unity, 


4 4 
Biz) =>) Inlea+ XO Inlzsg). (10.6.47) 
m=1 m=0 


Proof. The identity (10.6.47) follows from the remarks preceding Lemma 
10.6.9, now that Lemmas 10.6.9-10.6.14 have revealed 6 zeros for Wi(z) in 
the annulus |g^| < |z| < 1. 


10.7 Central Identities for X19(q) and x10(q) 


Theorem 10.7.1. Recall that Xio(q) and xio(q) are defined im (8.1.3) 
and (8.1.4), respectively, and that B(z,vx,q) and P(z,x,q) are defined 
in (10.6.1) and (10.6.3), respectively. Recall also that bi(q) is defined 
in (10.2.3). Then 


= bi(q)f(z°q*, z 9919) + 24B(2*,q, g) — 2gP(z*, 9,9"). (10.7.1) 
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Proof. By (10.5.2) and (10.6.3), 
Ey (2°) = (Xyo(q) — 2) f (224^, z 999) + 24P(25, 4,4"). (10.7.2) 


Recall the forms of [;(z) and Ji(z) in (10.6.11) and (10.6.16), respectively. 
Thus, by (10.5.1), Theorem 10.6.2, (10.6.11), and (10.6.15), 
(z 


EV (25) = z (hz) + Jy )) 
= bi (q) f (z?a*, 279919) + 20 B(z?, 9,9"). (10.7.3) 


Equating the right-hand sides of (10.7.2) and (10.7.3) yields (10.7.1) 


Theorem 10.7.2. Recall that k(x,q) is defined in (10.6.2). Then, 
X10(q) = b1(q) + 2qk(q, q”). (10.7.4) 


Proof. Use (10.6.8) to replace B(z?,q,q?) in (10.7.1). Upon dividing both 


sides by f(z°q*, z-?q19) and simplifying, we deduce (10.7.4). 


Theorem 10.7.3. Recall that b2(q) is defined in (10.2.4). Then, 
xao(a)f (24,2 9477) 
= —qba(q) f (2548, 2 947?) — 2g? B(z?, q^, q9) + 24? P(2?,q^, 9°). (10.7.5) 
Proof. By (10.5.3) and (10.6.3), 
E,(z°) = (Sio(a) — 2a!) f(2999,2 997) --29P(z^,q^,q^). ^ (10.7.6) 


Recall the forms of /5(z) and Jo(z) in (10.6.11) and (10.6.16), respectively. 
By (10.5.1), Theorem 10.6.2, (10.6.11), and (10.6.15), 


Ex(z5) = z-? (I2(z) + Ja(z)) 
E b»(q) f (2508, z 947?) + 2aB( aq). (10.7.7) 
Note that, by (10.1.1), 


2 1 
Siola) - 2 —— 
10(q) q a9) 


So, equating the right-hand sides of (10.7.6) and (10.7.7), we deduce (10.7.5). 


Theorem 10.7.4. We have 


x10(q) = 2 — qb2(q) — 2g? k(q?, po (10.7.8) 


Proof. Use (10.6.8) to replace B(z°,q?,q°) in (10.7.5). After dividing both 


sides by f(z?q9, z~°q'”) and simplifying, we deduce (10.7.8). 


Check for 
updates 
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Tenth Order Mock Theta Functions: Part IV 


11.1 Introduction 


In the two previous chapters, we followed closely the work of Y.-S. Choi [106] 
to establish analogs of the Mock Theta Conjectures for the four tenth order 
mock theta functions, P10 (q), V10 (q), X1o(q); and X10 (q). 

In this chapter, we shall use the work of D. Hickerson and E. Mortenson 
[217], [163] to prove the following entries from Ramanujan's Lost Notebook 
[232, p. 9], for which Mortenson was especially generous in providing extensive 
guidance. The methods of [217], [163] give proofs not only of the two entries 
below but also of the four entries treated in Chapter 8. 

Recall that $1o(q), Vio(q), X10(q), and x1o(q) are defined in (8.1.1)-(8.1.4), 
respectively. Recall also that f(a, b) denotes Ramanujan’s ubiquitous general 
theta function defined in (9.2.1), and that y(q) = f(q,q) and v(q) := f(q,q?) 
are two of the three most important special cases. 


Entry 11.1.1. In the notation above, 


E 
piola) — T io(78*) * a ^x1o(4^) = POCO (11.1.1) 

where h(q) is defined by 
h(q) = p» (-1jpg nma (11.1.2) 


Entry 11.1.2. In the notation above, 


a 
yold) + qé10 (747) + a ? Xio(q^) = gea (11.1.3) 
v(—49) 
where g(q) is defined by 
gla) = XO (71) gD, (11.1.4) 
© Springer International Publishing AG, part of Springer Nature 2018 229 
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We remark that we have replaced q by q? in Ramanujan’s formulations on 
page 9 in his Lost Notebook [232]. To accomplish this task, we must establish 
preliminary results for the Appell-Lerch series 


po (ly gee 


z 
m(z,q, Zz) := —- ; 11.1.5 
j(2:q) 2 1 — xzq” l ) 
where 
jilg) = M7 (-1)*argh 079? = f(-x, —q/x) = (a, 4/2,99)00, (11.1.6) 


where we applied the Jacobi triple product identity (9.2.1). We utilize this 
alternative to Ramanujan’s theta function f(a,b) to facilitate references to 
the extensive work of Hickerson and Mortenson [163], which goes well beyond 
what we will accomplish in this chapter. Observe that 


oo 


jleg) = M (-1)rargn th? 


n=—Cco 


i. 
= $, Cayman ign = —— ja; 4). (11.1.7) 


n=—Co 


We also can easily prove that 


j(1/2s4) = - Lisa) (11.1.8) 


The next section gives necessary facts for j(2;q) and m(z, q, z), including 
special cases of the fundamental theorem of Hickerson and Mortenson. 


11.2 Properties of j(z; q) 
Lemma 11.2.1. For |q| < 1 and arbitrary x and y, 
j(25a)3(y; a) = 3(—xy: a?)i(-ay/z; 4°) — xj (—-axyi ^ )3(-u/a; d^). (11.2.1) 


Proof. Replace x and y by xt and yt, respectively. Then the coefficient of tV 
on the left side is 


3 |o 1n,,n,n(n—1)/2(. 44N—n,,N—n ,(N—n)(N—n-—1)/2 
(-1)"z"q (-1 "y q 


TL, —— oo 


x 
= (-1)NqN(-9/2 (-q-*,- a qa) (11.2.2) 
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by the Jacobi triple product identity (9.2.1). We next note that on the right 
side, the first term is an even function of t, while the second term is an odd 
function of t. Expanding each of these latter products in powers of t, via the 
Jacobi triple product identity (9.2.1), we deduce that the coefficient of t" 
agrees with (11.2.2) both when N is even and when N is odd. 


Lemma 11.2.2. For |q| < 1 and arbitrary x and y, 
(a; DIYs a) — 36:2) (7i) = 2x5 (y/x; q^) (avy: q^). (11.2.3) 


Proof. 'The identity (11.2.3) is simply another version of Ramanujan's iden- 
tity [55, p. 45, Entry 29]. 


11.3 Properties of m(x, q, z) 


Many of the basic properties of Appell-Lerch sums proved below were also 
established by S. Zwegers in his thesis [285], where they are called Lerch sums. 
In particular, see [285, pp. 7-11] 


Lemma 11.3.1. Recall that m(x,q,z) is defined in (11.1.5). Then, 
m(x, q, z) = M(x, q, qz). (11.3.1) 
Proof. From (11.1.5), 


z po; (rg tes 


P» 1—xzq" 


(=1) gr 09/22" 


1 oo 
-j :q) p 1—zzqr-1 


Tit, q, e) — s 


Hence, 


1 eo [grt Far 


1 — rzą" 


(1g mgr 


1— x2zqQ" 


= ma, q, z), 


where in the next-to-last line we applied (11.1.7). 


Lemma 11.3.2. With m(x,q,z) defined in (11.1.5) and xz £0, 


m(z,q,z) = —m(1/2,4,1/2). (11.3.2) 
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Proof. From (11.1.5) and the replacement of r by —r in the second line below, 


oo y qr(r*u/2; -r 
1 1 = 
mia) = D. p ere 
y gh 1)/2,r 


z'xzq' 


H EN PS 1 — xzq" 


T aya 
EEIUET) 2. 1 — xzq" 
r r(r+1)/2 zr 


| z midi 
~ (uq) 2. 1— xzqr 


ilz) e. 


m(a, q, z), 


where in the penultimate line we employed (11.1.8). It is clear that we have 
established (11.3.2), and so the proof is complete. 


Lemma 11.3.3. For xz Æ 0, 


m(z,q, 2) = m(z,q, 1/(22)). (11.3.3) 
Proof. We shall show that (11.3.3) is a special case of Bailey’s 2% transfor- 
mation [48], 


oo 


2. n (11.3.4) 


(c, d; q)n 


_ (az, bz, cq/(abz), dq/ (abz); q)oc (abz/c, abz/d;q), ( cd N^ 
7 (q/a, q/b, c, d; q)oo 2 (az, bz3q)n (=) 


n=—Co 


n=—Cco 


n (11.3.4), replace a, b, c, d, and z by xz,q/r,xzq,T, and Tz, respectively, and 
let T — 0. Accordingly, we deduce that 


> (1 _ dx) —1)9g^in Bas 


1— xzq” 


n=— oo 


_ 4/4900 | x5 Q-2)(71 9g" t9 (sz) 
B (q/ (xz), qxz; q)oo 2 1— zq” , (11.3.5) 


n=—Cco 
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or 
P» (Dg ete — gid) > (-1)gn P (gg) 
pem 1 — zzq" jlez; a) E 1— zq” 
_ j(zd) > pum a 
j(zz;q) c. low 
— ied) © CDre" 
zj(zz;0) — q"fe—1 
or 


ngn(n-F0/2 (rz)-^ 


| 1 wv C0 
US 3(z2;q) p l- q*fs 


u —1/(xz) = 
« §(1/(@z); 4) PM 


= m(z,q, 1/(vz)), 


where in the penultimate line we used (11.1.8). Thus, (11.3.3) has been demon- 
strated. 


(1359 +tD/2 (gz) 7” 
1—q”/z 


Lemma 11.3.4. For arbitrary zo, 21, 


zo(q; 12,5 (21/20; 15 (#2021; 4) 


J (20; 1) Jj (213 D5 (220: 4) (221: 4) (11.3.6) 


m(z, q, z1) m m(x, q, zo) = 


Proof. Multiply both sides of (11.3.6) by j(xz0; q)3(x21; q), replace m(x, q, zi) 
by m(z, q, 1/(x2;)), i = 1,2, via Lemma 11.3.3, and expand j(x2o; q), j(z21; q), 
and j(zzoz1; q) into power series by (11.1.6). Thus, equivalently, we must prove 
that 


( 1)'g Fg” ur 


-z 5 (—1)5g9 Drzi 5 d qe 


s=— 00 r=— oo 


9e ( 1yrgr(r*tU/2gr ur 


ra DAA Wa M. t eum 


s=— 00O r=— oo 


= Zo(qd; q, 21/20; 920/213 4) PAG yy gh(N- D/2,N NN. (11.3.7) 
(zo; q/ zo; 21, q/ 71; d)oo m 

We now extract the coefficient of x on both sides of (11.3.7) and then divide 

the resulting equality by (—1)N z8 * 1 zN qNOY 7072, Note that the right-hand 

side of the new identity is independent of N. Thus, we have reduced the 

problem to proving that 
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rN+r2+r,r-N+1,-r-1 oS —rN+r?4+r r—N „r 
Zo 


oo = 
— q Zi Zo q Zu 
ae E 1- d t2 1 — zog" 


T——OO r=— oo 


— (4,4, 21/20; 920/213 Doo (11.3.8) 


(20, 4/20, Z1; q/z; ds 


First, we must show that the left-hand side of (11.3.8) is independent of 
N. To that end, 


Sw — Sui = —2) "25 (—2q^ /20, -209" /21, 0^1 PJ oo 
o^ (72d /z1, d" 21/20, 0^; q^ )oo 
— 0, (11.3.9) 

where the last line follows by considering separately the two cases N even and 
N odd and applying (9.3.5) and (9.3.6) from Chapter 9. 

Thus, we need only establish (11.3.8) when N = 0. This may be done by 
replacing z, by 2129, developing the partial fraction decomposition of 

1 
(20; 4/20; 2120, 0/ (2120); d) N ' 


and taking the limit as N — oo. This is precisely the method used by 
G.N. Watson [269] to expand the reciprocal of the product of three theta 
functions. 


We now recall (9.6.2), i.e., 


1 pO [19g +D 
h(z,q) = scan A ald 11.3.10 
ee y(—4) P» 1 — xq” ( 
Lemma 11.3.5. For x £0, 
1 
h(x, q) = ——m(q/2?, 4,2). (11.3.11) 
Proof. We begin by noting that, from (11.1.5), 
oo 2 
1 Bk 1 (-1)"q" +r pr 
—— = ———— e 11.3.12 
zmla/z jd , 2) jc; q2) us 1— grt! /x ( ) 


We now require one of Bailey's q-hypergeometric series transformations 
[48, p. 197, equation (3.2)] 


= (e, fin aq\" —— (q/c,q/d,aq/e,aq/ f; q)o 
3 (aq/e, aq/ f; q)n (5) ~ (aq, q/a, aq/ (cd), aq/ (ef): a) e 


> (qva, —qv/a, c, d, e, f; q)s aq \* 
* x OEE LG T ) E 


n=— oo 


s=— 00O 


11.3 Properties of m(z, q, z) 235 


In (11.3.13), replace q by q? and then replace a,d, and f by q,z, and q/z, 
respectively. Then, let c and e tend to oo. The resulting formula then reduces 
to 


1 »» (—1)" g nar B 1 p» (1 _ g^ 1)gts 925 
ila) Es 1-g" e gla) E, O args) gz) 
(11.3.14) 
Now, 
ee s s? 42s 
(eq 


2) (1 — gq?s)(1 — g?**1 /2) 


(1 u qi5* a dk (q28+1/x)(1 EN zi q?5))g45 +28 
(Lag quere) 


oo 


I 
iM 


E gis +28 1 oo gis +4s+1 
_ — qg25 > _ qastl 
M EL g c Ig 


oo g(28) +28 oo qQs* 72s 
1 = xq?s 1 = xq25*1 


s=— 00 s=— 00 


bis n n? +n 
pee 


, (11.3.15) 
1— xq" 


n=— Co 


where in the penultimate line we replaced s by —s— 1 in the second sum. Us- 
ing (11.3.15) on the right-hand side of (11.3.14), and then also using (11.3.12), 
we obtain (11.3.10) and so complete the proof of Lemma 11.3.5. 


Lemma 11.3.6. We have 
m(qz,q,z) = 1 — zm(z, q, z). (11.3.16) 
Proof. By (11.1.5), 


(m(qz, q, z) + xm(x, q, z)) 3 (2 a) 


_ »» alypgr ey ia 5: (—1)ygr(r- 9/257 
m 1— zzq* o = vzq'-l 
_ = d da 2 x (-1)rgrb-FU/2r 
Bot 1 — xzq" Ed 1 — xzq" 
» =1)yrg 079/22" (1 _ zzq") 
7 jo 1 — xzq" 
= j(2;q). (11.3.17) 


Dividing (11.3.17) by j(2;q), we obtain (11.3.16). 
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We now recall (10.6.2), i.e 


ee m ndun (11.3.18) 
x,q ES 
vv(q) l-az^g 
Lemma 11.3.7. For q £0, 
zk(z,q) = m(—-qz*,q*,—q !x ?) + q !a?m(-q !a*,q*, —q 1a ?). 
(11.3.19) 


Proof. In Theorem 10.6.1 of Chapter 10, set z = q/z?. Now, B(q/z?,2,q) — 0 
by (10.6.1). Hence, 


j (727; q*) (k(z, : —1/z) = —P(a/z^) 
2n? +3n+19.2n—1 T <2 2n?43n4+14.2n+1 


D x q 
qint2 2 — 74n+4 2 

Eoi /x Ao 1-94 /x 
oo qi Sn, -2n4l | 1 qi +542 —2n—1 
25 j = qirx? "9 1 = qint2y2 
n=—oco n=—oco 

7 gr +3n+1,,2n—1 oo qi £91 q2n1 

E x — pAnt2 / 2 — ApAnt4/y2 ? 


where in the third and fourth sums after the second equality we replaced n 
by —n — 1, so that the second and third sums became identical, and the first 
and fourth sums also became identical. With two applications of (11.1.5) on 
the right side above, we deduce that 


j(—a2^; q*) (k(x, a) — 1/z) = — ?3(-qx^; g*)m(—g/2*, q^, ac?) 
-a  j(-qz^;a*)m(- d) /s*, q*, —qu?). 
Dividing both sides of the foregoing identity by j(—q2?; q*)/x, we deduce that 
rk(a, q-1-2-z- ^m(— q/a* T ) qx 2) — m(— qd? /a*, g, —qx?), 


or rearranging and then applying successively Lemma 11.3.6 and Lemma 11.3.2, 
we find that 


xk(x, q) —1-m —g [a*, q*, qz?) a *m( q/x*,q*, —qx") 
= -=q iz "*m(-q ix *,q*,—qa?) — a ?m(-q/a^, q4, qa?) 
(7ax*,q*,—q 1x?) + z?q- m(-q rt, gf, —q x ?). 


Hence, the proof is complete. 
Before we prove the next lemma, we note the elementary algebraic identity 


xk 1 1 (—1)* 
= k — 0,1. 11.3.20 
1 — 2? ii 5) i ( 
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Lemma 11.3.8. For arbitrary z and z' and k — 0 or 1, 


m(z, q, z) + (-1)^m(—z.q, z) = 2(-z/q)'m (= g m 2^4. E) 
nr usen. (om slat a ier ea 
Ha Diz; a) jog ate ge ee ia) 
zqit*j(—q2*-122 /2!: q*)5(q22? 222; q^) 
jog ae q*) dg aas a) 
Proof. From (11.1.5) and (11.3.20), we see that 


s - 1 (-1)* 
«4M Aír(r—1)/2 
(—2)"¢ G — gzzq"! 1+ =) 


(11.3.21) 


ind (—2)rgr(r-0/22(gzgr-1)* 
= - 1 _ r? z2q2"—2 


q” r—1)/2+k(r—1) 


yr 
ak 2k 3 
— q22292r-2 


r=— oo 


In the latter sum above, we divide the summation indices into r even and r 
odd; in the former, we replace r by 2r +2, while in the latter, we replace r by 
2r + 1. Hence, 


i(z;q) (m(x, q, 2) + (—1)*m(—2, a, 2)) 
Js +2 USED (2r+1)+k(2r+1) 


oo 
= Oak yk y (-z 
S {= q222g4rt? 


T=—0o 


oo (ae gears 


ur B 1 — g2z2gir 


2r gér(r- 0/2 (r3) 


oo 
zZ 
= Ok kth 
2: {= q2z2gir 


SU D z2 e- 1)/2+r(2k+5) 
= q2z2g4rt? 


Tr=—0o 
= —9gk yktl Gc Nas 2: ;q^)m (- g 2k z?, q^, ES hte) 
—ag tt j(-q 92522: gm (-g1 72852. q4, - gh 27) , (11.3.22) 


where we made two applications of the definition (11.1.5). Now, by 
Lemma 11.3.4, for arbitrary z’, 


1—2k T? 2k+3+2t 2 1—2k x? 
z“) 2*,9*,2^) 


m(—q x, q*, -q 
Att 2 52 fs 4) 


l z' (q4; (a Var ae gee eg 
© Flats A) j(—G2k +34 2t 22; G4) j(—ql 7283275; gt) j(q4t2ta2z?; gt) 


= m(-q 
2k--34-2t z* fal; q 


(11.3.23) 


238 11 Tenth Order Mock Theta Functions: Part IV 


Next, we note the elementary relations 


342k „2. 54-2k ,2. 8) 


sg) — gzj Ge a q 
;q) = q ED (27t (zq). (11.3.24) 


j(-q 
— j(q k+1, 


The first equality in (11.3.24) is most easily proved by taking the sum on the 
right side and separating the terms of even index from those of odd index. 
The second equality is easily derived from (11.1.6). 

Replacing each of the m-functions on the right-hand side of (11.3.22) by 
the right-hand side of (11.3.23) and simplifying the resulting j-functions us- 
ing (11.3.24), we deduce that 


j (2; 4) (m(z, q, z) + (1) m(-2, q, z)) 


— 9m» hath (— 1 k— Vi(z;q)m (—q 1—2k ^,^, z!) 
-aen (2 AC HEK IDEN a 7 25g) (a 2 225 q*) 
je Oe "ax qt) (gtr?2?; qt) 


gi tkz 


ACHT a3 LA ee OE 2) 
jee ^ a? sg M dag gt) 
= 2q- *(-x)^j(z; gym(—q! "z?, q*, 2’) 


2a 2^1 (qt; qf) jg 7522/25 a*)5 (22222; q*) 
d 


J(25 a*)3 a 2?2;q J(z?2?; q*) 
qt zj(747 7 22 [219^ )j(q 22 2 2^14) 
j(qx?z?; q*) 


(11.3.25) 


since k — 0 or 1, and where the last step required four applications of the 
functional equation 


j(q^z;q) = (-1)^q7 ^ (07D 257" j (gs q), (11.3.26) 


which, with n = k +1, is simply a version of the second equality in (11.3.24). 
The identity (11.3.25) is readily seen to be equivalent to (11.3.21). 


Lemma 11.3.9. For arbitrary z', 


mí(z, q, z) = m(-qz?,q*, 2^) — («/q)m(—2*/9,q*, 2") 4 oo E 


J(-qa^s22 )3(22/2;q*) maj (-q*u 225a" y (a 2^ /2'\ 0°) 
«( j ) 


i (—qu?z'; q*)9(z; d?) ic qx?2^; q?)3(2q; q?) 


Proof. We begin by noting that 


((m(z, q, z) + m(—2, q, z)) 3 (m(x, q, z) m m(—2, q, z))) 
(11.3.27) 


m(z,4,2)=3 
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If we add together the instances k — 0 and k — 1 of (11.3.21) and divide by 
2, we see that, by (11.3.27), the resulting left-hand side is equal to m(z, q, z). 
Hence, 


m(z,q,z) = m(—q2?,q*, 2^) — (x/q)m mdi q^, z) 
(25:05); (c gece sie) 
259v MC di 2g) (2222; qt) 


zqj(—q*2^ /2'5a (q^ w*27 2; q 2) 
3(q22?22; qt) 
(qq ES = quar) 
3i C d 222, qf) 3(x?22;q*) 


zg?j(—q m ) 
j(q?z?2?; g 
= m(—qz?,q*, z") — (z/q)m a 2?/q, q^, z^) 


NE {4 a COMES Ts O (c2 qu zu) " ILES 
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qz*j(q*x^ 2? at) (ice: qe BE d^) , quzj(-q" zi 

Cae (—22?2'; q 7 © j(-a-la?z';q*) 


= m(-az?,a*, 2") — (x/a)m(—a? /a, q^, 2) 
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ilz a)i; at) jew) VIa?) jaa? gt) 

ge j(g?x?2?2"; qf) ( jC-d 2^ 2; a) NI Tz eo) 
3(q?2222; qt) De q*)  3(-d TT q^) 

= m(-az?, q^, 2') — (z/a)m(—a? /a, q^, 2/) 

Cece { am zia iate e zz a (n 2 a^) 
KEMER 3(2222; q4) (a4; q*)3,3(z2: q?)3(—a?2 7? /2; q?) 
HES Oe imu ACG M ET. 2] 
(022222; q*)(2*; 2*)2,3 (quz; q?)3 (—a*2—2 /2^; q?) 
= m(-aqz?,q*, 2") — (z/a)m(—a? /a, q^, 2) 
CHELBE { zj(-d 2 1 z/2';a^)3(2 2^2; q^) 
ilz a)3(7492 7/2; q?)3 (2^; q*) j(zz;q?) 
qz? j(-a^z 2/2: q?)j (q^ 22222; q Y 
j(qxz; q?) 


(11.3.28) 


where the fourth equality above follows from Lemma 11.2.1. 
Next, we note that if we set zo = 1/(xz1) in Lemma 11.3.4, we deduce 
that 


m(z,q,z1) = m(xz,q,1/(x21)). (11.3.29) 
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Now invoking (11.3.29) and replacing z by q/(xz) in (11.3.28), we see that 


mí(z,q,z) = m(z,q, q/(zz)) = m(—q2?, 44, 2") — (z/q)m(—z? /q, q*, 2^) 
à Ge es { gia ae 85g lee ee) 
j(a/ (xz); a)3 (25; 4") i-@ a 4/2; g? )ilq/z;0?) 
Um T2 (qm 2 AP yat z zit) ) 
ipa i (27t; q?) 
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j(zz;q)3(2;q*) $(—a2?2; q?)3(g2; 97) 
j(—az?225 q*)3 (2? [2; q*) \ 
j(—q2?2;42)3(5«q?) J’ 


+ 


where the last equality follows from utilizing several instances of 


1 


j(zq^;q) = q x *j(a;4), 


which is a special instance of (11.3.24), and 
ilz; q) = 3(a/2;q) = —3 (1/2; q), 


i.e., the special case k = 1 of (11.3.24) and (9.3.6), respectively. We now 
observe that the last line in our last string of equalities is indeed the right- 
hand side asserted in our lemma. 


Lemma 11.3.10. Recall that k(x,q) is given by (11.3.18). Then, 
(a: 0) 

2(q; q?)2,3 (a; q) 

Proof. In Lemma 11.3.9, replace x by —2?, z by 1/z?, and z’ by —1/(qz?). 

Note that the factor j(—q2?22/; q?) inside the curly brackets becomes 


39^) 5 0. 


zk(z,q) = m(—2?,q,1/a?) 4 (11.3.30) 


Hence, 


m(-2?,q,1/z?) = m(—az*, q4, —1/(a?)) + (1/az? )m(—z*/a, 44, 1/ (au?) 
(d^: à?)5./ (ax?) [Rec] 
Flyer a iy (aa er) j(q/2?;q?) 
= m(-qz*, q*, —1/(qa?)) + (1/ga?)m(—a*/q, q*, 1/ (gq?)) 
(q; q)&, 
2(q*; q*)2.j(a? q) 
after several applications of the Jacobi triple product identity (9.2.1). The 


proposed identity (11.3.30) now follows by combining the equation above 
with (11.3.19). 
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In the next two lemmas, we shall be considering the following combination 
of m-functions: 


D(z, q, Z, z') = m(x, q, z) — m(-qz?, g, z) + (x/q)m(—27 /q, f. z’). 


(11.3.31) 
Lemma 11.3.11. We have 
20.,2043 ;(. ,14. „20 20. 40 
D(@,¢", 4°, q8) = —- (q at Jood (= d d Ma i ) (11.3.32) 
35g tg rg aed Gee me Cat; a) 
and 
20.,2043 ;(. ,18.,20;(,20. „40 
D(g?,q!9,9*, 49) = q(q 3 pe qq ila jq ) (11.3.33) 


ila; q19)5 (a5; q*0)5(—a*5 q29)3(q$; 99) 
Proof. In Lemma 11.3.9, first observe that if the m-functions are moved to 
the left-hand side of the identity, then all the terms on the left side constitute 
D(x, q, 2,2’). 

To examine (11.3.32), we replace q by q!? in Lemma 11.3.9. We then set 
x = qz = qÊ, and z! = q-^?. Note that with these substitutions, in the 
numerator of the second term inside the curly brackets, we have 


je eye ease ut) 0. 


Hence, 


—8(,20.,2043 ; 14. 20) -/_,20. 4,40 
T cadi ad a ul 
Dag qug e * - 


Heri 3(g-79; qj (8; q) (qf; qon) 
(PP NRHP aa at) (113.34) 
3 tara! esa alas esa)” 
since j(g 9,919) = —q79j(g9;:97") by (11.1.8) and j(q?;919) = j(aq;q19) 


by (11.1.6). We see that (11.3.34) is identical with (11.3.32). 

'To establish (11.3.33), we replace q by q!? in Lemma 11.3.9. We then set 
x = q?,z = qf, and z’ = q?. Note that with these substitutions, the numerator 
of the first term inside the curly brackets in Lemma 11.3.9 contains 


ia yi) = i; g) = 0. 


Hence, 
Dei ai - S sa l SP ia a") 
he Has Daas mc q?4;q?9j(gHs qn) 
 4(q4?;q?3 j(—q yas) (11.3.35) 
3(9 3913 (g8; g0) g( —q rg mpg. guy" 
since j(—9°°;q°) = q-!*;(-475;47) and j(—475,47) = q^*j(-q547). 


Hence, (11.3.33) follows from (11.3.35). 
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Lemma 11.3.12. We have 


D(a, d, q) = ag; q?9)5,3(—5; a? )5 (q^; g) (11.3.36) 
i Nese betur yg gt saya) 
and 
2(,,20 2043 ; 2 20Y;/,20. ,40 
" o wr lm zt al 
D(q,q9,q?,q 1) = ( ) ( ) ( ) (11.3.37) 


Hea He PO ae as) 


Proof. We note, as in the previous lemma, that if the three m-functions in 
Lemma 11.3.9 are moved to the left-hand side, they constitute D(a, q, z, 2’). 

To prove (11.3.36), we replace q by q!? in Lemma 11.3.9. We then set 
x= q, z = q? and z’ = q~*. Note that with these substitutions, the first 
term in the numerator inside the curly brackets in Lemma 11.3.9 is equal to 


IEP”; ) = jla; a) = D. 
Therefore, 


D(g, q, gë, q7”) = —- q lg golat: gI; g) 
jl; Nhe eine (qt; q0) 
eg) gg eg) 
ges a a y —a ee (t8; q) 


where we applied three instances of the identities 


— 2j(1/2;q) = 3(z;q) = —x3(xa;q); (11.3.38) 


which arise from (11.1.7), (11.1.8), and (11.1.6). Thus, (11.3.36) has been 
established. 

To prove (11.3.37), we replace q by q!? and then set y = q, z = q?, 
and z’ = q-!9. Note that with these substitutions, the second term in the 
numerator inside the curly brackets of Lemma 11.3.9 is equal to 


fe vera am gig). 


Hence, 


Diq, g, d), q-19) = - q- (g; a o3 C-a 7:97) (Gs a") 
jusqu eq ae tatum 
guru gc Cur ug) 
Kee ea gh qe gigs qu 
where we utilized (11.3.38) three times. We thus have completed our proof 
of (11.3.37). 
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11.4 Relating the Tenth Order Mock Theta Functions to 
m(z, q, z) 


Lemma 11.4.1. Recall that $19(q) is defined in (8.1.1) and that m(x,q,z) is 
defined in (11.1.5). Then, 


qó1o(q) = —m(q, 4°, q) — m(q. q'9, q?). (11.4.1) 


Proof. By (9.7.8), (9.6.11), and (11.1.6), 


_ 2 5) | CET EY m est as q! 2) 
E IPs a9) (a^; q) 


(g^: eal egy (gts uim (11.4.2) 
Heep eg) a 


by Lemma 11.3.5. Next, by Lemma 11.3.4, 


—1 


= —2q7'm(q, °°, 4°) + 


(a ea ye") 


IG q19)5(q?; qns WP) 
= (TP ool Te "ood (qq?) 
Jee Tee) 


q im(q,q9,q?) — q *m(q,¢"°, 9) = 


, (11.4.3) 


after several applications of the Jacobi triple product identity (11.1.6). Now 
replace the quotient of infinite products in (11.4.2) by the left-hand side 
of (11.4.3), and (11.4.1) follows forthwith. 


Lemma 11.4.2. Recall that w10(q) is defined in (8.1.2). Then, 
piola) = -ml q, q) — mq’, q'9, a°). (11.4.4) 
Proof. By (9.7.4), (9.6.10), (11.1.6), and Lemma 11.3.5, 
CNET (410; 4°) i (q; E. 
jla; q?)3(a^; 7°) 


ald; Č) le rg aged) 


ilq; a)i (qt; qt?) 


W10(q) = 2qh(q, q?) 


"d -2m(q), q”, q) 
(11.4.5) 


Next, invoking Lemma 11.3.4, we find that 
qa” a eo se (a T NN 

did oj (a3; q19)3(a*; q19)5 Kii qu) 

oc (q ges j 

qo 


m(q?, q", g’) E m(q?, q”, q) = 


q! 

E (a? 

qq") 

, (114.6) 

j(a; "3r (q^; q?) 

where applications of the Jacobi triple product identity (11.1.6) were made. 
Adding (11.4.6) to (11.4.5), we obtain (11.4.4). 
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Lemma 11.4.3. Recall that X10(q) is defined in (8.1.3). Then, 
Xio(q) = m(—q’,@,4@) + m(-q^.q,q). (11.4.7) 


Proof. By (10.7.4), (10.6.12), and Lemma 11.3.10, 


5.5 10. ,10 
Cee ssa s qs 
Xio(q) = 2gk(q, q^) ook ) 


~ 
Q 
Q 
u ~- 
— 
8 


= 2m(-q^,q?,q ?) 4 
os eae) 
(q; esha i 


ilq; a)i (q?; qt?) 
21:59 


(gg? ata s at 
Jae aera) 
(q^; q? 


Jat "ou Jail) 
HGP); a) 
= m(-¢,¢,¢°) + m(—0°, 8,9), (11.4.8) 


= 2m(—¢?, q^. q^) 


where in each of the last two steps we made an application of Lemma 11.3.4. 


Lemma 11.4.4. We have 


m(-a,d dt) -m(-g dg) = CE (11.4.9) 
A = 25(q*; q5) 
Proof. In Lemma 11.3.4, replace q by q? and then set x = —q, z1 = q^, and 
zo = q?. Accordingly, 


vina ecc q^ (a5; DESC ?)3(—a7; 7) 
ib Edi NP Mee y Cdi aw) 


_ (qd) 
2j(q*; q9)' 
upon several applications of (11.3.38) and an appeal to (3.1.14) in the form 
5.45 
sy (£59? )oo 
=g’) = . 11.4.10 
pps s ( ) 


Lemma 11.4.5. Recall that x1o(q) is defined in (8.1.4). Then, 


xio(q) = m(-4, q^. P) + m(-q, č, q?). (11.4.11) 


11.4 Relating the Tenth Order Mock Theta Functions to m(z, q, z) 245 


Proof. By (10.7.8), (10.6.13), and Lemma 11.3.10, 


greg su tae 


Jig PING ie”) 


x1o(q) = 2 — 29^ k(q^, q?) 


- [o^ q5) 
—2-2m(-q*,q),q ^ = 
( ) (gy digitum) 
ala; q?) met a°) (q; 4q 23 


HE? ese) ee 


By Lemmas 11.3.2 and 11.3.6, 


m(-q',¢,¢-*) = —q ^m(-q *,q^,q*) 21— m(-q.q^,q^). — (11.4.13) 


Hence, by (11.4.12), (11.4.13), and (11.4.10), 


cauce E (ed). dia ig lela” qos ila; a?) 
rola) = Bena E fo) ju T ital gm 
itn didi ala; a )00 (2/5; Foo I (a i) (114.14) 
j(d*;q Sg :q) B 


with the help of Lemma 11.4.4. Next, in Lemma 11.3.4, replace q by q?, and 
then set z = —q, z; = q?, and zo = q?. Therefore, with an appeal to (11.3.38) 
in our simplifications, 


q^ (a5; q?)2,3(a; ?)3 (749; à?) 
Jig gig pde yg") 
tei? 2.35 0^) 
IP; NEP, g, a; P )os(—9*,—80*, 0*0" Jac 
= ga dea ig oo GT) —— aas) 
(Oe diee) 


m(-4,q^,q?) — m(-a,q*,q?) = 


Combining (11.4.14) and (11.4.15), we obtain (11.4.11). 


We are now in a position to tackle the two Entries 11.1.1 and 11.1.2. The 
basic idea of the proofs is as follows. The left-hand side of each entry is a 
combination of three terms involving the tenth order mock theta functions. 
Each mock theta function is replaced by a sum of two m-functions. The re- 
sulting collection of six m-functions is separated into two groups of three. 
Each grouping is reduced to a quotient of theta functions via Lemma 11.3.8, 
and then the theta function identities reduce to the right-hand sides of the 
corresponding entries. 

We first address Entry 11.1.2. 
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Proof. By Lemmas 11.4.1-11.4.3, 


piola) + qó10(74^) + X10(4°) = —m(q?, q, q) — MCa, a", a°) 
+ q (a ^m(-q^, q'9, q^) + aq mq, q^, q9)) 
E m(—q'®, q, g8) 4 m(-q16,4*9, 8°). (11.4.16) 


By (11.3.3) and (11.3.1), 


m(g?^,q9,q) = m(q?,q19,q *) = m(g?,q'9, a). (11.4.17) 


y (11.3.3) and (11.3.1), 


mera ug) = mq a 0) miu (11.4.18) 
By (11.3.1), 
m(—q15, 9*9, 479) = m(—419, 9*9, 99^. (11.4.19) 
By (11.3.2), 
q ?m(-q^,q*9, -4*) = -q "m(-q *,q?9,—q ^?) (11.4.20) 
and 
q ?m(—-q^, q99,48) — -g mí(-q' qq *). (11.4.21) 


Now, in (11.4.16), we do not alter m(—q'®, q^9, q8), but we do replace each of 
the five remaining m-functions by the expressions given in (11.4.17)-(11.4.21). 
Accordingly, we deduce that 


Wiola) + a¢10(—4") + Xio(d^) 
= (—m(q, a9, gê) + m(-q'9,99, 479) — a7" m(-a 4,4”, q7?) 
+ (7m(g?, q!9, q^) + m(-416,q19, 49) — q^ m(-q7*, g, q9)) 
—-DU wu T) Dau (11.4.22) 
by (11.3.31). We now apply Lemma 11.3.11 and the Jacobi triple product 
identity (11.1.6) many times to find that 


Wola) + ar10(—4 a 2 
20 


Jut ae wu 
Hae aa 7); z LN as r 
AC Bare he cg utet 
© (dg) 5 (a8; eic a eye gu 
_ (CREL DENIC EL d 
Heme ila; gP) a; OE AU i(—q4; q?) j(—48; q7?) 


x (3(745:479)5(a^: a9) (725: q??) + aj(—a5; 7?) (a; a)l; q??)) 
(gs qe outs 


— (q19:q19),,5(q8; q49) 5 (49; q29) j(q; 419) 5 (07; q19) 5 (—q*; q?9)3(—q8; q) 
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x (3(—a*5;419)5(q*; 1) + qi (~; a)i la; a?) 
alc il xr imu 4 iam E 
(^q; 


" (a7: 4 205 (a 
(q8; q?)o04(98; q2) (q6; geo (q; q2) (a7; gg ( —g* a)i (aE; q) 
(11.4.23) 


where we applied Lemma 6.3.2 with z = —q, y = —q?, and q replaced by —q?. 
We are now faced with the laborious task of applying the Jacobi triple product 
identity (11.1.6) to each of the j-functions on the far right side of (11.4.23) 
and simplifying. Using (11.1.4) and the familiar product representations 


Cora 


"TOM (11.4.24) 


pla) = (=q; and w(g)- 


, 


respectively, from (3.1.14) (or (5.1.1)) and (3.1.15), we eventually reduce the 
right-hand side of (11.4.23) to 


e(q)g(-4^) 
v(-q) ' 


and so the proof of Entry 11.1.2 is complete. 


We next turn to the proof of Entry 11.1.1. 
Proof. By Lemmas 11.4.1, 11.4.2, and 11.4.5, 


piola) — 4  V1o(—47) -- q ^xao(q?) = —q !m(gq, q9,q) — amla, q, q?) 
= g^! (7m(-q"^, g^, -q) m m(—q’?, g^. -q?)) 
47? (m(—g*,q'9, 419) + m(—a?, q*0, q?^)) . (11.4.25) 


By (11.3.3) and (11.3.1), 


míd,q'^,q) = m(q, q™°, q7?) = mina a). (11.4.26) 
By (11.3.3), 
m(—q” g^, q?) = m(-q"?^, g^, q”), (11.4.27) 
and 
m(—q'?, q*?, —q*) x m(-q??,q*9,q 16). (11.4.28) 
By (11.3.2), 
q ^m(-q^,q^9,49) = =g "^ m(-q78, 9,9716) (11.4.29) 
and 
q ?^m(-q9,q19, q^) = -q 19 m(—q78, q*0, q7?^), (11.4.30) 


Now in (11.4.25) we do not alter m(q, q'°, q?), but we do replace the other 
five m-functions with (11.4.26)-(11.4.30). We thus obtain 
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piola) — @ Vio(74^) + à ^ x10(48) 


= -q m(q, g0, E) + gmg, g, 472^) — go m(-a-8, 9*0, 725) 
—q m(g,q9,q?) + 7 'm(—q", g2, g8) — q 1 m(—q78,910, 9716) 
=-q' D(q, q, 48,0”) — q^! D(q, a°, q?, q-19), (11.4.31) 


by (11.3.31). We next apply Lemma 11.3.12 to deduce that 


—-q D(q, q, 0È, a —-q 1D(q,q9,q?,q 19) 


— (P9305 (- 975.9") 5 (45 q'?) 
ee aig TE epg) 
q(q?9; q?9)3.. 5 (—q9; q??) j (97°; 9*9) 
Gee 9 j (qt6; gt (g^: g^ (gis gan 
_ [ug og gle ea) 
HE PUES PO ese 1) ja Hug era” )j(—q4; q9) 
x (3(8:49)5(748:4?9)3(- q^: ? Je ia WOM a ce 
z Ci 0; g) j (a; g9) 
(q19;q Sood (gs q? 7 qq qc FDP 
x (il; ilat; q! ail q?)j(-q?^; q"? 
i (77°; q” EIC :2*?)5(—a:a*)3(745;—a?) 
(oup oig ra jg ae SY ij yigg ie’ ar g) 


) 


where we made exactly the same application of Lemma 6.3.2 as before, i.e., 
with zr = —q, y = —q?, and q replaced by —q?. We are now faced with 
the laborious task of applying the Jacobi triple product identity (11.1.6) to 
each of the j-functions on the far right side of (11.4.32) and simplifying. 
Using (11.1.2) and the product representations (11.4.24), we find that the far 
right side of (11.4.32) reduces to 


e(a)h(-^) 
plq) ' 


and so the proof of Entry 11.1.1 is complete. 


| Check for 


1 2 | updates 


Transformation Formulas: 10th Order Mock 
Theta Functions 


12.1 Introduction 


On page 9 in his Lost Notebook [232], Ramanujan offers eight identities for 
tenth order mock theta functions. Let us recall the four tenth order mock 
theta functions: 


29 gn(nc0/2 (n4-1)(n4-2)/2 


q 
_ qu 12.1.1 
¢10(q) a TONER V1o(q XI Ge jaa | 
= g? eS rgen? 
x — cq - MET. 12.1.2 
10(q) » (=q; Don” Xao(q) » ( dra sni ( 1 ) 


Here, and throughout this chapter, as usual, |g| < 1. The seventh and eighth 
identities are transformation formulas involving ¢19(q¢), v1o(q), and what we 
now call Mordell integrals. The goal of this chapter is to prove these two 
transformation formulas. The proofs given here are identical to those given 
by Y.-S. Choi [105] and are very difficult. Although attempts have been made 
to find proofs more in the spirit of Ramanujan’s ideas, Choi’s deep proofs are 
the only ones known at present. 


Entry 12.1.1 (p. 9). If dio(q) and v1o(q) are defined by (12.1.1), then, for 
n 0, 


dx 4 e7/ 6n) —g "i" 
f : Pm lc J/5 Jn V1o( ) 


osh —— + 
v5 4 
5+V5 vus E VEHI nita m 
= TTL TN T n TIN ' 12.1.3 
V. E dio(-e ^7) 2/5 $10(— t ) 
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Entry 12.1.2 (p. 9). If ó1o(q) and w49(q) are defined by (12.1.1), then, for 
n 0, 


oo —mna 1 
dz + ——e7/ 6m cem 
f = gi 1-— J/5 yn V1o( ) 
V5 4 


5 = 5 -rn /5 — 1 -rT n —m/m 
—— B= V5 an/Sp e ) t e-7/65 ) d10(—e / ). (12.1.4) 


2 2/n 
In order to relate Choi's proofs [105] of Entries 12.1.1 and 12.1.2, we review 
some notation and results, some of which were used in previous chapters. 
Recall that Ramanujan's theta function f(a,b) is defined by 


flab) i= XO unie HRS. jab <1. (12.1.5) 


Recall from (5.1.2) the Jacobi triple product identity 
f(a, b) = (—a; ab) 4. (—b; ab) ss (ab; ab) oo. (12.1.6) 
We shall use the elementary properties [55, p. 34] 
f(-1,a)=0, |e| <1, (12.1.7) 
and, for any integer n, 
f(a, b) = anin*0/25n(n-07? F(a(ab)”, b(ab)-"), (12.1.8) 
as recorded in (5.1.3). The identities 
(a^; Q)oo = (47; q”) 00 (474; 9" )oo = (~a; q)oo (a; q)oo (aq; q")oo (12.1.9) 


will be frequently used, usually without comment. Lastly, recall the pentagonal 
number theorem [55, p. 36] 


f(—a,-«^) = (Ga)oo- (12.1.10) 


We next recall some definitions and results from [103], some of which 
are given in Chapter 9; namely, (12.1.13) is identical to (9.6.4); (12.1.14) 
is identical to (9.2.6); and (12.1.15) is identical to (9.2.7). For |g| < 1 and 
arbitrary z,z, let 


oo 2 
(—1)"q°” +5n yn 
Li(-q,2):=2 X [Ly (12.1.11) 


oo 2 
(-1)^g9?" T5n—-l,n4l 
Li(-4,2):22 M] an (12.1.12) 
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(a: 9)2., (47; 4?)2, f(—28, —a/(22)) 


Alzas) = gd, a/a) (— 24, 2/2)" M 
NE 4 mm imm 
RAE: F0, f (—4t, —4°) ? ee 
and 
m (259 )oo (a 51a oe f (>04, =") (12.1.15) 


aalo) FR, eCe) 
Then, with ¢10(q) and v1o(q) defined by (12.1.1) [103], 


yola) f (72, 79 /z) = Li (—a, 2) + a (q) f (—2, —a9/2) + 20A(2/a^, a, 9°) 
(12.1.16) 


and 


piola) /(—2, —q9/z) = L(—q, z) + as(q)f (~z, —4?/z) + 24A(z/q*, 7, q?). 
(12.1.17) 


The identity (12.1.16) may be deduced from (9.7.1) in Chapter 9 by replacing 
z by z?q? in (12.1.16) and noting that, after simplification, 


Ly(—q, 250°) = —2qQ(25, q, q?). 


Similarly, identity (12.1.17) may be deduced from (9.7.5) in Chapter 9 by 
replacing z by z?q^ in (12.1.17) and observing that, after simplification, 


La(—q, z?q^) = —2qQ(z°, q?, 4°). 


The identities (12.1.16) and (12.1.17) show that $1o(g) and v1o(g) can be ex- 
pressed in terms of generalized Lambert series and theta functions. D. Hick- 
erson [161], [162] derived analogous results for fifth and seventh order mock 
theta functions, and the first author and Hickerson [39] established similar 
results for sixth order mock theta functions. Choi [104] also derived similar 
identities for the tenth order mock theta functions Xi9(q) and x1o(q). 
We shall establish Entries 12.1.1 and 12.1.2 with the aid of (12.1.16), (12.1.17), 

and a transformation formula for a certain Mordell integral that was derived 
by L.J. Mordell [208, p. 333]. More precisely, Mordell proved that 


oo griot? —2nat m- 
I —u uud = e "0 wt 20 +28) (12.1.18) 
oo € Ti e270 


, F((a + 0w)/w, —1/w) + io F (x + 0w,w) 


— miw I 0 
w(x + Ow, w) r cau 
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where 

tee > eee (12.1.19) 
and 

i£31(2, 0) = > (—1) g tmtm ris, (12.1.20) 


In Section 12.2, we establish nine identities for theta functions. Us- 
ing (12.1.18), we demonstrate in Section 12.3 that the integral in (12.1.3) 
may be represented in terms of F(x,w) and 011(x,w). Next, using (12.1.11), 
(12.1.12), (12.1.16), and (12.1.17) in the aforementioned integral identity, we 
show that the integral on the left-hand side of (12.1.3) can be represented in 
terms of the tenth order mock theta functions $1o(q), v1o(qg) and theta func- 
tions. The identities in Section 12.2 enable us to simplify the representation 
and complete the proof of (12.1.3). In Section 12.4, we employ similar ideas 
to prove Entry 12.1.2. 


12.2 Some Theta Function Identities 


The first two theta function identities, found in Ramanujan's second notebook 
[231], [55, p. 45, Entry 29], are extremely useful. 


Lemma 12.2.1. If ab = cd £0, then 
f (a,b) f (c, d) + f(—a, —b) f (—c, —d) = 2f (ac, bd) f (ad, bc) (12.2.1) 


and 


fla, b) flc, d) — f(—a,—b) f —c, —d) = 2af (Savea) t (Z, Savea). 
(12.2.2) 


Lemma 12.2.2. If xy £0, then 
f(-x, -q/x)f(-y, -a/y) = f(xy, /(£y)) f (ya/z, vq] y) 
— x f (xyq,a/(ry)) f (y/x, £g /y). 


Proof. In Lemma 12.2.1, set a = —z, b = —q/z, c = —y, and d = —q/y in 
both (12.2.1) and (12.2.2). Add the resulting two identities and divide by 2 
to achieve the desired result. 
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Lemma 12.2.3. Ifa, b, c, and d are any nonzero complex numbers, then 
q b a q c d 
af ( 29 2) a’ ta) £( i $)( d’ ta) 
q c b q a 
+b 
;( ds EN b’ 2) ( ae z) d' a) 


d 
a 
ere Dro) (ta) (hfe) nm nm 


Proof. Recall the definition of the classical theta function 


Hl = d (5a) = —i 5 (Cintas 


= —igV/Aei? f(—q?e?*, 672) ^ Imz 20, (12.2.4) 


upon the use of Ramanujan's notation (12.1.5). A fundamental identity discov- 
ered by K. Weierstrass, but expressed in terms of the Weierstrass o-function, 
is given by [272, p. 451, Example 5], [189] 

91 (ut u1)91(u— ur) 9 (uz + uz)0(u2 — us) 
ub V (u a U2) 01 (u = U2) 0 (u3 T u3)0 (us = U1) 
O1(u ua)01 (u — ua) (u1 a u2)0(u1 — ua) =0. (12.2.5) 


With the use of (12.2.4), we translate (12.2.5) into an identity involving 
Ramanujan's theta functions with the substitutions a = e7", b = e774, 
c = e 72, and d = e-?!'s, We also replace q? by q and divide both sides of 
the equation by ,/q. Hence, 


a a b 1 q d c 
zal 4 3p qab, 3) a ed) f (20-5) 
a a c 1 q b d 
7 i e? 2 f ( aac =) ;( bd’ id) f (-30-4) 
a a d 1 q c b 
M "t ( d^ 2) f ( gad, =) 2 be’ be) f ( p? *) H 


(12.2.6) 


In order to establish (12.2.3), we see that we need to apply (12.1.8) with 
n = 1 a total of 7 times to obtain all 12 theta functions appearing in (12.2.3). 
Multiply the resulting equality by abc in order to obtain precisely (12.2.3). 


Lemma 12.2.4. We have 


(75; —q?)os (q!9; q) f (—a*, —q9) [usua 
f(-@, q?) f (—@?, —q?) 


PEA Cd, 0) 
. f(-a. 74?) f (d, a7) f (a^, a9) 
| j$(-4-8)(0) (12.2.7) 


2q 
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Proof. We apply Lemma 12.2.2 with q replaced by q°, x = —q, and y = q?. 
Accordingly, 


fad) f(-@,-@) = f(-@, —a") f(-a*, —a9) + af (—a, -a?) f (^a^, -4°) 


Next, in Lemma 12.2.3, replace q by q!? and set a = q, b = q?, c= q?, and 
d — q to deduce that 


d? f(-4),—99)f (7a ^, 4) f? (-q6, -q*) 
q^ f^(-4,—4)f (74^, -49)f (74. -4) 
+ f(-d5,—q2?)f(-q?,-q?)f(-d,—4")f(-q,-4?) 2-0. (12.2.9) 


Now apply (12.1.8) twice with n = 1 in (12.2.9) and divide both sides by q? 
to arrive at 


FCP, 8)? 74, -a") f(-¢*, a) 
= f(7q.—q?»)f^(-q*, 49) f (7-49, — a?) 
+ gf (—¢, -9°) f? (-d^, a9) f (7d. —4). (12.2.10) 


Multiplying both sides of (12.2.8) by /f(—4?,—4?)f(—q?,—4') and us- 
ing (12.2.10), we find that 


f(-@,-@)f(-@, -4") f(a, a") f(-8, -¢°) 
= f(-4,-@) f? (4f, —q9) f (d, —q?) 
-29f(-4,-4?) f? (-d^, -a°) f(—-¢°, -q"). (12.2.11) 
Dividing both sides of (12.2.11) by 
f(-4-@) f? (7^, a) f (—d^, 2 ) f (74^, 49) f (49. —a?)/ (a9; q'9)3., 


using (12.1.9), and replacing q by —q, we complete the proof of Lemma 12.2.4. 


Lemma 12.2.5. We have 


(735; =") (919; a) f (= tuia o T 
fig 4) f(t, ° F(a, 45) f(—0°, A) 
E NN. 9 2 8 
ETE 1 Mae HC d^) (12.2.12) 
(~, —48) f (è, q7) 
Proof. Replacing q, x, and y by q?, q, and —q?, respectively, in Lemma 12.2.2, 
we find that 


f(7a,-4*) f (d, d?) = EIE, alIa, as) — af (7a, a?) f (7d, -4°). 
(12.2.13) 


— [us 
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Replacing q by q!^, setting a = q^, b = q, c = q?, and d = q? in Lemma 12.2.3, 
applying (12.1.8) three times with n — 1 in each instance, and dividing both 
sides by q, we find that 


qf^(-q, -@) f(-d^, 39) f (—4*, —a9) 
= f*(-q^,-q*)f(-a 
f(-4a,-@°) f (74,97) f? (745, -4). (12.2.14) 


Multiplying both sides of (12.2.13) by f(—4,—4?)f(—q!,—49) and us- 
ing (12.2.14), we deduce that 


Fa, =°) f (74^. —49) f (7a. - f (d? a?) 
= 2f(-q,-q?)f(-d. —47) f? (-q^, -q9) 
fP(-¢,-@) f(-@, -a")f(-@, 8). (12.2.15) 


Dividing both sides of (12.2.15) by 
Fa, -P fP, —49)f (^d, -a") f?(-@*, a) f d, —3)/ (49; a), 


using (12.1.9), and replacing q by —q, we finish the proof of Lemma 12.2.5. 


Lemma 12.2.6. We have 


Fa, —q95) l, q?9) + 99 f(—g?, — 99) F(g?5, a”) 
+ F(a”, q”) f(a, q98) — g* f( —g9, —9 9) f(g”, g) 
— d$ f(a”, 4”) f(q9, g) — a f(—q19, —q95) f(q9, q*9) 
= 2f(-a*, ~q") f (a9, —q1?). (12.2.16) 


Proof. Let a = —q1?, b = —q??, and c = d = q” in (12.2.1), so that ab = cd. 
Therefore, 


f(a? a)l, a) + faa, - PFC, q99) = 2 p? (- 9*9, 999), 
(12.2.17) 


Next, set a = —q?, b = —q**, and c = d = q? in (12.2.2), so that once again 
ab = cd. Hence, 


f(-@, a)l, g) — f(-a??, a)l, g) = —2¢° f? (-q?9, -g??). 
(12.2.18) 


Setting a = —q?, b = —q*, and c = q!ř, and d = q® in (12.2.1), so that of 
course ab = cd, we find that 


— 


fC, a)l, a)  f(-915, 499) f(g9, a” 
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If we let L(q) denote the left-hand side of (12.2.16) and use (12.2.17)-(12.2.19), 
we find that 


L(q) = 2f?(—q*9, — 49?) 298 f? (~, 989) -29* f (~, —a®°) p(— 10. — 969). 
(12.2.20) 


From [56, p. 191], we recall that 

f (2A, 2/A)f (zB,x/B) = f(£5 A?’ B, x3 A7? B7!) f (x5 A ! B,32AB ?) 

+ a¢Bf(c" A?B,z23A?B- ))f(a?A ! B^, cz AB?) 

+ £B! f(x? A Ba A?B f(zA B^, AB) 

+ zA f(x? A? B, xA? BT!) f(x? A71 B?, £" AB?) 

+ zA`! f(x A? B, x? A7? BT!) f(x" A71B?, AB). 
(12.2.21) 


Setting x = —q!?, A = qf, and B = q^? in (12.2.21), and then multiplying 
both sides by 2, we find that 
2f(—¢*,-a"*) f(-—e,-@"*) (12.2.22) 
= 2f?(—q, —g9? — 2q°f?(—a?, —g99) — 29 f(—g?9, —g9?) f (~, -a™). 


Substituting (12.2.22) into (12.2.20), we see that we have completed the proof 
of (12.2.16). 


'The next six theta function identities that we need are proved using the 
theory of modular forms. We follow the exposition in Choi's paper [105]. The 
method is also described in the second author's book [55, pp. 326-345]. We 
assume that the reader is familiar with basic facts of modular forms; if not, we 
recommend the book [186] by M. Knopp for a lucid and quick introduction. 

Let H = (z : Im(z) > 0). Recall the definition of the Dedekind eta function 
n(z), which is a modular form of weight 3 on the full modular group. If n is 
a positive integer, from its definition, we note that 


Mn = (nz) = q" (a; a") = G F(a, a), qoe, ze. 
(12.2.23) 
We need to also define the generalized Dedekind eta function. 


Definition 12.2.1. For z € H, the generalized Dedekind eta function m,m = 
Tnm (£) is defined by 


Tnm (2) = etiPa(m/n)nz II (1 u grike) II (1 u e?rikz) 
k= 


1 = 
k=m (mod n) kz—m (mod n) 
1 oM o ,n—m 
— 63 Paln/nyn fla", 7a 7") TOES ) (12.2.24) 


where P2(t) = (t)? —{t}+ & is the second Bernoulli function, and {t} = t—[t] 
is the fractional part of t. 
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Let T (1) denote the full modular group of matrices (3 Es where a,b,c,d € 
Z and ad — bc = 1. Similarly, (NV) denotes the subgroup of (1) where 
a = d = 1(modN) and c = 0(mod N). Let (I;r,v) denote the space of 
modular forms of weight r and multiplier system v on a subgroup I of finite 
index in /'(1). Let ord(f;z) denote the invariant order of a modular form f 
at z, and let Ord(f; z) denote the order of f with respect to I’, defined by 


Ordr(f:2) = Ford(f:2) 


where £ is the order of f at a fixed point z of I’. 


Lemma 12.2.7 ([186, p. 51]). Let (24 be a primitive 24th root of unity, and 
M = (25) € I'(1). The multiplier system v, for the modular form n(z) is 
given by 


d =f cla =e H * 

a) tu eye ; if c is odd, 

C 

© \ .ac(1—d?)+d(b—c)+3(d—-1) Pas odd and eith 
pae 5) 24 ] if d is odd and either 


c>0ord>0, 


-(&) gd) 40-043-0.— j'dis odd, c < 0, and d > 0. 


Lemma 12.2.8 (The Valence Formula[235, Theorem 4.1.4). If f € 
{I,r,v} and f is not identically 0, then 

5 Ordr(f;z) = ur, 

zceR 


where R is any fundamental region for I and 


1 
<= —|f(1): T]. 
p= EIO: T] 
Lemma 12.2.9 ([105, Lemma 2.2.4]). If n € Zt, m1, M2,..., Mən are 
positive integers, N is a positive even integer, and [m1, m», ... , Man ]| N, then, 


for z €, 

(ma z)n(maz) +++ q(masz) € UY(N), n, vj, 
where A = p A € I\(N). Furthermore, if (34 is a primitive 24th root of 
unity, then 


2n 
C/M} ac(1—d?)/m;j mjb—c/m; — 
«a = TT (FRE) aie mtm men 


Lemma 12.2.10 ([109, Lemma 2.6.5]). For each positive integer n, 


ira): neo = TT (1-5). 


p|n 


where the product is over all primes p dividing n. 
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Lemma 12.2.11 ([237, p. 126, Theorem 3]). For z € H, let 


fo I sete. 
n|N 
0<m<n 


where nm are integers. If 


5 nPz (=) Tnm =0(mod2) and 5 ~ P, (0) n,m = 0 (mod 2), 


then f(z) € (J3(N),0, I), where for M = (%5) € D(N), I(M) =1. 
Lemma 12.2.12. Forz € H, 


7136710,27110,37120,2720,471100,50 
x (—750,57130,107750,15750,2571100,40 + 7150,57]50,107]50,157]50,207]50,257]100,40 
= 7130,157150,207150,2577100,20 us 2]50,57]50,15"]50,201150,251]100,40 
—2n20,5750,20750,257100,307100,40 T 7150,5750,15750,2071100,4071100,50) 


1.2 16,2 „4 2 2 9 
= 1197100710,17710,27120,87150,107750,157150,207750,2577100,50- (12.2.25) 


Proof. For1 < j < 7, let fj denote the product of eta functions in each of the 
7 products in (12.2.25), and let gi denote the product of the generalized eta 
functions in each of the seven products in (12.2.25). Each f is the product 
of 18 eta functions, and by Lemma 12.2.9 and a straightforward calculation, 
each fj is a modular form of weight 9 on 11(300) with the multiplier system 
vı, where for A = (2 *) € r1(300), 


NM onc teh pagine) 
By Lemma 12.2.11 and a straightforward calculation, each g} is a modular 
form of weight 0 on 71(300) with the multiplier system J. Therefore, each 
fjg} is a modular form of weight 9 on I1(300) with multiplier system vj. 
By Lemma 12.2.10, [I (1) : 71(300)] = 57600. Let F; denote the difference 
of the left- and right-hand sides of (12.2.25). Applying Lemma 12.2.8 for a 
fundamental region R for 11(300), we deduce that 


Y Ordr, 300) (Fi; 2) = Sot ASU Sones), (12.2.26) 


12 
zcR 


since both sides of (12.2.25) are analytic on R. Using Mathematica, we cal- 
culate the Taylor series of F} about q = 0 (or about the cusp z = ioo) and 
find that F} = O(q*???!), Unless F} is a constant, we have a contradiction 
to (12.2.26). Our proof of Lemma 12.2.12 is therefore completed. 
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Lemma 12.2.13. Forz € H, 


150110,1110,2120,620,8100,50 
x (1150,5]50,10]50,151]50,201]50,257]100,20 + 1]50,5]50,15]50,207]50,251]100,20 
= 7130,5750,10750,2571100,40 a 2750,57130,101150,151150,2577100,20 
—2n50,10750,157150,257100,107100,20 + 7150,57150,10750,15100,201100,50) 
= 7071607710,2710,3720,4750,57150,107150,207150,2577100,50- (12.2.27) 
Proof. For1 <j < 7, let Dp denote the product of eta functions in each of the 
7 products in (12.2.27), and let 9; denote the product of the generalized eta 
functions in each of the seven products in (12.2.27). Each f? is the product 
of 18 eta functions, and by Lemma 12.2.9 and a straightforward calculation, 


each f? is a modular form of weight 9 on I1(300) with the multiplier system 
v2, where for A = (2%) € I1(300), 


ub 35 c(a—ad?—d)+12bd+3(d D 

By Lemma 12.2.11 and a straightforward calculation, each 9j is a modular 
form of weight 0 on 11(300) with the multiplier system I. Hence, each f?g? 
is a modular form of weight 9 on 71(300) with multiplier system v2. Let F5 
denote the difference of the left- and right-hand sides of (12.2.27). Applying 
Lemma 12.2.8 for a fundamental region R for T; (300), we deduce that 


9 - 57600 


p» Ordr, (300) (F5; z) = 12 


zcR 


= 43200 > ord(F); 00), (12.2.28) 


since both sides of (12.2.27) are analytic on R. Using Mathematica, we cal- 
culate the Taylor series of F5 about q = 0 (or about the cusp z = ioo) and 
find that Fy = O(q*???!). Unless Fy is a constant, we have a contradiction 
to (12.2.28). Our proof of Lemma 12.2.13 is thus finished. 


Lemma 12.2.14. Forz € H, 


2 2 10,3 

7157 00715,1716,1 

x ( 3 + 3 — 3n2 2 2 ) 
7]50,57]50,1077100,40?]100,50 T 7]50,157750,207]100,2077100,50 7]50,107150,2077100,25 


2,2 10,3 ,2 ,2 ,2 2 2 
= 7]297125715.1716,17120,57125,57125,107150,107150,20- (12.2.29) 


Proof. For 1 < j < 4, let f denote the product of eta functions in each of 
the 4 products in (12.2.29), and let 9j denote the product of the generalized 
eta functions in each of the 4 products in (12.2.29). Each i; is the product 
of 14 eta functions, and by Lemma 12.2.9 and a straightforward calculation, 
each f? is a modular form of weight 2 on T; (300) with the multiplier system 
v3, where for A = (2%) € I3(300), 
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1 2 
=a c(a—ad~ —d)+18bd+3(d—1) 
u3(A) = GP . 
By Lemma 12.2.11 and a straightforward calculation, each gj is a modular 
form of weight 0 on (300) with the multiplier system J. Hence, each f}g? 
is a modular form of weight 2 on 11(300) with multiplier system va. Let F3 
denote the difference of the left- and right-hand sides of (12.2.29). Applying 
Lemma 12.2.8 for a fundamental region R for I(300), we deduce that 
2 - 57600 
XC Ordr, 300) (F3; 2) = — z — = 9600 > ord(Fs; oo), (12.2.30) 
zeh 


since both sides of (12.2.29) are analytic on R. Using Mathematica, we cal- 
culate the Taylor series of F3 about q = 0 (or about the cusp z = ioo) and 
find that F4 = O(q°°°'). Unless F4 is a constant, we have a contradiction 
to (12.2.30). Our proof of Lemma 12.2.14 has therefore been completed. 


Lemma 12.2.15. Forz € H, 


2,2 2 3 
7]47]50?110,17110,27110,37]20,2 

X (1150,57150,157]50,251]100,50 + ]50,51150,157]50,25/]100,30 

2 2 
— 7]50,57]50,157]50,257]100,10 — ?]50,57150,157]100,50 — 7]50,57]50,257]100,30 
2 2 

+ 2750 ,57150,2577100,30 - 750,151150,257100,10) 
DE 38 3 3 3 (12.2.31) 
= 13o?1207110,17110,27120,47120,87150,57]50,157]50,25 - PA 


Proof. For 1 < j € 8, let n denote the product of eta functions in each of 
the 8 products in (12.2.31), and let 9; denote the product of the generalized 
eta functions in each of the 8 products in (12.2.31). Each i is the product of 
4 eta functions, and by Lemma 12.2.9 and a straightforward calculation, each 
H is a modular form of weight 2 on I\(300) with the multiplier system v4, 
where for A = (4 *) € r1(300), 


3 2 
=p c(a—ad* —d)--12bd--3(d—1) 
v4(A) = GP . 
By Lemma 12.2.11 and a straightforward calculation, each 9; is a modular 
form of weight 0 on /1(300) with the multiplier system I. Hence, each nn 
is a modular form of weight 2 on 11(300) with multiplier system v4. Let F4 
denote the difference of the left- and right-hand sides of (12.2.31). Applying 
Lemma 12.2.8 for a fundamental region R for I(300), we deduce that 
2- 57600 
XC Ordn (300) (Fa; 2) = sa — = 9600 > ord(Fi; oo), (12.2.32) 
zeHh 


since both sides of (12.2.31) are analytic on R. Using Mathematica, we cal- 
culate the Taylor series of F4 about q = 0 (or about the cusp z = ioo) and 
find that Fy = O(q°°°!). Unless F; is a constant, we have a contradiction 
to (12.2.32). Our proof of Lemma 12.2.15 has thus been accomplished. 
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Lemma 12.2.16. For z € H, 


TI o?]3o"1507]10,11110,47]120,4]20,8'150,57]50,15]50,25]200,507]200, 100 
x (1110,11120,107]50,107]100,40 — 4110,37]/20,27]50,107]100,40 
+ 110,11120,107750,2077100,20 + 67710,37120,27150,2077100,20) 
= 4710,110,47120,40,87140,10750,5750,10750,15750,20750,2571200, 100 
x ({073071307100710,1710,107130,20 + 11013010010,320,230,10) 
= 7¥$071201507150,5750,10750,157150,2077100,5071200,5077200,100 
x (nio,17120,670,87120,10 = 4m10,1710,3710,4720,2130,57120,8 
— 7}0,37120,2730,4720,10) 
T T]; o]30TI50'150,51]50,101]50,20]50,257]100,307]200,50]200,100 
x (27%o,1720,6750,87120,10 + 2710,17110,37110,4720,21130,5720,8 


3 2 
+ 311,3720,2720,47120,10) 


8 3 

— 110720750"150,107150,157750,207150,25 77100, 1077200,507]200,100 
3 2 2 

X (3710,1720,6720,8720,10 — 2710,17110,37110,47120,27120,57120,8 


+ 2o. a20,2]20,4120,10)- (12.2.33) 


Proof. For 1 < j < 15, let f denote the product of eta functions in each of 
the 15 products in (12.2.33), and let 9; denote the product of the generalized 
eta functions in each of the 15 products in (12.2.33). Each f; is the product 
of 12 eta functions, and by Lemma 12.2.9 and a straightforward calculation, 
each f? is a modular form of weight 6 on I1(200) with the multiplier system 
vs, where for A = (2°) € I1(200), 


10 ,41.e(a—ad? — d)4-22bd4-3(d—1) 
v(a) = (n) d? | 


By Lemma 12.2.11 and a straightforward calculation, each 9; is a modu- 
lar form of weight 0 on 73(200) with the multiplier system J. Hence, each 
fjg} is a modular form of weight 6 on I (200) with multiplier system vs. By 
Lemma 12.2.10, [I (1) : Tı (200)] = 28800. Let F5 denote the difference of the 
left and right sides of (12.2.33). Applying Lemma 12.2.8 for a fundamental 
region R for 11(200), we deduce that 


6 - 28800 


jj = 14400 > ord(Fs; 00), (12.2.34) 


5 Ord r, (200) (F5;z)-— 
zcR 


since both sides of (12.2.33) are analytic on R. Using Mathematica, we cal- 
culate the Taylor series of F5 about q = 0 (or about the cusp z = ioo) and 
find that F5 = O(q'4*°'). Unless F5 is a constant, we have a contradiction 
to (12.2.34). Our proof of Lemma 12.2.16 is therefore finished. 
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Lemma 12.2.17. Forz € H, 


Tl iol2o lo 110,17120,47120,67]20,87]50,51]50,157]50,257]200,507]200, 100 

x (1110,17]20,107]50,107]100,40 — 110,17]20,107]50,207]100,20 

— 2710,3720,2750,2077100,20) + 4m.07129507100710,1710,37120,2120,47120,6 

x 7130,81130,107140,107150,5750,1050,15750,2071100,2577200,100 

TI} 73071307150,107150,2071200,507200,100 

x (7 ¥0,1720,6730,87120,107150,5750,157100,50 

= "Io. 37]20,21]20,47120,107]50,57]50,157]100,50 

= 2710,1710,37120,27120,4730,5720,67120,8150,57750,257100,30 

= "Io. 37]20,2]20,47120,107]50,57]50,257]100,30 

— "Io. 17120,6120 ,87120,107]50,157]50,251]100,10 

+ 2710,17710,3720,2720,4720,5720,67120,87150,15750,2577100,10)- (12.2.35) 
Proof. For 1 < j < 10, let f$ denote the product of eta functions in each of 
the 10 products in (12.2.35), and let g denote the product of the generalized 
eta functions in each of the 10 products in (12.2.35). Each f$ is the product 
of 14 eta functions, and by Lemma 12.2.9 and a straightforward calculation, 


each ff is a modular form of weight 7 on (200) with the multiplier system 
vg, where for A = (2%) € Tı (200), 


A 39 ¢(a—ad?—d) +2bd+3(d—1) 


«(A - (ng) | 


By Lemma 12.2.11 and a straightforward calculation, each g$ is a modular 
form of weight 0 on 7; (200) with the multiplier system J. Hence, each ff 9; isa 
modular form of weight 7 on (200) with multiplier system ve. Let Fg denote 
the difference of the left and right sides of (12.2.35). Applying Lemma 12.2.8 
for a fundamental region R for 71(200), we deduce that 


:2 
5 Ordr, (200) (Fo; z) = TAN = 16800 = ord( Fe; oo), (12.2.36) 


12 
zcR 


since both sides of (12.2.35) are analytic on R. Using Mathematica, we cal- 
culate the Taylor series of Fg about q = 0 (or about the cusp z = ioo) and 
find that Fg = O(q'®8°'). Unless Fg is a constant, we have a contradiction 
to (12.2.36). Our proof of Lemma 12.2.17 is thus finished. 


Our next task is to take each of the six eta function identities from Lem- 
mas 12.2.12-12.2.17 and rewrite them in terms of Ramanujan's theta functions 


J (a, b). 


12.2 Some Theta Function Identities 


Lemma 12.2.18. If f(a,b) is defined by (12.1.5), then 
FE, a) f (—4*9, —480) f (—980, —480) 
f? (-q?9, -q39) 
x (a9 f(—419, 419) — q* f(—q?9, —499)) 


Gare ae 
a) 
x (F(a, - 499) f (4, -a°) — 2g? F(-¢, -q*9) f (4, -@°°)) 
5, q^, 2C q”, [i a e 
F(= wy (agg) fee) 
" ial $e q15) f (—q9, —g80) (980: 480)3. 
fi qo T qur ( gu, gogo gu 
(7a, 74?) f (= a7?) (a5; 7) 00 ("95 q??)ss 


f=) -g0f(-a5,-e FC, ute) 
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(12.2.37) 


Proof. Simplify slightly the right-hand side of (12.2.25) by using the identity 


1100,50200 = "o. Then divide both sides of (12.2.25) by 


451/30, 18 


4 2 2 
q 7]50?110,27110,37]20,27]20,47]50, 101]50,157]50,201]50,25/ "100 j 


Using (12.2.23) and (12.2.24) to convert the resulting identity, we de- 


duce (12.2.37). 


Lemma 12.2.19. We have 
F(q, —q3®) f (—q20, —q®°) f(—g®°, —q®°) 


Pa) 
x (@ f(—419, 49) + f(-4?9, 9?) 
dica eg) 
Fg, go) 
x (PFa, —a*9) f(—q 9, —q9?) + 29* f(—419, —439) p(— 929, —g80) 
a ear ig teg? D Tas Cun T NÉ. 
fee vf Per equ eq 
T Pee f(a” E MES 
Iph guo ji, q99)f um q7?) Fog equ) 
10 (go al 


BPun du dim E dU jq 
( 


Joc 
F(—q, —4°)f(—48, —q14) f (98, 7) 


(12.2.38) 


Proof. Simplify the right-hand side of (12.2.27) with the identity n100,507%o9 = 


no. Then divide both sides of (12.2.25) by 


289/30 718 16 2 2 
/ 7]501110,11]10,21]20,61]20,81]50,5]50, 107150,201]50,25 / 7 100- 


Using (12.2.23) and (12.2.24) to convert the resulting identity to a q-series 


identity, we deduce (12.2.38). 
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Lemma 12.2.20. We have 


pila Se ae m eim mdm 
Para) 
mra =) F(a”, He ear er ae) 
Fog) 
— 3g f^(-q?,—q7) = f*(-g*,—97). (12.2.39) 
Proof. Employ the identity 125.5725,10725 = 15 on the right-hand side 
of (12.2.29) in Lemma 12.2.14, divide both sides of (12.2.29) by 


qu 2, 10 
n55, |o. 12o, 1050, 20> 


apply (12.2.23) and (12.2.24) to express the identity in terms of theta func- 
tions, and finally deduce (12.2.39). 


Lemma 12.2.21. We have 
Fla, a) f(-g?9, a”) + Fl, SI, a) 
)f(-@, 4) — a* f(q? 0°) Sa, a) 
— qf (a9, g) f (—q?^, —q?9) + 2g? f(a, q99) f(—q^, -a"”) 
L 5 £( 45 45) E( LB _ 35) _ fiuc uu ws. 12.2.40 
q^f(q q )f( q , q )= K qi, qd’) f ( g, q'8) * ( es ) 


Proof. Using the Jacobi triple product identity (12.1.6), we can readily show 
that, for each integer n, 


(a: gu. f(-q? —g100-2n) 
, oo , 
(qi: q190).. f(—q", —q90-n) 


Now use the identity n20120,4020,8 = 114 on the right side of (12.2.31), divide 
both sides of (12.2.31) by 


= f (q^, g7"). (12.2.41) 


329/30, 2 


q namo, 1ffio, 27110,37]20,27]50,57]50,157]50,25 ; 


apply (12.2.23), (12.2.24), and (12.2.41) with n — 5,15, and 25, respectively, 
and thus complete the proof of Lemma 12.2.21. 


Lemma 12.2.22. We have 


_ _ 79 4.4 10. 4,1042 

re, (4 x ELE E n 4qf(—q*,—¢'°) f (-q*, 2 

E E q, —0° (0f; (a a mere 
feet) 


+ 6gf (—q*, —q'°) f(-4, 2 


tq f(q? 


WV |~ 
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i FA q,—4 Pil g^ q! A T sala” r=) 
9 6 f(-@ 7) 
(7°; Foo 


MN 


E 7 qt, 7) 
154 26 5 15 P(E, -a") f(-a4, us pix) 
2af (4,77) + 34 Fa, =) f(-d5,-g ^ f(d5,-q'7) 
9 8 12 10. ,10 20. ,20 
— d^ f (q9, a”) (s q.—-4)f(-4. 1 ju sg sal amas 


qt8) f (—q4, —q16) 
Pa q?, —q") f (—44, ^q!) (q!9; D HR). 


Fa. PM OB - d) f (—98, —4!?) 


Proof. First, employ the identities 


2 2 
120720,10 = N10; 
720740,10 = 7/10; 

71207]20,47]20,8 = 14, 


7]507]50,107]50,20 = 7/10 


n (12.2.33). Second, divide both sides of (12.2.33) by 


q 93/68 onz0mo, 17110,37]720,27]20,47]20,67]20,8 


X 1]50,57]50,107]50,151]50,207]50,257]200,507]200,100- 
Third, use the identities (12.2.23), (12.2.24), and (12.2.41) with n replaced by 


5, 10, 15, 20, and 25, respectively, and with q replaced by qf and q?9, respec- 
tively. The identity (12.2.33) then assumes the form (12.2.42). 


Lemma 12.2.23. We have 
f(a, —a?) (a*; a*) o. (419; q19)2, 
fox Ic -u) 
40) (E OU E 
f(-4*,—a')J(—q?,—q 9) 


+ 2q f (74*,-4'9)f(-d, 22) 


+ 4q" f(g", 9199) f(—g*, 919) f(—g?, a) 


für art) 
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= f(g 2e» (^ q, =P) fë, =°)"; g); 
' Fè, =o eye ee) 
6 0 


—-q'f(q?,q?) Lre, —q” 


f?*(-à,—4")f (-a*, -q19)(g!; 

VPE Fa, ~=) f Cd dr 

o aps a5 PCG Cura Ma sq oed 30^ Jos 
7f. ( f (743, 47) f (72, —418) f (—¢*, —q19) 


— 29f?(- q^, -e») i (12.2.43) 


Proof. First, simplify (12.2.35) by using the identities 


730720,10 = Tos 

7]207]40,10 = 10; 
7]207]20,47]20,8 = 4, 

7]507]100,25 = 25- 


Second, divide both sides of (12.2.35) by 


233/6,,8 2 
q 6p I20']80?010,11]10,31]20,2]20,47]20,6/]20,8 


X 1]50,57]50,107750,157750,207]50,257]200,507]200,100- 
Third, apply (12.2.23), (12.2.24), and (12.2.41) with n replaced by 5, 10, 


15, 20, and 25, respectively, and with q replaced by q* and q°°, respectively. 
Then (12.2.43) follows. 


12.3 Proof of Entry 12.1.1 


Entry 12.3.1 (p. 9). Recall that the tenth order mock theta functions $19(q) 
and pıolq) are defined in (12.1.1). If n > 0, then 


er Oe A 


q 4 e 
M ane | l- V5 yn 
v5 4 


nN nN v5+1 asd TL n/N 
= 4| ———e-*"/5 pio(—e7"”) 27m ^ fm o6". (12.3.1) 


Proof. Replacing w, x, t, and 0 by 5in, —5n, 1--z/ /5, and 6’ — i, respectively, 
on the left-hand side of (12.1.18), we find that 
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2:42 2 
oo erit —2mnat gonn—2n oo e "nc 
dx. (12.3.2) 


— dt = ——————— 
E e2mt — g2ni0 V5 e e2na/ v5 — e2ni6' 


Setting 0' — 2 in the right side of (12.3.2) and using (12.1.18), we deduce that 


oo rnr? i " . 
J e — dr = v/5etnn/5—4ni/5 FG, in) _ PND AIM, SH. 
oo e2n2/V 8 — e-ni/S 5in041 (2in, bin) 

(12.3.3) 
and setting 6’ = 2 in the right side of (12.3.2) and using (12.1.18), we further 


deduce that 


oo —qanz? i 3 1 
f e dx = V5e9"/5-6ni/5 F(3, 55) — 5nF (3in, 5in) 


Css e2na/V5 — eri/5 5in011 (3in, 5in) 
(12.3.4) 
Employing (12.3.3) and (12.3.4) and using the value 
5+1 
cos E = is ; (12.3.5) 


we arrive at 


T eo TRE d 1 T ET TRE d 
g= £ 
0 2n 14 V5 2J- 2nz 1-4 5 
cosh —— + co 


ve 4 E Rd 


1 oo e 7nt 1 1 
E 38 isin(7/5) (ee uc dz 


1 ; e "nc 
= — —ni/5 d 
2i sin(7/5) ( J. e2nz/ V5 4. e—Ti/5 i 


oo rnr? 
NEUE NN. NE 
E L e2n/ v5 + eri/5 is) 
_ v5+ V5 hdd F(2, 4) — 5nF(2in, bin) 
7 5ny/2 011 (2in, bin) 
F(3, à) — 5nF(3in, bin) 
011 (Bin, 5in) 


—e-7n/5-E2nn 


. (12.3.6) 


To continue the evaluation from (12.3.6), we note that, from (12.1.19) 
and (12.1.20), respectively, 


F(a,7) = —F(-2 +7,7) (12.3.7) 
and 


011(z,7T) = —611(—2,7) = ils mage eae +7,T). (12.3.8) 
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Using (12.3.7) and (12.3.8), we see that 


F(3in,5in) = —F(2in, 5in) and 611 (8in, 5in) = e*”" 011 (2in, 5in). 
(12.3.9) 


Therefore, from (12.3.9), 


F'(3in, 5in) F (2in, 5in) 
mn = 12.3.10 
Oi (Bin, bin) 04, (2in, Bin) ( ) 


Let q = e-7^, Hence, using (12.3.10), (12.1.19), (12.1.20), (12.1.5), (12.1.12) 
with q and z replaced by —q and qf, respectively, (12.1.17), (12.1.13) with q, 
z, and x replaced by —q?, 1, and q?, respectively, (12.1.15) with q replaced by 
—q, and Lemma 12.2.4, we find that 


5+ v5 (m F(2in, bin) e 7n/5*2nn F(3in, 5in) 


2 Oi (2in,5in) - 011 (3in, 5in) 


= SF V5 mah 1 5 (Singin 
2 f(-a*, -49) ig 


Tn ——oo 


1 oo | 


) (12.3.11) 


SE f(-d, —q9) 25 1 + qi0m-cs 


Tn ——oo 


5+ VB vs Loa. a^) 
2 f(—q*, —q9) 
54 V5 uv (745; —@° oo (a Ta 
2 (ow a) Fg, P) P, -g) 
ic 
Pe apre 


,—48) 
B =< emi a oom/sd aa LI q^) f (a^, a9) 
i p =f Ge) ~~ 


Observe that when we use this identity in (12.3.6), we obtain the first expres- 
sion on the right-hand side of (12.3.1). 

To further continue the evaluation in (12.3.6), we need the transformation 
formula [208, p. 330] 


1 | 
n. (5. )- iV Ziwe"? l9 (a, w). (12.3.12) 


Putting z = 2in and w = 5in in (12.3.12), we find that 


js 
Ou (s z) = —iv5ne- 1"*/59,. (2in, bin), (12.3.13) 
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and putting x = 3in and w = 5in in (12.3.12), we further find that 


"n E = = —iv5ne-9n7/59,: (3in, bin). (12.3.14) 
n 


Let qı = e-7/ (5), q = e27i/5. and g = e3ri/5 = —1/a. Using the definitions 
of F in (12.1.19) and 644 in (12.1.20), replacing m by —m, and then replacing 
m by m + 1, we see that 


zi s Bru E Du um 
yer Rr 2 1 —2 1 
5? 5n _ m=—0o 1+ g^ || m—-—oo 1+ qı ee 
du IER TUM 
011 B +) 5 (—1) qr" tma 72m 5 (-1) qi" ra 
m--—oo m-—-—oo 
3 (—1)ngm tm gam » (-1)mgm mig 2m 
—2m-1 Im+1 
a Oe ltd ín _ M=- 1+” 
= = = = 
5 (=1) rg Fm gam 5 (-1yngm hg? 
m=—oo m--—oo 
(12.3.15) 


By a similar, but less involved, calculation, 


oo m ,m?--m 2m 
2 id (-1)"di a 
F G. +) 2. 1 + oo 


LIAE (12.3.16) 
m m? +m m 
011 (s x) 5 (—1)"qi o? 


Tn-—-—oo 


Thus, using (12.3.13), (12.3.14), (12.3.15), and (12.3.16), we find that 


j 2 i 3 i 
ud F (3, en) e97n/5 F ($ an) 


011 (2in, 5in) 011 (3in, bin) 
Huy FCS) 
Au (3, sz) 911 (8; Ba) 


=1) gr E gam) 
Lye 
ea a . (12.3.17) 
5 ire es 


m=—oo 


Using the definition of f(a, b) in (5.1.1), (5.1.3), and (5.1.4), we find that the 
denominator on the right side of (12.3.17) can be written in the form 
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oo oo 


E (—1) qf m mme 2m _ -X o) X Nc 1) g26m +10mj+j? +5m+j 


Tn-—-—oo Tr —-—oo 


= (1 — o5)f(-qi*, 2) gi(a? — o9)f(—q19,—q19), (12.3.18) 


where we used the easily verified evaluation 


oo 


XO (logo asp. 


Tr —-—oo 


We now es di the numerator and denominator on the right-hand side 
of (12.3.17) by 1 — qit! + git? — git? + gMt, It is easily seen that 
the new numerator is 


id —oqym m? m 2m 
("ai 


q a 
P 14 gjor-t$ [1—3(g i. — qit? gee? — qam y og rh) 
m=—oo 1 
A E (—1)mtig mtd" +049) g 10m42j 
= 2 >, 14. gom 15-5 (12.3.19) 


10m-4-2j--1 20m4-4j4-2 30m+6j+3 40m4-8j4-4 50m+10j+5 
x {1 = (41 —( +4 —( )-d 2 


We next transform each of the series above into series L4 and Lə and 
products of theta functions. We need Bailey's summation of the gU given by 
[144, p. 140] 


V (qa!/?; q), (79a; q)s (b; a)n (c; a)n (d; Qn (6: )n ga? \" 
oe (01/2; @)n(—al/?; DAC q)n(aq/c; q)n (aq/d; q)s (aq/e; a)n (i) 
(aq; q)oc (aq/bc; q) oo (aq/bd; 7) 0 (aq/be; q) 0 (aq/ cd; q) 0 (aq/ce; 4) oo 
(aq/b; 4) oo (aq/c; 9) 00 (aq/d; q) s (aq/e; q) cc (4/85 Doo (a/ c; Doo (4/45 a)oc 
(aq/de; q)sc (a; a) sc (q/a; Doo 
(q/eiq)es(qa?/bcde;q)so ' 


— 


(12.3.20) 


— 


provided that |ga?/bcde| < 1. Let q = —925,a = qf, b= qii, and c = -qi 


and let d,e — oo in (12.3.20). Then the left-hand side of (12.3.20) becomes 


, 


a (q; qi» i-i di )a(-gqi yee ( ay" 
we (a2 sq? s (a1; 01) 


Es (aiam Cdi drm ym gionem 
p 1 
x mdr miu 0) Jw 


1 5 eS T= 50m+5 
m Rar di — (1) g5 tm., (12.3.21) 


— I qi ms 1+ ge 
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Using (12.1.5) and (12.1.6), we find that the right-hand side of (12.3.20) 
becomes 


(—ai^; — a7”) (— 4775 —a1 oo (= 4775 — G7”) 00 (479; — G4”) oo 
i; GP )o0(- gyi; -g29),, (915 97i; -a)l 924: - G2? og 
(qi; — 4) )o(—d1^; ^ai oo (— 47°; — 44”) 00 (—d1^; ^d Joo 
(1 = at) (=; di )o0 (— 41° 44° )o0 
(1+ 9) (42s —41 oo (—G7°5 — 97) 00(— 47"; — 47” oo (— 97°; — 47” Joo 
(1 — qi) —ai; a1. )e (— 473 47") 00 
(1+ at) f(—a2, a1?) (—a7?; — 47") 00 (01^; g) 


" (1 — q) f (di. ai”) (12.3.22) 


Upon combining (12.3.21) and (12.3.22) and then multiplying both sides by 
(1— q3)/(1 +f), we find that 


254-5/2 
(qi à 


` (1) geo’ 5m l= gee f(-@, q29)(—aqi5; —qi)se(qi9; d as 


2 a 
ole 1+ g8 FÈ, aP) 


(12.3.23) 


We now want to obtain an alternative representation for the right side 
of (12.3.23). Hence, using again the Jacobi triple product identity (12.1.6) 
several times, we find that 


FR, a2) (=a? —a2)s (a15: a1?) 
f (a, a9) 
— (ai; -ol ht; — a7?) co (—a15; —a19)2, 
B (= 625 ai ss (415; GP Nc 
(a1; 92° )2, (—a1^; a2” oo (— 479 G00 (d1^; di Jas (—d1 ^; T°) 25 (d1 5 aT) Bo 
Chay ae Cre ae re 
f^ (=a, — a1?) (— 430s P00 (= 499 B00 (= 77 PO) 20 (a199; G1 Jo 
F(a, -49°) 
_ Pat, =a ats a1) 00 (01515 oo (975 TY Joo (417s G1?) 00 
F(a., —a1?)(a1^; d? oo (a1^; d. oo (a1; 7°) 
PÈ, -a1) (at, — f°) (a9; q199)2. 
f (are, —a1?)(a1^; a2?) 00 (a1^; d )oe (a1; 7°) 
_ Pat, -aP) Feat? ae) Fat”, ai. (217551), 
Fa., -a1) f (—a19, — oP) f (—a19, —a19) f?(-a??, —a1) 


(12.3.24) 
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Substituting (12.3.24) into (12.3.23), we conclude that 


oo 50m+5 


25m?+5m 1 — di 
27 (-1)"q" "Tp poms 
1 


_ P (-di, -a1)f Cai? — af) f (af, a7) (4195; a1) 50 (12.3.25) 


F(t, oP) fa? of -—af oP P(e? a?) 


Next, let q = —q?®, a = gl», b = q!9/"i, and c = —q!9/?i, and let 
d,e — oo in (12.3.20). We now follow the same paths as we did above in 
deriving (12.3.21)-(12.3.24). Omitting the details, since they are similar, we 
derive the analogues of (12.3.23) and (12.3.25), namely, 


Tn -—-—oo 


oo 50m+15 
_74ym_,25m*+15m > “41 i 

»»EG ud — 

ince do a d 


f(a, at°) (—a25; —a29).s (070; 43°) 00 
f(a15, q19) 
_ Poa? -ai)f ai^, di VF Cai, a9?) (a0 at). 


..— (12.3.26) 
Fae, 19) f (—a19, —a19) f (—a19, —a$9) f? (—a2, —a]?) 
Lastly, from [55, Entry 8(vii), p. 114], we readily see that 
oo 2 
(1g +25 
5 1 Tum = f?( qi’, m (12.3.27) 


Using (12.1.11), (12.1.12), (12.3.19), (12.3.23), (12.3.26), and (12.3.27), we 
deduce that 


3 (yar ena) 
m=—oo 1 Wr ge 


= (1+ a) (Lila? a1?) — di Lola], 1) — qr Lalat, a1?) — d La (a1; a”) 
+ (a? + a) (i La (a1, 1) + qd Lola?, q1?) + a7 Lila? 41.) + ai Lo (q1; a1.) 
— 2a* (qı Lı (q7, 1^) + qı Lo(a1. a1)) 
F(a}, 029) (—925; — 42°) 00 (950; GF Joo 
f(a. at?) 
a F(a, a9) (—-a15; — a7?) 00 (30; GP Joo 
: f (ai? @) 
- 2a*qi ^ (- di^, -q1.). (12.3.28) 


t (14 a9) 


— (o? -- aS)g 


Recalling that 


5— 5 2c 54- V5 


2sin 7 = “and 2sin 7 = 2 3 


(12.3.29) 
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and the value a = e27'/>, we can easily check the identities 
5— 5 
1—-2o* +a =i aie o? +a), 
5— 5 5 5 
-1 +Q? +a -a =i (1— o8) ERE o? + af) 
a? — 2af -- o$ — i nm 1— o8) 
(12.3.30) 


We use (12.1.16) and (12.1.17) to replace Lı and Lz on the right-hand side 
of (12.3.28) so that we can begin to express the right side of (12.3.28) in terms 
of theta functions. We then employ (12.1.13)-(12.1.15) to further complete our 
goal of writing the right side of (12.3.28) in terms of theta functions. In order 
to simplify this huge bevy of theta functions, we employ Lemmas 12.2.18- 
12.2.20. To that end, using also (12.3.30) and the definitions of aı(q) and 
a2(q), given, respectively, in (12.1.14) and (12.1.15), we find that 


» (-1yngr to? (1 - gi?) 
uds Lig 
oo 
= X3 cunque 
m=—oo 


5 
n¢10(—4@Q) 


m 8 75 toa) +i 


+a tar)( qai (741) f (7415, 44°) + 242 Alq, —@?, — qi) 
— 2q} ? A(q Let -g 
+ qias(—q1)f(—a15, — 
—2¢8.A(q2° qi? qi) i Eoi a 
A J (a3, a?) 


+ (a? +08) (20! Ata; dis —d1.) — diaz (- d) (7a. ai.) 


q; 'ai(-q1) f (—a19, —a1?) + 241 Ala, —q1, —a2?) 
qa»(—41) f (-a19, —q1?) 


3: atl cti. a a a) ara aes 
42q31A(d3 ,31,—41 ) ^ 41 15 435 
f(ai 01 ) 


+ 20g, (a (~a) f(—at°, —q19) + a2(—a2) f(E., —a2?) 
241 f^ (425, —q1)) — d P (—a2,—q1)) 


25) + qr 'ai(741) f (7425, —q1?) 
qi) 
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oo 


- 5 (=i) ar ^m g2m 


Tn-—-—oo 


o ard i yio?) 4 TET Eis E qi) 


bn qı, WIC di. —41?) (q1; A” oo (4793 G7” oo 
FC, -af) f (ai, —at®) f(-at, —at°) 
Pe Di eG misa es (et atus 
f(-a.—-41)f (-a$, —at*) f(-a3, ai?) 
+ 2a*q f?(—¢?, —a19). (12.3.31) 
Thus, by (12.3.17), (12.3.28), and (12.3.31), we deduce that 


(em PU) — g2nn—nn[5 F (3, sa) 


— (o? + af)qı 


5ny2 011 (2in, 5in) 011 (3in, 5in) 
i - V54+1 
= cUm *w10(—4@?) 278 qi é1o(—41) 
—1 
54 5| — 
1)” m“ Fm 2m 
10n [X ) | 


: (a | as E qa, -d)) f ai; a1 )(a19; a1?)oc (a1: G7") 00 
fC-ai; -af) f C-at at) f (-at; -a19) 
f? (-ai, 41) f Cat, —a19) (a15; a1?) 00 (a19; a1? Joo 
fa, -a))f (-a$, ai?) f (di, ^a) 


+ 2o*g f?(—qj, -4^). (12.3.32) 


— (o? + af)qı 


We see that further progress has been made in that when we substitute 
the identity (12.3.32) above into (12.3.6), we obtain two terms in the iden- 
tity (12.3.1) that we want to prove. In light of a previous remark made af- 
ter (12.3.11), we thus need to show that the last expression in (12.3.11) and 
the lengthy third expression on the right-hand side of (12.3.32) contribute 
Zero. 


To complete our proof, we need several identities for theta functions. Using 
only the definition (12.1.5) and appropriate dissections, we can show that 


(1—3)f(-48,—q12), ify =e", 
(1 — 49) (—9?9, 539) — (9? — 49g? f(—919, — 919), 
f(-d3,-y7?)- if y = er^, 
(1+ 49) (g?9, °°) — (3? 4- 9)g? f (q19, 910) 
422499 f(g, qt), if y = gri/10 or g3ri/10. 
(12.3.33) 
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and 


Jiu ee’ i — cs ee ae 
Hey yea =a”), A orantis, 


fee) oe qn) — (op - yaf. a) 
5 


et - eeu). Ey = 7 or eimi, 
(12.3.34) 
Recall that q = e77” and q = e-7/0"), Using the transformation for- 
mula (12.3.12), we can easily verify that 
a È — : T 
Ga eue c mn meii dios conr). din ccs, 
9 1 4nn/5 lA. x 25i/10 
f (a. a^) ic f(-avm,-am ) fyse i 
KË = 5 e7"/? F(—gry2, —d172 ! ), if a = e971/10, 
n 
flf, gÊ) Z rl f(-a; —q173 "), if 13 = e4Ti/5, 
(12.3.35) 
Employing the four transformation formulas above, we find that 
f(—4; —q?)f (a?, q*) f (a*, q9) Z 1 e 7/ Q0n)*nn/5-Enn/20 
f (aq, a?) ön 
Api aa al n lA a om xl 
at f(-dim.-m Fa m )fi-n-aw) (12.3.36) 


f(^am,-a«v) 


Utilizing (12.3.33), (12.3.34), Lemma 12.2.21, and Lemma 12.2.6, and replac- 
ing q by qı throughout, we find that the numerator on the right-hand side 
of (12.3.36) is equal to 


a* (1+ o?) f (a29, 1?) + (o? + a*)at f (a19, a1^) + 20g? f (a1^, q1) 
x (f(g?) + (a+ a*)a f (a^, a1?) + (a? +a at f (a1, a) 
x (f(-a??, —a15) — (o? + a°) f (-a25, —q19) + (a + atai f (—a1, —a1?)) 
— a^ ((1 -- a?) f(a, 19) + (a? + a*)qi f (a19, di^) + 2oaj f (d^, q1^)) 
E (Hoe qu ; 1. Noo 
f(-ai;-at)f(-ab,-a) 
= 2(02 + aë) fC-di, a) fii, d?) 


= ay 97.20 39 F(a: — 92 (043 Foo (a1 a, 
-(o ref sua) f(-@, -a1) (7a, —a19) 


+ 2qi f (29,419) f (a1, —a19) f (—a?, —a1?) 
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f(-ai —@2) (Qt at) 0 (a19; q19)2, 
f(a, -a)f C-di. a1) 
— 2(2 +a + a*)di f (ai^. i0) fai, a°) f (7 di. a) 
+4 209 f (q29, q150) f(-a, —a) (qf; di oo (41° nt 
f(-ai.-ai) f di. -a1) 
— 4(o? + a?)qi f(a, a1?) f (-at, —a19) f (—a1; a1 )- (12.3.37) 


+ (o? +0 )ai f (19, q1?) 


We need some elementary identities for a = €?7//5, Tt is easily checked 
that 


a+ at = TVS 
ete = a (12.3.38) 
2+a+at n 

$, 


Let Lj(qı1) and R;(qi), j = 1,2, denote, respectively, the left and right sides 
of (12.2.42) and (12.2.43) with q replaced by qı. Furthermore, set 


LSı (qı) = -3ln). LS»(q) = V? tala), 


RS(q1) =—} Ral), RS) = Rola). 


Note that the right-hand side of (12.3.37) is equal to LS1(q1) + £S2(q1), and 
so we find that the right-hand side of (12.3.37) is equal to RS1(q1) + RS2(q1). 
Using (12.3.34) and (12.3.38), we therefore find that 


RS1(q) + RS2(q1) 
= (a+ at) f(g, g) Cao F(a, m Ya ai Joo (GIT di Joo 
Fa, a) f(a, ae ioe 
+ 2n f(a) f (ai, a) 
re a qi, —41) f (a1, — 91°) (at a1") 00 (47° G7” oo 
f(a, a1) f(a, -a1*) f(a, -a) 
-af(q5, dS qı, —d1)f (ai. — 417) (41°; a1? Joo (41°; G7") 00 
fC-ai; a) f C-at -a) f(-at, -a15) 
+ 2(o? + a ai f (a5, a1) f? (-a], ai") 
f?(-ai, -a1) f (at, ^19) (a19; 47°) 00 (a15; a2? ).s 
f(7a,,-a1)f (74$, -a1?) f 7ai. - a7?) 
f?(-a,, -41) f Cai; —a1?) (a15; 91°) 00 (47° a7”) 00 
f(7ai.—-ai)f (-at; ar) f C-at, -a1) 
-- 2(a +a) f (a3 at) P^ (Ca, qi") 


— (2--o-ra*)qi f (a), a”) 


-F(2--o? -a?)qt f (d), a) 
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tëre di, 41) C-at. —a19)(a1; at) 00 (42°; G7") 00 
fid. -@)t aan f(a an") 
— o (f(g, gq?) + (o? + o8 a f (q15, gf) + (at oat f(a? q1^)) 
" (a o5 £f qi; —41)J (74i; —a1 )(a1^; di? oo (di; di? )oc 
f(-ai; a) fi, -a)f (-at, -a19) 
Pi qi, —q1)f (—at, —a19)(a19: 41°) 00 (47° a? oo 
f(-a, -41)fC-4$, a1) f 7i. aD) 


+ 2o*q f?(-@, -4) 


— (a? -- a) 


=a 5 (—1)*gf ghmmi/10 
" E qı, —41) f (721, — 477) (410; 41°) 00 (a1; 97°) 00 
f (7i, —a1) f (7a2, 15) f (—a1, —q16) 
- (o? 4 og £4 qi, —q1)f (—at, —a19)(a19; 41°) 00 (a1; a? oo 
fa, —41)f (7-49, —at*) f (- a2, —1?) 
+ 2ota Cat d). (12.3.39) 


From (12.1.5), (12.3.13), and (12.1.20), 


ia 
f(-d*,-49) = ge Bonte f(— gia", a7*). (12.3.40) 


Hence, by (12.3.36), (12.3.37), (12.3.39), and (12.3.40), we conclude that 


Ego Ce M Ma 

2 Jta Fa) 

54 VS 1 -n/(20n) 400/205, ferien /(20n)—nn/20 
2 5na 


af OB, —5 Aa aw |) f(—a173, 4v!) 
fa, -a-3)f(-am., avi!) 


XQ 


" (a | a8) £f 4,41) f C- ai; — at?) (a1; a1?) 00 (4793 a1? Joo 
f(-ai, —af) f(—a?, —a13)f (at, —a19) 
pei qi, —q1)f (a1. — 91°) (a19; a1") 00 (47° d? Joo 
f(-a,,-a1)f (-a$, —ai*) f(—a?, -a??) 


+ 2aqı f?(—qj, -4^). (12.3.41) 
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Now, refer back to our comments made after (12.3.32). In conclusion, 
putting (12.3.11) and (12.3.32) in (12.3.6) and utilizing (12.3.41), we complete 
the proof of Entry 12.3.1. 


12.4 Proof of Entry 12.1.2 


For convenience, we restate Entry 12.1.2 below. Our proof of Entry 12.1.2 is 
similar to that for Entry 12.1.1. 


Entry 12.4.1 (p. 9). If ó1o(q) and w49(q) are defined by (12.1.1), then, for 
n 0, 


2 


oo p TRE 1 
dz + enon) =e" 
cosh —— + 


V5 4 


5— v5 Tn = —mn/(5n r/n 
= — e 1/5 a}, 9( e ) t gale ) dio(—e / J: (12.4.1) 


2 2/n 
Proof. Setting 0' = Ł in (12.3.2) and using (12.1.18), we find that 


ra ena? TE JBe™n/5—2mi/5 F(z, =) — 5nF (in, 5in) 
= e2na/ v5 + e-37i/5 5in011 (in, 5in) 


(12.4.2) 
Similarly, replacing 6’ by 4 in (12.3.2) and employing (12.1.18), we deduce 
that 
4 +) — 5nF (Ain, bin) 


2 
oo eg nz , F(z 4. 
dx = V5 167n/5—8mi/5 5? 5n 
J. e2nx/v5 + e3ni/5 g Ve 5inO11 (4in, bin) 


(12.4.3) 
Using (12.4.2) and (12.4.3), we find that 


| e "nc d 1 m e "nc d 
£ = £ 
0 2r 1 V5 2J 8 , 2rx 1— V5 


cosh —— + cosh — = + 


V5 4 WG 4 


u JN pg Tum 1 1 d 
~ 9 oo ísin(37/5) (1 + e27z/vV5+3ri/5 1 + g2n2/ V/$—3ni/5 " 


1 _3 i e "nc 
S Ti d 
2i sin(37/5) ( Lco e2n2/ V8 4 g-3ni/5 i 


E oo ena 
ami = 
j I e2nz/ v5 NE zonis t” 


12.4 Proof of Entry 12.1.2 279 


V5- 37S (ent (5, d) — 5nF (in, bin) 


011 (in, bin) 


F(4, +) — 5nF(4in, 5in) 
167n/5 5? 5n 12.4.4 
i 031 (Ain, 5in) 


Let q = e77”, Employing (12.1.19), (12.1.20), (12.1.5), (12.1.11) with q and 
z replaced by —q and q?, respectively, (12.1.16), (12.1.13) with q, z, and x 


replaced by —q?, 1, and —q, respectively, (12.1.14) with q replaced by —q, and 
Lemma 12.2.5, we arrive at 


a= v5 mn/5 F(in, 5in) | pTn/5+3rn F (Ain, bin) 
2 e O11 (in, 5in) i 01i (4in, 5in) 


== 5- V5 saje 1 D (—1)mq9m^ +7m+2 
2 fe —4°) ] + qlom+s 


m=— oo 


m=— oo 


2a m VS uus, Ta(g g?) 
2 1-50) 


oo 5m? +7m+2 
1 D (—1)”q m^-rTm4 
Sepp) Tm i 


__, 9m VS anys ( (745; —9°) (41; q19)., f (—q?, —4°) 
i p viola) - q Tui 
d x ir Jee D 
PP CAH 
— 5— LE 5— VB onn/5 oo \f(a@) (a°, q8) 
V 2 \ (P. ge. 
(12.4.5) 


We observe that the first term on the far right side of (12.4.5) is equal to the 
first term on the right side of (12.4.1). 


Replacing x and w by in and 5in, respectively, in (12.3.12), we find that 
jd TN ee 
01 (s +) = —iv5ne /59. (in, 5in). (12.4.6) 
Next, setting x = 4in and w = 5in in (12.3.12), we deduce that 


O14 & > =.) =-ivine -16n/59, | (Ain, 5in). (12.4.7) 
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Let q = e-"/O", a! = e™/5, and pf’ efril5 — _o/-!, Then, us- 


ing (12.4.6), (12.4.7), (12.1.19), and (12.1.20), we deduce that 


. 1. <¢ 4 d 1 4 4 d 
tf g Elsa) _ aem; Fx) | Fs _ FCG) 5a) 
y 5N 611 (in, 5in) 031 (4in, 5in) Oul, 5) 9u($, 5a) 
oo m m?-4-m m m 
Y (-1)"qi tma’? 1-4 T 

aa leq 

ED (12.4.8) 
Y ayer tan 


If we replace a by a’ on the right side of (12.3.17), we find that the 
right side of (12.3.17) equals the right side of (12.4.8). It is easy to verify 
that (12.3.18), (12.3.19), and (12.3.28) remain correct if we replace a by a’ 
in (12.3.18), (12.3.19), and (12.3.28). Therefore, we find that, for the denom- 
inator above, 


oo 


2 
35 Cra tno?" = (10/5) f- -i i (a? —0/9) f (-a1*, —q19), 


(12.4.9) 


and, for the numerator above in (12.4.8), 


Y (-1)ngp +a (1 — gi) 
1 4 gm 


= (1+ a”) (qı Li (qf, a19) — af Lola, 1) — qi La (a1, a9) — aj Lalat, f°) 
+ (a? + aê) (qi Li lgh, 1) + d$ Lola, q19) + ar Li (a5, ée) + di Lo (qi, q1.)) 
— 2o (qı Lı (qf, g?) + dy Lala, |”) 


«a 4 o8) f Coat. at) (a0? ai Joo (Gi ai Jew 
f(q. at) 
— (o? + of)? f Ca, ai?) —aF*; a1) (015; di? )o0 
f (ai. qi) 


— 2a" qf f? (- qi, a5). (12.4.10) 


Recalling that 
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we find, by easy calculations, that 


1 29/4 4- o/8 i 5+ VC ga + o/$), 
5 5 
1 + a"? 4 aÊ — a8 =i 2d = a/*) Or 
a’? — 2o/^ +a = —i ge a — of) 
2 


(12.4.11) 


We now apply (12.1.16) and (12.1.17) in (12.4.10) to remove the de- 
pendence on Lı and Lə and express the identity in terms of vio(g) and 
Q1o(q). Use (12.4.9) and (12.4.11) to simplify the terms. We also apply 
Lemmas 12.2.18, 12.2.19, and 12.2.20 with q replaced by qı. We then find 


that (12.4.10) can be written in the form 


» Se 
ucc l-q 
oo 
- 5 (=1)” m?’ +m , /2m 
m=— oo 


i Sr VB el qi) i| arora qi) 


FOCE, a9) (—a15; —a19).s (a9; E) 
f (ad, a) 


+ aa^ q1a1(—43) f (7419, —q19) + 2a Alqi, —q$, — a1?) 
— 2q1? A(q1 ^9, q19, —q1) + a7 lax (—a1)f (—a25, — 43”) 
+ gia2(—q}) f C-a19, —a19) — 241 A(a25, q1? , —q2?) 


+ (a? +a) (242? Ata dj, —d1^) — dia2(-a1)/ (—a15, —di^) 


gy 'ai(—4?) f(—a7°, —a?°) + 241 A(a1^, —a?, —q?) 
qia2(—4}) f (741^, —d315) + 24 A(a19, q1^, — 47”) 


T f (—a19, q19) (425; —q29),5 (977; 42°) 00 
1 


fiato") 


20^ (qai (70) f (7219, —a19) + q1a2(—4?) f (7429, —a39) 


24$ f? (925, —q15) — a8 f?(- a5, -a7°)) 


oo 


EN m m?--m 12m 
= 5 (—1)""q7 e 


Tn ——oo 
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x [4/95 "EZ qi) TE Nl qi) 


a, P (-4, 2f di ai (ar 91^ Jos (410; G7” oo 
pia ) f qi. q))f( qi. di SU qi. n°) 
(o? 4 ya dis —41) f (—af, —a19)(a19; gi?) 00 (47° d? )os 
fa, -a?) f(-a}, a1) f (-a?, 7a) 
+ 2a!*q f?(—a?, —a1?). (12.4.12) 


Hence, by (12.4.8), (12.4.9), and (12.4.12), 


E 5— 5 ~ F(ig En ) — glónn/8 F a) ) 


5n v2 011 (in, bin) 011 (Ain, 5in) 


= — Jatt t &) + r nol qi) 


=i 
"im v5 > m M4m 12m 
+i ion > (—-1)"qi a 


Tn ——oo 


z (a p a8) P Cons df Cdi a?) (ais ai oo (ais i)o 
fR, aD f (^ad. —at®) f(—af, —a19) 


— (a? 4 ag L4 di, -41)/ (at, -a19)(a1^: q1? oo (430; GF”) 0 
f(-m,-@) f(—a8, —ah*) f(g, —a1?) 


+ 2aq f?(—qj, -4^). (12.4.13) 


Observe that the first expression on the far right side above has the sign 
opposite to the same expression on the left-hand side of (12.4.1), and that the 
second expression on the far right side above appears on the right-hand side 
of (12.4.1). Referring back to (12.4.4), in view of our remarks after (12.4.5) 
and those just made above, we find that it therefore remains to prove that 


5- VB ens fË, =q) f(a, a?)/ (g^, 9) 
2 Jicq-q rq") 


-1 
5— J5 s 2 
, —]yngm tm 12m 
ens | 3S corame) 


m=— oo 


ray f°(—41, 41) f (741, — 427) la; e)l; e) 
1 8 
i ( vary FOCE, —a1)f (7a2, —at®) f (—a1, -at®) 


fet aq, d di, —41)/ (ats -a19)(a1^: at oo (430; GF”) 0 
Fan —42) f(—a8, —a1*) f (-a$, a) 


+ 2a"*q f?(—qj, -4) =0. (12.4.14) 
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We examine first the quotient of theta functions appearing in the 
first expression on the left-hand side of (12.4.14). By (12.1.5), (12.1.20), 
and (12.3.12), we readily find that 


i —T7 n mi > m , m? -m 6rim 
K q?, q^) = aes / (20n)4-31i/10 5 (—1) qi t e? /10 
7 (12.4.15) 
and 
1 ux RE 
f (q^, q*) = mm (=i? 9g e?rim/5. (12.4.16) 


Thus, from (12.3.35), (12.4.15), and (12.4.16), we derive the representation 
FOP, a") f(a a?) f(a^. a7) 
fF.) 


1 oo F 
2 —rn/(20n)+25mrn/20 , 74 _1\m, m +m 56rim/10 
ane a ` (-1)"qi e 


5 (—1)™ qi" e2rim/10 5 (—1)™ gir” e2rim/5 
y= = (12.4.17) 


oo 


p» (aye er im/10 


Tni——oo 


Recall that a/ = e™/5, so that að = —1. By (12.3.33), (12.3.34), and Lem- 
mas 12.2.21 and 12.2.6 with q replaced by qi, we can write the product of 
three theta functions from (12.4.17) as 


oo oo 
a 5 (Gp jme en y (<1) q? e2mimn/t0 
M=— oo m=—oo 
oo 
x 5 (—1) qi" e2rim/5 
m-—-—oo 


=al*((1+ a?) f (a9, ai?) — (o? — atai f (a1. q1^) — 20" qi f (a1^, a?) 
(f (a7, a7?) — (a! — a*a f (a1, af?) + (o? — a Jat f (at, a^ )) 
(f(-a,—q1^) — (o? — a qi f(—a], —a1) — (o — aai f(-a?, ai) 
AL + a) f (1^, q1?) — (a? — ata? f (a1, a1) — 20’ d$ f (a1^, qi) 
f(—a1, -aiY(at; at)os (a1; 019)2, 
Fè, a) f (ai, a) 
— 2(a? — a?)g f (—a1, —a19) f (- di, d) 


Fa, —42) (a4; af) 00 (ats q19)2, 
Fà, -a) f (ai, 7a) 


Q 
x 
x 
Q 


= (—a' + a") f(q7°, ai^) 
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+ 2q f (a19, a1?) f(-at, 7419) f(a, —a1?) 
uas o)? fe, qi) Lee —di)(ai: di )oo (41°; 91°) 30 
i-a. fom 
— 2(2 — of + aJ f (a1, a) f (—at, —a19) f (7d, —a1) 
+ 26 FE, gl) f(—a1, —42) (ats af) 00 (019; q19)2, 
f(-ai, -a)f (-ai, -a) 
— 4(a? — a al f (a9, at) f(—at, —a19) f(a], —a1^). (12.4.18) 


Recall our previous evaluations (12.3.5) and (12.3.29). We need some further 
evaluations 


—o' +a c uS 
2 3 
o/? — a = = (12.4.19) 
2—o +a = = 
m 


Hence, using these evaluations in (12.4.18), we find that 


oo oo 


alt 5 (—1) "g +m erim/10 5 [age e2710 
m=— oo m=— oo 
oo 
x 5 (—1)™ qi” e2rim/5 
m=—oo 
1+ V5 2, 90 so, f(—a1, —40) (G45 G1) 00 (015; 41°), 


= —, f(-a?, —af) f (—a?, —a19) 


+ 2a f (a5, q1)) f(—at, —a°) f(a, —a1) 
(cc v5 g q 40) f(a, —diY ats Ft) oe (15 a) 
2 i f(-ai, -aD f(a, ai") 
— (3 — V5) f (a9, q19) f(—at, —a19) f(a, a1’) 
EZ 209 f(g, 4:0) fa, -qi)(at; di oo (41° Gi jes 
FÈ, —af) f(—a7, —a7°) 
+ 2(1 — v5)al F(a, a1?) F(—at, —a1°) f (di, — a1”). (12.4.20) 


Let, with q replaced by qı, 


1 
LS) = -3 * (the left side of (12.2.42)), 


5 
LS, = = x (the left side of (12.2.43)), 


1 
RS) = ER (the right side of (12.2.42)), 


RS, = E x (the right side of (12.2.43)). 
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We can easily check that the right-hand side of (12.4.20) equals LS) + L.S5. 
Thus, appealing to Lemmas 12.2.22 and 12.2.23, we can conclude that the 
right-hand side of (12.4.20) equals RS} + RSS. Hence, 


oo 


oo 
at 5 (—1) gr +m ebrim/10 5 (=1) "g7 girim/10 
m--—oo m--—oo 
oo 
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Next, by (12.4.6), (12.1.5), and (12.1.20), 
a! c97/20—/ (20n) go 


on 


Now return to (12.4.14) and consider the first expression. We use (12.4.17) 
and (12.4.22) and then finally (12.4.21) to deduce that 
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We see that (12.4.23) is identical to the identity (12.4.14) that we sought to 
prove. Hence, the proof of Entry 12.4.1 is complete. 


12.5 Commentary 


Entries 12.1.1 and 12.1.2 give beautiful transformation formulas for the tenth 
order mock theta functions 


Mos gn "0/2 29 ght (n=+2)/2 
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The integrals in (12.1.1) and (12.1.2) are examples of what we now call Mordell 
integrals. 

It is curious that these are the only two transformation formulas involving 
mock theta functions in the lost notebook. One would conjecture that be- 
fore Ramanujan ventured to discover transformation formulas involving tenth 
order mock theta functions, he would have attempted to find similar transfor- 
mation formulas for the third and fifth order mock theta functions. The first 
published integral transformation formulas involving mock theta functions are 
due to G.N. Watson [269], and they are for third order mock theta functions. 
Did Ramanujan discover such transformation formulas for third and/or fifth 
order mock theta functions? It is highly unlikely that we will ever be able to 
definitively answer this question. However, we might recall the path that the 
lost notebook took. 

S. Janaki (Ramanujan’s widow) told the second author that during her 
husband’s funeral, two people entered her home and stole many of her late hus- 
band’s papers. If indeed this happened, these papers have never been found. 
She did donate the papers that remained in her home to the University of 
Madras. These papers were sent by Francis Dewsbury, Registrar at the Uni- 
versity of Madras, to Hardy on 30 August 1923 [67, p. 266]. 


With reference to correspondence ending with my letter No. 6938 
dated the 6th instant, I have the honour to advise despatch to-day 
to your address per registered and insured parcel post of the four 
manuscript note-books referred to in my letter No. 6796 of the 2nd 
idem. 

I also forward a packet of miscellaneous papers which have not been 
copied. It is left to you to decide whether any or all of them should 
find a place in the proposed memorial volume. Kindly preserve them 
for ultimate return to this office. 


This “packet of miscellaneous papers" almost certainly contained the “Lost 
Notebook." Clearly, Hardy did not accede to the request to return them to 
Dewsbury's office. (The four notebooks mentioned by Dewsbury included Ra- 
manujan's famous three earlier notebooks, but they also included Ramanu- 
jan’s Quarterly Reports [54, pp. 295-336]. The “Lost Notebook" was in 
Hardy's possession until he evidently gave it to Watson sometime in the decade 
before Hardy's death. However, during that time, he evidently loaned it to his 
student, Gertrude Stanley, for perhaps one to two years. The “Lost Notebook” 
was found on Watson's attic floor office shortly after his death by (separately) 
J.M. Whittaker and R.A. Rankin. On December 26, 1968, Rankin sent the 
“Lost Notebook" for preservation to Trinity College, Cambridge, before the 
first author rediscovered it in April, 1976. 

We see that Ramanujan’s papers, in particular, his “Lost Notebook,” 
passed through many hands before the present first author found the “Lost 
Notebook” in 1976. It could very well be that papers were lost, and that these 
papers included Ramanujan’s transformation formulas involving Mordell in- 
tegrals and mock theta functions. Moreover, mathematicians often borrow 
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papers, notes, or portions thereof while doing their research and forget to 
return them to their sources. 

We offer a transformation formula for the third order mock theta functions 
f3(q) and w3(q) found by Watson [269]. 


Theorem 12.5.1. Let a and B be positive numbers such that aß = «?. Set 
q=e- and q = ef. Then 


27 3a ,2 sinh(ox 
Tifla) = 24 Tai wsl) + Ay) E e aG” 
sinh(3az) 


In their excellent, highly recommended survey [147, pp. 114-115], B. Gor- 
don and R. McIntosh provide a list of 18 transformation formulas for third 
order mock theta functions, ten of which can be found in Watson's paper 
[269]. Four different Mordell integrals appear in the transformation formulas. 
They observe that these transformation formulas, as well as those for fifth 
and seventh order mock theta functions, can be obtained from a universal 
transformation formula involving 
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q” (n+1) 


12.5.2 
(2;q NIE: Q)n41 ( ) 


and " 
x». 


a R 12.5.3 
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If r is any real number, then their transformation law is given by [146], [147, 
p. 110, equation (4.2)] 


L(r, a) := (12.5.4) 


fe - Saa? cosh{ (3r — 1)ax} + cosh((3r — 2)ar} iy 
0 i cosh( az) 


In their paper [146] and survey paper [147], Gordon and McIntosh record 


20 transformation formulas for fifth order mock theta functions. We offer here 
just one example, namely, 


2x(5— VB) -,. 1a 2n(54- V5) 1 


1 
60 = 60 (F; 1) 4 4. F, 
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where L(r, o) is defined in (12.5.4). 
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Gordon and McIntosh [146], [147] also derived transformation formulas for 
seventh order mock theta functions. 

In analogy with the mock theta functions of odd order being related to the 
function g3(#,q), defined in (12.5.2), the mock theta functions of even order 
are related to the function 


sid: i q:d)nd 


> (2; 9)ni(a/2: dnd 


n+1)/2 


(12.5.5) 


The mock theta functions of order 2 are defined by [204], [147, p. 120, equa- 
tion (5.1)] 


e^. (74:3), g^ 
Ala) =) — 

»» (GO )n41 

c. (792; q?),qn 0 
B(q) = ; 

2 (0547314 

e^. (-1)* (a: n 
u(q) = 25 2.222 ^ 

= ee), 


McIntosh [201], [147, p. 120, equation (5.3)] established six transformation 
formulas featuring A(q), B(q), and u(q). 

Gordon and McIntosh [147, pp. 122-123] record 20 transformation formu- 
las for the sixth order mock theta functions that we studied in Chapter 7. We 
cite one example. If 6(q) and 7(q) are given by 
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where J(o) is defined by 


da. 
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Gordon and McIntosh [145], [147] also studied eighth order mock theta 
functions, which are defined by 
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X (-G@)ng™ e. (74; 4 a 
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Appearing in the transformation laws of these eighth order mock theta func- 
tions are the functions 
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One of the 16 transformation formulas found by McIntosh and Gordon is given 
by [147, p. 125] 


d T Qn -l 4a 
q T6 Sola) = 4/ 3 ¥0(u) +n Vila) + 4/ 4 K3(a), 


where K3(q) is a Mordell integral given by 
2 sinh(3az) 
K. = m den éd, 
alo) | i sinh(2ax) 7 
Gordon and McIntosh [147, p. 129] provide eight transformation laws for 


tenth order mock theta functions, one of which is given by 
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where J4(a) is a Mordell integral defined by 
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Two Identities Involving a Mordell Integral 
and Appell-Lerch Sums 


13.1 Introduction 


On page 202 in his Lost Notebook, Ramanujan recorded without proofs two 
modular transformations involving a Mordell integral, q-hypergeometric se- 
ries, and generalized Lambert series. These two formulas were first proved by 
Y.-S. Choi [110], and in this chapter we relate his proofs. 

In [208] and [209], L.J. Mordell studied the integral 


oo pat? +bt 
[on "FF Re(a) < 0, 


which first appeared in the work of L. Kronecker [192], [193] and B. Riemann 
(as related by C.L. Siegel) [249]. However, Mordell was the first to study its 
behavior under modular transformations, and consequently integrals of this 
type are commonly called Mordell integrals. In [208], Mordell derived the 
formula 


oo nirt? —272x . 
T erint mut dt = eri 7207-20) F(x + 07)/r, 1/7] + ir F(x + 67,7) 


Ta ert _ e270 T TÓ3 (a: a. T, T) , 
(13.1.1) 

where q = e"**, Im(7) > 0, 
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On page 9 in his Lost Notebook [232], Ramanujan recorded two modular 
transformations involving Mordell integrals and his tenth order mock theta 
functions ¢19(q) and vV1o(q), namely, for n > 0, 


2 
dx + e? / (5n) —ent/n 
osh —— + 
vet 4 
5-4 V5 -Tn mN V5+1 eT n —m/m 
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The identities (13.1.4) and (13.1.5) were first proved by Choi [105] and were 
the focus of Chapter 12. 

On page 202 in his Lost Notebook, Ramanujan recorded without proofs 
two further identities including a Mordell integral. 


Entry 13.1.1 (p. 202). If qı = e^ 7/ 6?) and q = e-?7", then 
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Proving these identities is equivalent to proving the following two theorems. 


Theorem 13.1.1. For each n with positive real part, set q = e~°™" and qı = 


e-7/ 8"), Fort € C, assume that Re(t/n) + 2 € Z and Re(t/n) E $ € Z. Then 
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Theorem 13.1.2. For each n with positive real part, set q = e and qi = 


e-7/Gn). Then 
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Following Choi [109], define the function f(a, z;q) by 


Se m? —3m , m ,2m 


f(o,2:4) = >> = — 


A 7-5 a)m(-0o2/4 d)m 


If we set a = z = q, we see that f(q,q;q) reduces to Ramanujan's third 
order mock theta function f(q) := f3(q), defined in (2.1.1). We can rewrite 
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the right-hand side of the equation in Theorem 13.1.1 in terms of f(a, z; q), 
namely, 


e 3n /an) 92 
vn 


Ramanujan's identities also involve the basic hypergeometric series 
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which are special cases of the function, in the notation of [147], 
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D. Hickerson [161] did not use the function (13.1.7) in his proofs of the mock 
theta conjectures, but briefly remarked that he could express the mock theta 
conjectures in terms of g3(z;q), Ramanujan’s fifth order mock theta functions, 
and classical theta functions. Later, B. Gordon and R. McIntosh [147], [205] 
call this function g3(z;q) a universal mock theta function and rewrote the 
mock theta conjectures in terms of universal mock theta functions. The func- 
tion g3(z;q) also satisfies a modular transformation [147]. With the function 
g3(2;q), we can rewrite the right-hand side of Ramanujan’s first Equation 
(13.1.6) as 


—3nt? / (4n) 2 
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In his thesis [285], S. Zwegers studied the normalized Appell-Lerch sum, 
which is defined by 


2/9 
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where u, v ¢ Zr + Z and 7 € H. He established symmetry, elliptic transfor- 
mations, and modular transformations satisfied by Appell-Lerch sums. One 
of his modular transformations contains the Mordell integral, namely, 


Cm nilu—v)?/r [u v, 1 sf ae ee 
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With these properties, he explained that u(u, v;7) behaves nearly like a Jacobi 
form of weight i. 

Further papers on transformations of Mordell integrals have been written 
by B. Chern and R.C. Rhoades [102]. 

In Section 13.2, we prove Lemmas 13.2.1 and 13.2.2, featuring general- 
ized Lambert series that are Appell-Lerch sums. The transformation for the 
Appell-Lerch sum in [285] plays a central role in the proofs of Lemmas 13.2.1 
and 13.2.2. In Section 13.3, we relate one of Choi's two proofs of Theo- 
rem 13.1.1 [110]. The proof that we provide uses Lemmas 13.2.1 and 13.2.2, 
Mordell's formula, the modular transformation for a theta function 011, and 
the evaluations of contour integrals. In his second proof of Theorem 13.1.1, 
Choi begins by first proving the identity 
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To prove (13.1.8), he uses the elliptic transformation properties of g(z; 7), the 
evaluation of certain contour integrals, and Liouville's theorem. In Section 
13.4, we prove Theorem 13.1.2 by using Equation (13.2.3) below and some 
portions in the proof of Theorem 13.1.1. 


13.2 Two Lemmas 


As indicated above, to prove Theorems 13.1.1 and 13.1.2, we require the fol- 
lowing lemmas. 


Lemma 13.2.1. For any complex number q with |q| < 1, 
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Proof. F.G. Garvan [142] showed that, for |g| < |z| < |q/~! and z Z 1, 


m? oo 
1 Keer? 
1 = ' 
e(- + Y. - ) c 2- i 


= (z;q pmo / 55 d)m q; q) een 


Hickerson [161, p. 649] remarked that 
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Then, combining the two results above, we find that 
oo 


which was also derived in [147, p. 104]. Replacing q and z by q?/? and —tq 
respectively, in (13.2.3), we deduce that 
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In his Lost Notebook, Ramanujan recorded the identity [232, p. 59], [34, p. 72, 
Entries 4.2.1, 4.2.2] 
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which was perhaps first proved by Choi [107, p. 378]. Using (13.2.5) with 
z replaced by —t?q, and using the Jacobi triple product identity (5.1.2), we 
deduce that 
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The two sums on the right side of (13.2.6) are Appell-Lerch sums. In his 
thesis [285], Zwegers showed that the normalized Appell-Lerch sums satisfy 
the identity 
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where q = e?ri7, h = eg?riv. t = eY, and z = e?Ti7 , such that v,u,2' d Z 
and u, v, u-- z',v-- z' d Zr -- Z. Apply (13.2.7) with q, t, h, and z replaced by 
q?, —q, t 3q*/9, and t3, respectively. We also invoke the Jacobi triple product 
identity (5.1.2) and note from (5.1.3) that f(q7'/3, q7/8) = q-1/3 f(g9/3, q1/3), 
Hence, we find that 
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Similarly, if we apply (13.2.7) with q, t, h, and z replaced by q?, —q, t?q*/9, 
and £—?, respectively, we find that 


pe m m? +m 
#73 3 (—1) q +7m/3 
(q2/3; Bjo Z ] F q2md11-3 


ee m ,m? 4- Tm. m 
1 > (—1)ngm^ +7m/343 
f (—#q4/3, —t-392/3) E 1+ q2mti 


=— 00 


" uar Nu WE SVP) (13.2.9) 

—. f(a.a)f (8344/8, —t7392/3) f (3, t73a) (q?/3; g7/3)o0 = 
We now return to (13.2.6), and for each of the sums on the right-hand side 
of (13.2.6), we substitute the expressions derived in (13.2.8) and (13.2.9). We 
now take the newly derived formula for the left-hand side of (13.2.6) and 
substitute it in (13.2.4). Hence, we deduce that 


Y qn S = Cara 

Ea (tg; gP) (—£ 19V: P) (gf 4/8) oo f(t5g, ta) 
tq? oo (—1)nqm^*m/343m 

+ 


f( BA, Ct-392/3) B3 1+ qiti 


tq! (q; q?)2, f (q9/9, q1/3) f( 13, ta) 
f(q, a) f (—t3 94/8, —£-392/3) f (tq, t739) (q2/3; q2/3),, 
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ttg? »» (—1)mqm +7m/34-3m 
—4-8g94/3. 1392/3 2m41 
Ji ugs eque, uos ET 
Ig Pu uror a woe rv 

f(a, a) F(=, —139?/3) f (Eq, t 3g) (q?/3; q?/3),, 
We are almost finished with the proof. It remains to combine the two quotients 
of theta functions on the right-hand side of (13.2.10). To do this, we make 
two further applications of (5.1.3), namely, 

f(t”, —t°q’) Lx £X Lg P 

F(E, -t g) =? f(g? ,—t). 
Substituting the two identities above into (13.2.10) and simplifying, we com- 
plete the proof of Lemma 13.2.1. 


(13.2.10) 


Lemma 13.2.2. Let w = e?7’/3, and let q be an arbitrary complex number 
such that |g| « 1. Then 


^ Md gone D 
q - 
9 (ta; g mE im 
" i 1 S (—1) Pg +m, 2my—m 
V3 | f(—w?t1¢?, u) =. 14 gH 
" 1 3 (-1)0g tmu 2 : 
fel, ur P 14 qp 
_ Cae 
3(q5; 0 oof (tq, t'a) 
me: (P; Plt, tta) 
V3 (1 — w?)f (q, a) f (q, a?) f (tq. t^ a) 
1 i 
x 13.2.11 
Cana —wt) f(—w? td’, <=) ( ) 


Proof. We first consider the left side of (13.2.11); some elementary formulas 
for theta functions will be necessary in our examination. Employing the Jacobi 
triple product identity (5.1.2) and (5.1.3), we easily verify that 


f(a’, —wq?) =(1- w’) (gf; ü oss (13.2.12) 

o uo = E Pola) Bai 

fogw = CONi), (13.2.13) 
f(—«?t^!, —wtg?) =w tt atg, —wt). (13.2.14) 


Employing (13.2.7) with q, h, t, and z replaced by q?, w°t™!, —q, and t, 
respectively, applying (13.2.12)-(13.2.14), and rearranging terms, we find that 
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Y (rg RU, em. m 
fi-w?t 1g, —wt) Ronda 1# grr 


B 1 D (dmn uias 
(L= w) (af; af) 14 qi 


| (a^; q?)s f(—t, —t q^) 
(1 — w?) f(a, q) f (q, a9) f(—?t 1 ?, —wt) f (tq, t 1 q) 


Replacing the index m of summation by —m — 1 and utilizing (13.2.12), we 
find that 


(13.2.15) 


oo 21ym ,m(m--1), 2m oo —o1ym-1 ,m(m-1), m-1 y ,,2m-1 o 
y^ a wm (eng utu t+1-1) 
3 ore ME 1p qm 
oo oo m ,m(m--1), m+1 
I" +1 +1 +1 (=I) q w 
= De (-1)™ E ee 2 14g? 
m-—-—oo m-—-—oo 


oo m m(m+1) m1 


_ 2 2Y , (-1)"q 
= wf ( wq ,—w ) t pas 14 grt 

oo =ï mgmt) m+ 
=(1- w); o+ M7 CU 


2m+1 
Pan 1l+q t 


(13.2.16) 


Apply (13.2.15) with t replaced by t~', and then add the two equations 
together. Using also (13.2.16), we see that 


1 D page 
f(—w?t- 197, —wt) mame Lage 
1 Y (egy di 
Ff (—w*tq?, —wt) e. 14 gH 
Ld VS (DD uh) 
~ (1-0) (95 Joo , 5. 1+ qma 


" (q^; q^) s, f(—t, —t q^) 
(1 — «?) f (q, q) f (q, 4?) f (tq, t^! q) 


1 t 
i fel —wt) f(-g, 5) ) S207) 


We now consider 


oo 6m(m-—1)4-2 
$:— ei 
Fe (ta; lear 
| 1 oo Gp (a? ier") 
1 jj 0g 


(13.2.18) 
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By elementary calculations, we observe that 


l+w i d w? i 
= — and —— — — ———. 
l-w V3 l-w V3 
Using these identities, we find that 
1 5 Cryer art 4 ett) E jn gr +3m 
l—w Pict 1 + goti =z esi 1 - Jm; 
oo 2 . oo 5 
2i (-1yng9m +9m+2 i (—1)™qor" +15m+6 
pA +% . (132.19 
v3 uu 14 g9m3t v3 P» 1 4 gtt l ) 


Therefore, applying (13.2.3) with q and z replaced by qf and —tq?, respec- 


tively, (13.2.19), and (13.2.5) with z replaced by —tq, we deduce from (13.2.18) 
that 


$- 1 PS (—1ymg9m 9m 1 p? (—1)mgo 8m 

quu e. Lg 3(0°3 o mov, «Lh 

2 oo (—1) q? t9m+2 1 oo (—1) q? +15m+6 
= 3(q*; ge s pas 1 gory 3(q°; ae xa T+ ge 9g 
B 1 Ee (1) +m 
BP ee 
1 2. 243 
— CET IN (13.2.20) 
3(q^:q^)oo f(ta.t ^q) 


In conclusion, combining (13.2.17) and (13.2.20), we complete the derivation 
of Lemma 13.2.2. 


13.3 Proof of Theorem 13.1.1 


Proof of Theorem 13.1.1. We shall assume that t and n are positive real 
numbers. At the conclusion of the proof, we appeal to analytic continuation. 
Because the integrand is an even function of x, we can write 


oo —anaz? /3 oo ,—mna? /3 ( yita: —mitz 
t 1 
/ x: b dies / a e E ) dæ. (13.3.1) 
o € 22/3 |] 4 g-272/3 4 e "1/3 .L]-Le- ma /3 
Since 
1 e?TT 


ere 4] pere (e272 + eri/3) (e?ne 4 e=ri/3) 


1 ri/3 —mi/3 
a iv3 (= + eni/3 e2"* Lu) D 
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we can write the integral in (13.3.1) as 


n e 72/3 cos Tix (13.3.2) 
0 


ein2/3 L1 + e-2n2/3 2 


V3 . co e 3nna? +3nite . oo g-3nna? —3rite 
= — ens f re or f —— — dr 


4i oo e2nx 4 eri/3 "m eA" 4 eri/3 
7 miji T popu "m Qnia [a p" 35 
m e2"* + e-7i/3 ss e2nv 4 e-7i/3 
Replacing x by u + it/(2n), we find that 


oo —3rnx?+3rite oo —3rn(x—it/(2n))? 
" em e—3Tn(z—it/(2n)) 
Qnx ri /3 dy =e 272 mi /3 
Jeo Ê +e cos € +e 


dx 


oo—it/ (2n) —3rnu? 
= g-3nU /(An) / E E 
Loco) e2n (u-rit/ (2n)) + eri/3 


Similar formulas can be derived for each of the three remaining integrals 
in (13.3.2). Thus, 


2 
l e^ 7"? /35 cos mta 
HH 
0 e272/3 +1 4 eo 27/3 


oo—it/(2n) —3rnu? 
= V3 set? /(an) er /3 e m 
2" —oo— it/ (2n) e2t(utit/(2n)) |. oria 
. oo-it/ (2n) e 9m? 
+ ens | d 
—oo-it/(2n) e2n(u—it/(2n)) | gni/3 


du 


oo—it/ (2m) —3rnu? 
= e 7/3 I e 


ean ere) acu omes 


2 


i/3 co-Fit/ (2n) ELT 
5 di i —du>. (13.3.3) 
hs en (u—it/ (2n)) +4 EZUE 


For a sufficiently large positive number N, we consider the integral 


—3mnu 
f. ein (utit/(2n)) + et/3 du, 
taken around the positively oriented rectangle Cy with vertices at +N and 
+N —it/(2n). The integrand has simple poles at i(—t/(2n)+2/3+ k) for each 
integer k. However, if we choose n sufficiently large, then none of these poles 
lie inside or on the contour Cy. (At the end of our proof, we can remove this 
stipulation by analytic continuation.) Hence, by Cauchy’s theorem, 
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—3rnu? 
e 
[. eam(utit/(2n)) 4 eri/3 du = 0. 


It is easy to see that the integrals along the vertical sides of Cy tend to 0 as 
N — oo. Therefore, we conclude that 


—3rnu? 


oo—it/ (2n) e 37a? oo e 
I In(utit/(Qn)) | ,wi/3 du = J In(utit/(Qn)) |. _ni/3 du 
—oo—it/(2n) € +e —oo € +e 
(13.3.4) 


Clearly, we can establish similar results for the other three integrals in (13.3.3). 
Using (13.3.4) and the aforementioned three analogues, we find that 


oo = rng? /3 
f E : Sii B V3 cant? /(an) (13.3.5) 
6 e2n* 3b desee 7/3 4i 


—37nu 


co —3rnu? 2 
Ti/3 € e 
ii f. J. (m 4 eri/3 l e27 (u-it/(2n)) r] du 


oo PEELULE —3nnu? 
_ o-—mTi/3 
£ J E pea T gir (ucit/n)) 4. 2 7 : 


— oo 


To evaluate the four integrals on the right-hand side of (13.3.5), we turn to 
Mordell’s evaluation (13.1.1). We first consider the first integral on the right 
side of (13.3.5). Replacing 7, x, and 0 by 3in, 0, and 2/3— t/ (2n), respectively, 
in Mordell’s formula (13.1.1), we find that 


—3znu? 


oo —3rnu? oo 
€ € 
- — du = pur du 
J e27 (utit/(2n) _ e4Tt/3 o ceu e271Q/3—-t/(2n)) 
- grt /(4n)—2nt—Ani/3 4/9 PG sai aa on i =F ) Sin) 
3in 611 (2in — 22, 3in) 


The remaining three integrals in (13.3.5) are similarly established, and we find 


that 


oo —3znu? 


[s 
J. eat (u—it/(2n)) _ e4ri/3 du 
: 3n F(2in + 2, 3in) 


2 
= gir Kan) +2rt—ari/3 -4/9 PCS + 2n? Soa) 
3in 041 (2in + 3i, 3in) s 


—3rnu? 


2. C du 
a en (utit/(2n)) o e2ri/3 


st) — 3n Flin — 22,3in) 


ii (in — 32,3in) ' 


l F 
= edtt? /(An)—mt—2ni/3 1/9 


w 
>. 
3 
Pig 
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oo —3znu? 
e 
I 2x(u-it/(2n)) — e2713 du 


—oo € 
L x ] 
= edtt? /(4n)+mt—2ni/3 9-1/9 F($ + on ws — 3n F(in + 3, 3in) 
3in 011 (in + 34. 3in) 


Using these four evaluations in (13.3.5), we deduce that 


2 
T e 7"? /5 cos ptg; 
MH 
0 e272/3 +1 e 272/38 


V3 M apo FG — d, — 35) -3n icis 3i Zin) 
4) 1 3in 041 (2in — 93 ut Sin) 


imo ao FG + on —41-) — 3n Fin + 3 Sit im) 


2n?  3in 
Bin 611 (2in + 22, 3in) 
E E FG — d — az) - 3n Flin — 9,3in) 
—e 
d 3in 611 (in — 35, 3in) 
nt Et Tod —35) — 3n F(in + 22,3in) 
1 3in 1, (in + S£, 3in) | 


+e 


ae (13.3.6) 


We want to simplify (13.3.6). First, it is easily checked that F(a,7) and 
011(z, 7) satisfy the transformation formulas 
Oilz, T) = —61(x + 1, T) = B3 (—35. T) = M2247) 614 (x +T, T) (13.3.7) 
F(x, T) =—F(x+1,r)=—F(x+7,T)+891(x,7T) 
= —F(—x +7,7) = F(—z,T) + 01 (2,7). (13.3.8) 


Second, recall that 611 satisfies the transformation formula [272, p. 475] 


1 ; 
O11 E ) = iy -ir e" I7 644(a,7). (13.3.9) 
In particular, we need two special cases of (13.3.9), namely, 


it 2 t 1 
011 (2n - 3 in) = —i e4rn/3-2mt+3mt?/(4n) Q; ( o: -m) 


3n 3 2n! Bin 
(13.3.10) 
3it i 2 M M 
S000 W a. E mn/3—nt+3nt? / (4n) No ee 
041 (in 2 in) Van. 011 (s In? uz) . 
(13.3.11) 


Employing (13.3.10), (13.3.11), (13.3.7), and (13.3.8) in (13.3.6), we find 
that 
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2 
l e 7"* [5 cos rta 
HH 
0 e2723 +1 e 27/3 


_ _v3 [ene F (2in — 57, 3in) girtg-A/9 F (2in 77, 3in) 


4 011 (2in — 3i, 3in) 011 (2in + 3i 3in) 
— g7ig-1/9 F (in — 3, 3in) mtg- 1/9 F (in + 5, 3in) 
011 (in = A. 3in) 011 (in + 35 3in) 


Ai /n 011 (3-4,-35) Ou ($+4,- ) 
) 


3in 


t 

2n 
VB cayo { jane Fin ain) age F (Qin + SE, 3in) 
011 (2in = 32. 3in) 011 (2in + 22. 3in) 


e 376 (4n) F(2—g4,-4-) E(iqd 
; T a + 7 D l». (13.3.12 
Hn E eS purum 


We need to replace the functions F in (13.3.6) by their Lambert se- 
ries (13.1.2), and the theta functions 01; by theta functions in Ramanujan's 
notation (5.1.1). A routine calculation shows that 


011 (2,7) — dg erm flyer er), q= ent. (13.3.13) 
Thus, (13.3.12) can be transformed into the shape 
2 
2 [9? e" Pm 
x 13.3.14 
a e272/3 qu e 272/3 ( ) 
ert g/9 eo (—1)mgmn t m/3 fmt 
i ab urs EIS P 1 pg 
-T pe m ,m?-- Tm —3mm —3nt? / (4n 
n e tg8/? » (—1) q +7 le 3mnt E: 3nt* / (4n) 
jig ue EE du ais id. 14 get Nm 


oo m m?-Em, 2m ,—mmit/n 


1 (—1)"qi we 
" eee ee 25 Zm4i 


m--—oo 1 + qi 
1 x [nnb d sumit. i 
T Tug g, er Wii os 1+ T iaa 


We are now ready to complete the proof of Theorem 13.1.1. Use 
Lemma 13.2.1 with t replaced by e^" and employ Lemma 13.2.2 with q 
and t replaced by qı and e^'/^, respectively. Multiply this new version 
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of (13.2.1) by q?/? on both sides and then move the first two expressions on 
the right-hand side to the left-hand side. Take the new version of (13.2.11) 
and multiply both sides by e~3"/(4")/\/n. Take the new left-hand sides 
of (13.2.1) and (13.2.11) and add them together to deduce that 


2m(m—1)/3 


oo 
q 
L := g” — (13.3.15) 
2. (eg ea )(—e ae aaah 
g Snt?/(4n) g2 oo gens) 
1 1 
+ = - l 
vn fay (e gi; G )m( e7 ai; i)m 
e7tq8/9 a (—1) 7g m3 fmt 
faery. ag | E 14 ge 
gorge? oo (—1ymgm *Im/8,- mnt 

fey, ery) P 14 gor 

PRELUMACO 1 
+2 Jan f (wie Ttg, =u 2ertt/*) 

oo 2 2m j—mmit/n 
(-1)" qr "ue 

a b» 1 4L 2m+1 

m--—oo a 

1 3 (—1)mgm m, 2m emait/n i 

Huete, -u 3g mn) E 1+ qn x 


Now take the new right-hand sides of (13.2.1) and (13.2.11) and add them 
together. From (5.1.3), f(—e?7tg2, —e737t) = —e737t f(—e37t, —e737tg?), and 
so with the use of this identity, we find that this sum equals 


Cara 
R:= q?? { oc (13.3.16) 
ig ea f (eq, eq) 


eA BP PRA, OS Ieg, - enmt) 
(qos cf a) fleg, ea) 


( —2rt e 7t ) ) 
x 
fen Nu ig fig MS Eug rh 


) 
2 
eo 3n (4n) l (a1: Gi) 50 
vn 3(a1: di) f (qi e T^g) 
i (a2: a2), Fe, - e t/q?) 


V3 (1—w) Flan, a1) (qs) (eq, e TI) 


1 e rit/n 
x - - 7 7 ^ 
fae tmu dag E flea, =e 7) 


We prove that R is identically equal to zero. 
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Recall that qı = e~7/7 and q = e™*’. If we translate (13.3.9) via (13.3.13), 
we find that 


fier, gel) 
= Hil irent tris? [mis (g/g, 1/4 f(e", =g mizy, (13.3.17) 


(We remark that in his notebooks [231], [55, p. 36], Ramanujan wrote (13.3.9) 
or (13.3.17) in the equivalent form 


Vaf(e € +", e7% ne NE e" A /gf(e- P iB g P inb), 


where o, B € C, aß = 7, and Reo? > 0.) From (13.3.17), with T = 3in, we 
can easily deduce that 


f(-eirioqa ag) 
ri 


i —1/4,—riz—r(x—1/2)”/(3n) 2Qrau/(3n) 2 —2mz/(3n) 1 
= ——q [2 —e qd1,—€ s 3.3.18 
Em f( 1 ) ( ) 


i= e7272/ (3n) 


li E 

2n 1— e ni m 3n’ 
dividing both sides of (13.3.18) by 1 — e^?"?* and letting x tend to 0, we find 
that 


1 = 4 
faa = xs itu la; q2). 


(The identity (13.3.19) is simply the ‘cube’ of the transformation formula for 
the Dedekind eta-function, which Ramanujan recorded more than once in his 
notebooks [231], [55, p. 43, Entry 27(iii)].) Applying (13.3.19), (13.3.19) a 
second time with q replaced by q!/?, and (13.3.18) with x = 1 — žin — 3it, 


2 2 
we find that 
P 
gau. E mtu (a; 47) 5 
(ur f (eq, eq) vm — 309 É) f(e q, eq) 
(13.3.20) 


(13.3.19) 


Apply (13.3.18) with x replaced by i jin, Sit, j Pin, Pit in, and sit-in, 


respectively. We furthermore use (13.2.13) to deduce (13.3.21) and (5.1.3) to 
deduce (13.3.22). Accordingly, we find that 


eo = ql? f(e q, eq) 


cs (473 1) 00 (d$; Too 


fad) i (13.3.21) 
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iq- 1/4g}/4 e37t/2+37t?/(4n)—rit/ (2n) 


v 3n 
x f(—erit/n, eo rit/ng2). (13.3.22) 
1 
fla a) = vg; Pn. a), Hoa) 
" 2 ; 
fertig a urit afa, = iq- 1/36 gl 4o ri/3- nt / 2-378 /(4n)—nit/(2n) 
? v 3n 
x f(- eg rit/n wig - ently), (13.3.24) 
mE fi m nt? n)+ri n 
f(e, uam apa — 4 UI a a 
? vèn 
x f(e uyg, eT), (13.3.25) 


Employing (13.3.20)-(13.3.25) and using the fact that e7/? = /3i/(1 — w?), 
we conclude that 
q?/? (g?; q?)2. f (qi/3, q9/9) f(—e Fg, — ent) 
(97/3; q?/3))., f (q, q) f (e 9"tq, ea) 


(13.3.26) 


( —2nt e 7t S 
x 
fee =e" 218) f(-e —3mnt git ere?) 


e 37€ /(4n) entm, = gnam 


i (qi; ai) f - 


vn  y3( —o9)f(a.q)f(a.a)f era, e riting, 


1 e rit/n 
A fare TL oe) (= 2 gina 7; E we t/n) 


If we insert (13.3.26) and (13.3.20) into (13.3.16), we conclude that R 
Thus, from (13.3.15), L = 0. Therefore, comparing (13.3.14) and (13.3 
we see that we have proved Theorem 13.1.1. 


= 0. 
15), 


Choi [110] gives a second proof of Theorem 13.1.1. He shows that both 
the left and right sides of (13.1.6) satisfy the same functional equation. He 
then considers the difference of the left and right sides and proves that it 
is a bounded entire function. Using Liouville’s theorem, he shows that this 
difference equals 0. 


13.4 Proof of Theorem 13.1.2 


Proof of Theorem 13.1.2. Using (13.2.3) with t replaced by —e™ and q re- 
placed by q?/?, we find that 
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oo 2m(m-—1)/3 


2/9 q 
ue gftg 3. dr ug Gg a )m 


2/9 oo (yee 


a a Wt (13.4.1) 
Cul aid 2. 1 + gOm/3grt 


Employing (13.2.3) with t replaced by —e™/” and q replaced by qf, we deduce 
that 


gini fang oo gp 
Ja 4 (e gritings. dm (— g- Tng: qf M 
E Rd > eure (13.4.2) 
(a: d$). Vn Vn ES 1 4- qi 3g mit/m" 


Replacing m by m — 1 and m by —m, respectively, in the two sums on the 
right-hand side in the first step below, we find that 


oo jeg) 1ymginm+) 
Ds La get Aue = m x as (13.4.3) 


mecs b £5 t. 

= > eee »» (—1)mgni-0 
mai LF ge at dic qg om DfSgnt 

_ 3 (—1)mtigmi-1) " > (— 1)mgnin-D (gm-1)/39-t 4.1 — 1) 
me lt qD ert a [op gem Dig 

= 2 Ay Ss Ee S 1ymtigm(i-1). 
mlt g2m-D/Bent 4&1 4 gem-D/3 eT 2. 


With q replaced by q? and e™ replaced by e™/” in (13.4.3), we deduce that 


oo 2 

(-1)^gi" T9m 

> 1 TN n ui (13.4.4) 
De pe pe apg oo 


m+1 9m? —9m 
1+q omo 3 erit/n 2 14g oma 3 e rit/n PA 1) di ` 


m=1 


m=1 


n (13.3.19), if we replace q by q!/?, so that qı is replaced by q? and n is 
replaced by In, we find that 


—1/36 1/4 


1 
rg a= mt "d (aĵ; gÊ) 
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Thus, 


2 —1/36 9/4 
— = zu (13.4.5) 
vn (qiidi)e (97/9; a?) s/n 


We now add (13.4.1) and (13.4.2). Then we substitute (13.4.3) and (13.4.4) 
on the right-hand side of our sum. Lastly, in order to complete the proof of 
Theorem 13.1.2, we need to use (13.4.5) 


In conclusion, we remark that Choi [110] employs Theorem 13.1.1 to derive 
several transformation formulas for third order mock theta functions. For 
example, 


1/4,2 


2 
2 [9 e-7"" /3 cos rn 1 q'*q 
d = 2/9 — E 3 
"s e272/3 44 4 e 272/3 d q 5 fa(a) sr Vn wa(qi); 


where f3(q) and wa(q) are the usual third order mock theta functions. Finally, 
we remark that J. Lovejoy and R. Osburn [199] and W. Moore [206] have 
found further results on the tenth order mock theta functions. 


Check for 
updates 
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Ramanujan’s Last Letter to Hardy 


14.1 Introduction 


In one of the most enigmatic, important, and influential mathematical letters 
in the history of mathematics, written to Hardy on January 12, 1920, Ra- 
manujan mistily described his theory of mock theta functions. For nearly a 
century, mathematicians have been attempting to penetrate into the mean- 
ings of the letter’s assertions. Although enormous progress has been made in 
fitting Ramanujan’s claims into contemporary mathematics, a dark curtain 
has not allowed us to view what is really on stage, i.e., Ramanujan's thoughts 
behind his discoveries. 

In this chapter, we reproduce this letter, which was first published with 
Ramanujan's Lost Notebook [232, pp. 127-131]. The first, complete, printed 
version can be found in Ramanujan: Letters and Commentary by the second 
author and R.A. Rankin [67, pp. 220-223]. However, these two versions are 
not identical. The beginning paragraph of the letter in [67] can be found 
in Ramanujan's Collected Papers [230, p. xxxi], but it is not in [232]. In 
[230, pp. xxxi-xxxii, 354-355], the initial paragraph is followed by only brief 
excerpts and not the entire letter. At the end of the first sentence of the first 
paragraph are ellipses, and at the conclusion of the first paragraph in [230, 
p. xxxi] are further ellipses, indicating that material has been omitted. It is 
possible that the second set of ellipses points to the letter as it begins at the 
top of page 127 in [232]. But it seems likely that a portion of Ramanujan's 
last letter to Hardy is missing, especially after the first sentence, and possibly 
at the end of the first paragraph. 

After we record Ramanujan's last letter, or at least what is extant from his 
last letter, we examine the claims made in it and briefly relate the remarkable 
discoveries that have emerged, especially in recent years. 

We have altered Ramanujan's last letter by inserting subscripts on each 
of Ramanujan's mock theta functions so that our notation is consistent with 
that in the remainder of the chapter. 
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14.2 The Last Letter 


S. Ramanujan to G. H. Hardy 
12 January 1920 


University of Madras 


I am extremely sorry for not writing you a single letter up to now ... I dis- 
covered very interesting functions recently which I call “Mock” J-functions. 
Unlike the “False” J-functions (studied partially by Prof. Rogers in his in- 
teresting paper) they enter into mathematics as beautifully as the ordinary 
Ü-functions. I am sending you with this letter some examples .... 

If we consider a -function in the transformed Eulerian form e.g. 


UNT NEM q^ q? u 
MU EU mecum NI NP 
B) 1+ d J g Jee 


hog (-q4) (1-8) -o1 -4)(1- 4°) 


and determine the nature of the singularities at the points q = 1, q? = 1,q? = 
1,q* = 1,q° = 1,... we know how beautifully the asymptotic form of the 
function can be expressed in a very neat and closed exponential form. For 
instance when q = e™ and t > 0 


(A) = ze zi) +D 
gom s) (0t 
2 


and similar results at other singularities.* It is not necessary that there should 
be only one term like this. There may be many terms but the number of terms 
must be finite. Also o(1) may turn out to be O(1). That is all. For instance 
when q — 1 the function 


1 
{(1 —q)(1 — 2) e) 


is equivalent to the sum of five terms like (*) together with O(1) instead of 
o(1). 

If we take a number of functions like (A) and (B) it is only in a limited 
number of cases the terms close as above; but in the majority of cases they 
never close as above. For instance when q = e * and t > 0 
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3 6 
[Oi quem o : + 1 pose 


(eg? duc X91 qug 


| t n? 2 k 
= tayt+agt* +---+ Olagt 
2/8 exp (Z ay ag (ak )) 


where aj = —L— and so on. The function (C) is a simple example of a function 


behaving in an unclosed form at the singularities. 


2 
*The coefficient (of) 1/t in the index of e happens to be T in this partic- 
ular case. It may be some other transcendental numbers in other cases. 
+The coefficients of t,t?,... happen to be Sup: ... in this case. In other 


cases they may turn out to be some other algebraic numbers. 

Now a very interesting question arises. Is the converse of the statements 
concerning the forms (A) and (B) true? That is to say Suppose there is a 
function in the Eulerian form and suppose that all of an infinity of points 
q = e?" /" are exponential singularities and also suppose that at these points 
the asymptotic form of the function closes as neatly as in the cases of (A) and 
(B). The question is:—is the function taken the sum of two functions one of 
which is an ordinary 9 function and the other a (trivial) function which is O(1) 


at all the points q = e?/7"/^? The answer is it is not necessarily so. When it 
is not so I call the function Mock -function. I have not proved rigorously that 
it is not necessarily so. But I have constructed a number of examples in which 
it is inconceivable to construct a J-function to cut out the singularities of the 
original function. Also I have shown if it is necessarily so then it leads to the 
following assertion:—viz. it is possible to construct two power series in x namely 
$70 ang” and >> b,x” both of which have essential singularities on the unit 
circle, are convergent when |x| < 1, and tend to finite limits at every point 
x = e2*r/5 and that at the same time the limit of Do ane” at the point 
x = e-?77/* is equal to the limit of 355 bng” at the point z = e- 27/5. 

This assertion seems to be untrue. Any how we shall go to the examples 
and see how far our assertions are true. 

I have proved that if 


q q 
=14 d: jeu 
BO =1+ (yp oe UF PUE 
then 
fs(a) + (L— a)(1 — e?)(1 — 9°) --- (1 2q + 24 — 29? + ---) = O(1) 
at all the points q = —1, q? = —1, q? = —1, q’ = —1, ..., and at the same 
time 
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at all the points q? = —1, q* = —1, qÊ = —1, .... Also obviously fa(q) = O(1) 
at all the points q = 1, q? = 1, q? =1,.... And so f3(q) is a Mock 9 function. 
When q = —e™* and t — 0 


T T 
fa(q) 4 [rex E =) > 4. (14.2.1) 


(14.2.2) 


It is inconceivable that a simple 0 function could be found to cut out the 
singularities of f3(q). 
Mock v-functions 


— g | qf IL ate 
$9) - ltr gt ürgy-cgo 
die tg e 5 22: 
1-q (-g0-49) Q-90-39)-4.- 
q q 


x3(q) =1+ + 
s) lege Ue) p) 


These are related to f3(q) as shown below. 
23(—q) — fa(a) = fa(a) + 4vx(—a) 


1 — 2q + 2q* — 2g? +- 
+a) +) g) 


(1 — 2g? + 2P +)? 
=a) =) -= g?) 


Axa(q) — fs(q) = 


These are of the 3rd order. 


Mock ó-functions (of 5th order) 


q q? 


q t | 
l+q (14-4)  +a)(1+¢7)(1 +43) 


LE. 
T 


fo(q) ^ 14 


pola) — 1 -- q(1-- q) - a*(1-- a) - d?) - (Y q)(1 - g)(o 9 99) 
Vo(q) 2 a - (12-4) - 4*(1-- a) - d?) - a(1 - g)(0 - a) H 
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wig Te Cape uc 49-25 
» q q? q? 
-1+ da oa (IcuS up cu cue) 

Folq) 21-4 d + Ci 


$o(—4) + xo(q) = 2Fo(q). 


fo(—4) + 2Fo(q?) — 2 = óo(—q?) + vo(—q) 

1— 2q + 244 — 2g? +- 
(Lgl q9 gU esq 
14g? 4 9 qa... 

COSE CES q?) (1 — qeu 
Mock ó-functions (of 5th order) 


q? q? q? 


tira G+00+2) ONFA) 


fila) 21 


pl 2q* (1a) - Og) q-- 


315 


Vi(q) 2 1-- q(1- g) - (1 - )(1 d?) -- (1 a) - a?) 9 9) 
x(q) = : 4 E T 
icq Seda) ae ae ia) 
| oF | 
q-«490-4)1-490-4)- 


= + 

1-q (-4)(1-4°) 
have got similar relations above. 
Mock ó-functions (of 7th order) 


1 —33)(1-$4)(1-39) 


"I-e -A-A AA" 
(ii) 9. q^ ia 
1-gq (1-4)-4)  (-@)1-—@)(1—-@) | 
2 6 
(iii) : + d + 4 ; 
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These are not related to each other. 
Ever yours sincerely 
S. Ramanujan 


The last three entries in Ramanujan’s letter give definitions of three sev- 
enth order mock theta functions. However, in contrast to the third and fifth 
order mock theta functions, there are no entries in the Lost Notebook involv- 
ing seventh order mock theta functions! This is strong evidence that pages 
from the Lost Notebook have been lost. 

The function fa(q) is Ramanujan's famous third order mock theta func- 
tion, which we have denoted by (2.1.1). The two assertions immediately fol- 
lowing the definition of f3(q) were first proved by A. Folsom, K. Ono, and 
R.C. Rhoades [138], [139]. In fact, they proved much more, as we now relate. 
Define 


Ay qU 
Tides > (wq; q)}n (g/w; q)o." Spe 
U (w; q) = Y (wg; a)n (q/w; ang", (14.2.4) 
n=0 
lm a pong 
We note that if w = —1, then 
R(—1:q) = fs(4), (14.2.6) 
U(-1;q) = X (=g; 9a"! =: u(q), (14.2.7) 
n=0 


(754) —(-d doo 


by (3.1.14). We also note that R(w; q) is the generating function for ranks of 
partitions, and that C (w; q) is the generating function for cranks of partitions. 


Theorem 14.2.1 ([138], [139]). Let a,b, h, and m be integers such that 1 < 
a « b, 1 € h< m, gcd(a,b) = gcd(h,m) = 1, and b|m. Let h denote an 
inverse of h modulo m, i.e., hh’ 21 (mod m). Then, if Cm is an mth root of 
unity, as q radially approaches ¢", within the unit disc, 


lim {RGsa) - moa} = -a- a) - G U( C). (14.2.9) 


qc 


Using the notation (14.2.6)-(14.2.8), we state separately Ramanujan's 
claim, which is the special case a = 1, b = 2, and m = 2k, where k is a 
positive integer. 
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Theorem 14.2.2. If ¢ is a primitive root of unity of order 2k, then as q 
radially approaches G within the unit disc, 


lim { fa(q) - (-D*69)) = —4(9). (14.2.10) 


The expression immediately to the right of f3(q) in (14.2.1) arises from the 
transformation formulas for the theta functions comprising b(q). W. Zudilin 
[283] discovered a short proof of (14.2.10) based on theorems in Ramanujan’s 
Lost Notebook, and so we will provide his proof here. 


Proof. We begin by recalling a special case of a result found on page 15 in 
the Lost Notebook [232], namely [33, p. 67, Entry 3.4.7], 


ie 1/w Pe eure? 

(9; q) 1—q"/w ` 
(14.2.11) 

Second, we rewrite (2.3.12), which we proved in [32, p. 264, Entry 12.2.2], in 

the form 


R(w;q) + (1 — w)(1— 1/w)U(w;q) = 


n=—Cco 


1— 1/w iod (—1)2 qr +9/2 


q) = 14.2.12 
SP (qa) , —.  l—a"fw 
From (14.2.6), (14.2.7), and (14.2.11), we see that 
99 grintl)/2 
fa(q) + 4u(q) = R(—1;q) + 4U (—1; Geo EP (14.2.13) 
Furthermore, from (14.2.8) and (14.2.12), we find that 
2 o9 Ee ngr(n+1)/2 
M) =C(-1.9) = c CU — (14.2.14) 
From (14.2.13) and (14.2.14), we can then deduce that 
4 Mees gr(2n—1) 
4 oo gn On) 
Moreover [32, p. 264, equations (12.2.7), (12.2.6)], 
1 oo gn On- 1) oo je d ee iq” 
(a; @)oo p» lp UMS GP)? i 
1 oo gn Ont) i 92, e y« 2) qh 
(d; doo dp -saC oi l 


n--—oo n=0 
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Thus, we can recast (14.2.15) and (14.2.16) in the forms 


fala) + 4u(q) — bla) = 8(—a;4)2, V — Le (14217) 
La ga NS GP ng” 
a Egge) 


We now observe that as q — ¢ radially, the infinite products on the right- 
hand sides of (14.2.17) and (14.2.18) each tend to 0, while the infinite series 
on the right-hand sides each tend to a finite number when k is even and odd, 
respectively. T'his completes the proof of Theorem 14.2.2. 


We see that Appell-Lerch basic bilateral series play a key role in Zudilin's 
proof of Theorem 14.2.2. E. Mortenson observed that results he had estab- 
lished on Appell-Lerch series [212] could be utilized to prove further results of 
this sort [214]. Since many mock theta functions are special cases of the *uni- 
versal’ mock theta function g3(x;q), defined in (13.1.7), Rhoades [236] asked 
how one can explicitly determine modular forms fa,b,A,B,h,k in a uniform way 
such that 

go (Ca^; q”) — fas A Bn (4) = O(1), 


asq—G i radially, where Gy is a kth root of unity. He further asked how one 
can determine the constants 


Qa,b,A,B,h,k ‘= ase {92(Gfq4;¢?) — faa Bana (2)] - 
q—6Gi. 


K. Bringmann and L. Rolen completely answered Rhoades's queries [85] by 
employing a result of Mortenson [214]. At the beginning of his paper [236], 
Rhoades gives what he believes to be Ramanujan's definition of a mock theta 
function. Then later in his paper, Rhoades provides the most commonly ac- 
cepted modern definition of a mock theta function due to D. Zagier [280] and 
shows that they are different. 

J. Bajpai, S. Kimport, J. Liang, D. Ma, and J. Ricci [49] have proved 
theorems on radial limits for other mock theta functions, similar to those on 
radial limits established by Folsom, Ono, and Rhoades [138], [139]. In partic- 
ular, they have established such results for each of the ten fifth order mock 
theta functions of Ramanujan. Moreover, they have proved similar theorems 
for several sixth and eighth order mock theta functions. We offer two examples 
from their paper. Recall the fifth order mock theta functions 


n? 


fold := 3, ——— ad fig) = DD A. 


& (-Gq)n (14.2.19) 


The aforementioned authors proved the following theorem [49, p. 481, Theo- 
rem 1.1]. 
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Theorem 14.2.3. Let ¢ be a primitive root of unity of order 2k, and suppose 
that q — ¢ radially within the unit disk. Then 


k—1 
lim (fo(a) - B(foi)) = 25 jc * 9" (-6 Cn 


n=0 
and 


k-1 


Tu lD- B(fuia)) = 2X CDG; 0,, 


n=0 


where B(fo;q) and B(fi;q) are modular forms of weight i and level I3(20). 


14.3 Formulas for the Taylor Series Coefficients of f3(q) 


We now discuss the assertion in (14.2.2). L. Dragonette [127] first proved that 
if 


fs(q) =: 3 a(n)q”, (14.3.1) 
then = 
T [vs] (—1)19*9/21 As (n — k(1 + (-1)*)/4) sinh (1 n rk) 
kel k(n — dz) 
+0(n2**), (14.3.2) 


for each e > 0, where A;(n) denotes the same sum that appears in the Hardy- 
Ramanujan-Rademacher formula for the partition function p(n), i.e., 


Ax (n) = 5 oppe hnk, (14.3.3) 


h (mod k) 
(h,k)=1 


where wj; is a certain 24kth root of unity. See [17, pp. 70-71] for a more 
precise definition of wp, and the complete formula for p(n). Dragonette sug- 
gested that the error term was much smaller than what is indicated in (14.3.2) 
and that it may be that when the main sum is rounded off to the nearest in- 
teger, the sum would give the value of a(n) exactly. Andrews |11] improved 
Dragonette’s result by replacing the error term by O(n‘), for each e > 0. 
He furthermore conjectured that the series in (14.3.2) actually converges, i.e., 
that the error term is o(1), as n — oo. Readers should consult Andrews’ paper 
[27], which also contains numerical evidence. 
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The conjecture of Dragonette and Andrews was proved in 2007 by 
K. Bringmann and K. Ono [79]. They constructed a weak Maass-Poincaré 
series with holomorphic part q^! fa(q). As a consequence, in finding a formula 
analogous to the Hardy-Ramanujan-Rademacher exact formula for p(n), they 
obtain an exact formula for a(n) and consequently exact formulas for N,(n) 
and N.(n), the number of partitions of n with odd rank and the number of 
partitions of n of even rank, respectively. 


Check for 
updates 


15 


Euler Products in Ramanujan’s Lost Notebook 


15.1 Introduction 


In his famous paper, On certain arithmetical functions [229], Ramanujan offers 
for the first time the Euler product for what is now known as Ramanujan’s 
Dirichlet series. More precisely, if T(n) denotes Ramanujan’s tau-function, 
then [229, p. 153] 


X T(n) 1 13 
= =Res> Ž, 15.1.1 
2. UP II lao a ee a od 


where the product is over all primes p. It should be emphasized that (15.1.1) 
is prefaced by the words, “For it appears that". Thus, at the time he wrote 
[229], Ramanujan did not have a proof of (15.1.1), and we are uncertain if he 
later devised a proof or not. In the same article, Ramanujan states further 
Euler products for the Dirichlet series associated with special cases of 


q((1 — g?*/*)(1 — gf8/o)(1— q72/0)...)^ =: V W(n)g", 024, 
n=1 


for which he also does not provide proofs. Proofs were given by Mordell in 
1917 [207, p. 121]. 

Published with the Lost Notebook is a more complete list of Ramanujan's 
discoveries about such Euler products [232, pp. 233-235]. In particular, in his 
paper [229], Ramanujan examines only Euler products corresponding to pow- 
ers of the Dedekind eta function, while in the manuscript in [232], Ramanujan 
examines Dirichlet series arising from powers of the eta function multiplied by 
certain Eisenstein series. T'his list of 46 modular forms with their correspond- 
ing Euler products is examined in the last section of the present chapter. It 
is to be emphasized that in this list, the associated modular form contains a 
power of only one eta function. 
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At scattered places in his Lost Notebook, Ramanujan offers further ex- 
amples of Euler products that we relate below. Most of these were claimed 
to have been proven by S.S. Rangachari [233] using the theory of modular 
forms, but his proofs are incomplete, and he failed to notice that several of 
Ramanujan’s claims need corrections. See also Rangachari’s paper [234] for a 
discussion of some of these results. S. Raghavan [226] disproved one of Ra- 
manujan’s claims, but did not offer a corrected version. Being in the original 
Lost Notebook, these scattered results were most likely discovered during the 
last year of Ramanujan’s life, after he had returned to India. Thus, from time 
to time, he was clearly seeking further theorems along the lines of what he 
wrote in [229], and it is unfortunate that he did not live longer to further 
develop his ideas. 

The results are dispersed somewhat randomly, and we shall examine them 
in the order in which they appear in [232]. After we examine the scattered 
claims, we focus our attention on the list given on pages 233-235 of [232]. 
It is doubtful that few, if any, of our arguments coincide with those found 
by Ramanujan. In particular, we use ideas, for example, from the theory of 
modular forms, with which Ramanujan would have been unfamiliar. We have 
attempted to present proofs that are as elementary as possible, but even 
these proofs are unlikely to be close to any found by Ramanujan. It would 
be of enormous interest if one could discern how Ramanujan discovered these 
beautiful theorems on Euler products. 

In our accounts that follow, which are based on the second author’s paper 
with B. Kim and K.S. Williams [63], we employ Ramanujan’s notations for 
theta functions and Eisenstein series. As usual, set 

oo 
(a; q)oo = Ha m aq”), lal <1. 
n=0 
Ramanujan’s function f(—q) is defined by 
oo 
-g= Y (ye-a (aqu, ma II n) g= em, 
n=— o0 
(15.1.2) 
where the second equality above is the pentagonal number theorem, where 
n(z) denotes the Dedekind eta function, and where H = {z : Im z > 0}. 
Ramanujan’s Eisenstein series are defined for |q| < 1 by 


Be nq” 
P =] — 24 — 15.1. 
(a) M (15.1.3) 
nci 
9e n3qn 
—— 14-240 l 15.1.4 
Ql) Da (15.1.4) 
Gor 5,n 


R(g):-1—504Y, — F (15.1.5) 
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15.2 Scattered Entries on Euler Products 


Entry 15.2.1 (p. 54). If f(—q) is defined by (15.1.2) and 


So ang” = af?(-0)f? (747), (15.2.1) 
n=1 
then 
15.2.2 
2 1 + = s II 1 — p20-3) II 1+ PT NU + a-s)’ ( ) 


where the first product is over all primes p = 3,5,6 (mod 7), the second product 
is over all primes q = 1,2,4 (mod 7), and 


3 if g =2 
=4 2 TET 15.2.3 
Ca T if q = u? FT. ( ) 


Entry 15.2.1 was essentially established by Rangachari [233]; see formula 
(5) under (b) in his paper. However, like Ramanujan, he failed to see that c» 
had to be defined separately from the remaining cases when q = 1,2,4 (mod 7). 

Ramanujan records another form of Entry 15.2.1 in his manuscript on the 
partition and tau-functions; in particular, see [232, p. 146] or [34, p. 105]. 


Entry 15.2.2 (p. 146). Define the coefficients an, n > 1, by (15.2.1). Then 


oo 3 1 
Serie do i-e 


nl p=3,5,6 (mod 7) 
1 
? II TEAL (15.2.4) 
=s (1-s) 
p=1,2,4 (mod 7) 1+Cpp* +p 
where 
C, = 2p — a? (15.2.5) 
with 
4p = à? + 7b". (15.2.6) 


If p is odd, then the equality p = u?+7v? implies that 4p = (2u)? +7(2v)?. 
Conversely, if 4p = a? + 7b? and p is odd, then a and b are even and p = 
(a/2)? + 7(b/2)?. Hence, (15.2.2) is equivalent to (15.2.4) when p is odd, and, 
in particular, 


C, = 2p — a? = 2(p — 2u?) = 2(u? + Tv? — 2u?) = 2(Tv? — u?) = 2c,. 
p p 


When p is even, it is easy to check that C5 is equal to 2c2. We thus see that 
Entries 15.2.1 and 15.2.2 are equivalent. 
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Entry 15.2.2 was discussed by Berndt and K. Ono in their paper [66, equa- 
tion (8.4)], and they remarked that it could be proved with two applications 
of Jacobi’s identity 

(qiaeo = 3 (1) (2n + 1) 0/72, (15.2.7) 
n=0 
but they did not supply a complete proof; see also [34, p. 145]. The first 


complete proof was given by H.H. Chan, S. Cooper, and W.-C. Liaw [90], and 
it is their proof that we now give below. 


Proof. As indicated in [233] and [66], using the Dedekind eta function n(z), 
which is defined in (15.1.2), we see that 


F(z) :2 M ang” = n (o (T2) = af?(-q)f?(-d), q=, zeH, 


is in S :— $3 (Io(7), (7)), the space of weight 3 cusp forms on Io(7) with 
the Legendre symbol (3) as the character, which can be deduced by applying 
Newman’s criterion for 7-products [220]. The space S is one dimensional [112, 
Théoréme 1], and hence F(z) is an eigenform. Consequently, the corresponding 
Dirichlet series has an Euler product expansion [187, p. 163] 


a = =|] : (15.2.8) 
n=1 p 


i= app ^ ER (2) p0-79 


It remains to determine a; for all primes p. 
We write Jacobi's identity (15.2.7) in the form 


T) = p» age /*. (15.2.9) 
a=i (modá) 
Therefore, 
"m (72) = > abg +88, (15.2.10) 
a, B=—o0 


a,8=1 (mod 4) 
Hence, for all positive integers n, we have, from (15.2.1) and (15.2.10), 
ün = 5 aß. (15.2.11) 
a,B=—0o 
(a,8)=(1,1) (mod 4) 
8n—a?--78? 
First, we take n = 2 in (15.2.11). The only pair (o, 8) € Z? satisfying 
16 = o? +78? and (a, 8) = (1,1) (mod 4) is (a, 8) = (—3, 1). Hence, az = —3. 
This gives the value of c» in (15.2.3). 


15.2 Scattered Entries on Euler Products 325 


Second, we take n = 7 in (15.2.11). The only pair (a, 8) € Z? satisfying 
56 = a? + 76? and (a, B) = (1,1) (mod 4) is (o, 8) = (—7, 1). Hence, a; = —7. 
This gives the first factor in (15.2.2). 

Now let n denote a prime p = 3,5,6(mod7), so that (3t) = —-l, 


in (15.2.11), where (2) denotes the Legendre symbol. In this case, 8p 4 
a? + TB? for any odd integers o and £, for otherwise, 8p = o? + 78? and thus 


yx rs 
p p p p 
which is a contradiction. Thus, a, = 0 for p = 3,5,6 (mod 7), and we obtain 
the second product on the right-hand side of (15.2.2). 

Finally, we let n denote a prime p = 1,2, 4 (mod 7), with p ¥ 2, in (15.2.11). 
In this case there exist integers A and B such that p = A? + 7B? [171, p. 309, 
Exercise 8]. Since p is odd, all such pairs (A, B) satisfy A+ B = 1 (mod 2). The 
mapping (A, B) + (—A, —B) shows that half of these pairs satisfy A+ B = 
1 (mod 4), with the other half satisfying A + B = 3 (mod 4). Let 


S := {(A, B) € Z? : p= A^ +7B’,A+B=1(mod4)} 
and 
T := {(a,8) € Z? : 8p =a? +78, a = 8 =1(mod4)}. 


We note that if (a, 8) € T, then a = 6(mod8). The mapping A: SH T 
given by 
A(CA, B)) = (A-7B,A+B) (15.2.12) 


is a bijection. Hence, applying (15.2.12) in (15.2.11), we obtain 


a= M. aB= M (A-7B)(A+B) 


(e,8)eT (A, Byes 
1 
= $3; (A-7B)(A+B) = $3; (A-7B)(A+B). 
(A,B)eZ? (A,B)eZ? 
p=A°+7B? p=A?+7B? 
A+B=1 (mod 4) 
(15.2.13) 
If (A, B) € Z? is any solution of p = A? + 7B?, all the solutions are 
(A, B, (A4, B), (CA, B), (CA, — B), so that by (15.2.13), 


ay = 5 (A- TB(A- B) + (A € TBJ(A B) - (CA - 7B)(-A + B) 
+(—A+7B)(—A — B)) = 2(4? — 7B’). 


This completes the proof of (15.2.3) and the derivation of the third factor 
in (15.2.2) for primes p # 2. 
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Entry 15.2.3 (p. 207). If 


S aln) := af*(-a)f* (78), (15.2.14) 
n=1 
then 
q(n) 1 1 
= ] 15.2.15 
ev 145s II 1— q(n)p-* + ps ( ) 
where the product is over all primes p except p = 5. Furthermore, q(2) = —4, 


q(3) = 2, q(5) = —5, q(T) = 6, and generally q?(p) < 4p?. 


Entry 15.2.3 was not discussed by Rangachari [233]. However, it does fall 
under the theory outlined in his paper. We have corrected a misprint in the 
Lost Notebook [232]; Ramanujan had written p375 instead of p?-?5 in the 
last term in the denominator on the right side of (15.2.15). The values of 
q(n), n = 2,3,5,7, calculated by Ramanujan are correct. It is doubtful that 
Ramanujan had a proof of the inequality q?(p) < 4p?, which follows from the 
deep work of P. Deligne [123]. It would be extremely interesting to know how 
Ramanujan deduced it. At the end of our proof of Entry 15.2.3, we provide 
an elementary proof of a much weaker result. 


Proof. The coefficients q(n), n > 1, are defined by (15.2.14). By a paper by 
Y. Martin [200, p. 4852, Table 1], q(n) is a multiplicative function of n. From 
a paper of M. Newman [219, p. 487], q(p*), where p is a prime not equal to 
5, satisfies the recurrence relation 


q(p*) — q(p)q(p*"!) + p?q(p^-?) 20, | o€N, a>2, (152.16) 


and 
q(5*) = (—5)*, a € No. (15.2.17) 


Hence, for p Æ 5, by (15.2.16), 


bad ( e Be p?) 
= 5 n ae q(p) 2 p xc IL 


a=0 pe a= 
oo oo 
No a(p?) q(p*7) gs HE ?) 
-3 D aa 62 y 1072 
a=0 a=1 
) PY) 
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It follows from (15.2.18) that 


q(p 1 
5. 15.2.19 
2 pes Ti "E q(p )p-* + p3-2s p # ( ) 


Also, from (15.2.17), 


> q(5? > l—s\a 1 
= —5 ERI 15.2.20 
2. : 2 rius m ( ) 


Thus, as q(n) is multiplicative, we deduce from (15.2.19) and (15.2.20) that 
2-5 IT 552 - as Is 
pem prc dam a etm 


p#5 a=0 
and so the proof of Entry 15.2.3 is complete, except for the inequality for 
q(p). 


oo 


n=1 


To obtain an elementary bound for q(n), we use Ramanujan’s two famous 
identities [34, p. 98] 


ca cie 


n=1 d|n 
and 
CROT = ( 5 ) a 
q= ==> = — elg. 
(d: doo p» 2. m/e 


where (=) denotes the Kronecker symbol, to deduce that 


AGDGIP eo = M, DD (=) gy" 


m=1 \elm 


-M p» E (=) « a. 


m+n=N 
Hence, writing d = a, e = b, m = by, and n = az, we deduce that, for N > 1, 
5 
N)= — | ab. 
en-X(ug)es 3 oiu)" 
d| N (a,b, x,y) EN* 


ax+by=N 


Thus, using below an evaluation from [229], [230, p. 146, Table IV, no. 1], we 
find that 
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I(N)i<Sod+5 M ad 


d|N (a,b,a,y)EN* 
ax+by=N 


N-1 


In particular, if N = p is a prime, 


which is much weaker than Ramanujan’s assertion. 


Entry 15.2.4 (p. 247). If 


3 d(n)q” = af? (-q), (15.2.21) 


then 


e (n 1 
2. tn) =] m a (15.2.22) 


n=1 
where the product is over all odd primes p. 
Entry 15.2.4 is actually a special case of a general claim made without 
proof in Ramanujan’s paper [229, p. 162]. Entry 15.2.4 was proved by Mordell 


[207, p. 121]; it is the case a = 6 in Mordell’s paper. A proof was also given 
by Rangachari [233]. 


Entry 15.2.5 (p. 247). If 


3 o(n)a” = af OP), (15.2.23) 
n=1 
then 
3 ó(n) u 1 1 1 1 


(15.2.24) 
where the first product is over all primes p such that p = 1,3,4,5,9 (mod 11), 
the second product is over all odd primes q such that q = 2,6, 7,8, 10 (mod 11), 
and the third product is over all primes r such that r can be written in the 
form r = 114? + B?. 
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Entry 15.2.5 is formula (2) under part (b) in Rangachari’s paper. Unfortu- 
nately, Rangachari failed to notice that Entry 15.2.5 is incorrect. Entry 15.2.5 
was first proved in its corrected form by Z.-H. Sun and K.S. Williams [256, 
p. 386, Theorem 7.2]. 


Entry 15.2.6 (p. 247). If 


(e^ = gf) f(g), (15.2.25) 
n=1 
then 
< (n) 1 1 1 1 1 
2. n? 1+7 II bog II i ia II (14-773)? II (1— 1-3)?" 
(15.2.26) 


where the first product is over all odd primes p such that p = 2,8,11 (mod 21), 
the second product is over all primes q such that q = 5,17,20 (mod 21), the 
third product is over all primes r such that r can be written in the form 
r = 94? + 7B?, and the fourth product is over all primes t such that t can be 
written in the form t = A? + 63B?. 


Entry 15.2.6 is formula (1) under part (b) in Rangachari's paper [233]. 
Entry 15.2.6 is incorrect, and so therefore is Rangachari's proof. The first 
proof of a corrected version of Entry 15.2.6 was given by Sun and Williams 
[256, p. 388, Theorem 8.2(i)]. The proofs of corrected versions of Entries 15.2.5 
and 15.2.6 by Sun and Williams are discussed in more detail in Section 15.3, 
which is devoted to their methods. 


Entry 15.2.7 (p. 249). Define 


oo 


XO o(n)q” = af*(- 49) R(d5), (15.2.27) 


n=1 


where R(q) is defined in (15.1.5). Then 


v^ e(n) 1 
- 15.2.28 
2. n? II 1— é(p)p^* + p'7* 
where the product is over all primes p exceeding 3 and 
0, if p = —1 (mod 6), 
" 15.2.29 
$() c if p = 1 (mod 6). ( ) 


where A and B are determined by p = A? + 3B?. 
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Entry 15.2.7 can also be found under List I on pages 233-235 of [232] or 
in List I in Section 15.4 below. 

In Ramanujan’s formulation, he wrote “where A and B are the same as 
before.” 


Proof. Let 
144-3 
w = —————. 
2 
For the convenience of future calculations, we record the values 


xp qe 
-l+w, wt = : 5 ne ane eN Lor 


[ol 


TESES = 
-= 


V=3 = —1 + Ww, wy —3 = —2 +w, w^ /—3 = —1- w. 


We briefly review basic facts about the ring of integers Z+Zw = (x4 yw|z,y € 
Z} in the imaginary quadratic field Q(4/—3), which has discriminant —3. It is 
well known that Z 4- Zw is a unique factorization domain. The group of units 
in Z+ Zw is the cyclic group of order 6 generated by w. The Eisenstein integer 
2 + 2w is the product of two irreducible integers, namely, 2 and 1 + w. 

We now define a character x on Z+Zw modulo 2+2w. Let r+yw € Z+Zw. 
First, observe that 


2| ged(x + yw, 2 4- 2w) — z= y = 0(mod2), 
(1 4- w)| ged(x + yw, 2 4- 220) = = x =y(mod3). 


Hence, 


gcd(a + yw,2--2w) — 1 «e > (x,y) = (0,1), (1,0), or (1, 1) (mod 2) 
and x Æ y (mod 3). 


For those x + yw coprime with 2 + 2w, 


x + yw = 1 (mod 2 + 2w), if (x,y) = (1,0) (mod 2) and z — y = 1 (mod 3), 
X + yw =w(mod2 + 2w), if (x,y) = (0,1) (mod 2) and z — y = 2 (mod 3), 
x + yw = w? (mod 2 + 2w), if (x,y) = (1,1) (mod 2) and z — y = 1 (mod 3), 
x + yw = w’? (mod 2 + 2w), if (x,y) = (1,0) (mod 2) and x — y = 2 (mod 3), 
x + yw = w^ (mod 2 + 2w), if (x,y) = (0,1) (mod 2) and x — y = 1 (mod 3), 
x + yw =w? (mod 2 + 2w), if (x,y) = (1,1) (mod 2) and x — y = 2 (mod 3). 


Hence, we can define a character x of order 6 on Z + Zw modulo 2 + 2w by 


w™, ifa+yw=w* (mod2 + 2w) for some £ € (0,1,2,3,4,5], 


+ = 
x(2+yw) B if gcd(x + yw, 2 + 2w) #1. 
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In particular, note that 


ylw) =w! =. 


If e is a unit in Z + Zw, then e = wf for some £ € {0,1, 2,3,4,5} and 
x(9e = x(uf)u? = x(o)u?* = ut — 1. 


Thus, by [188, equations (5.8), (5.9)], the Hecke theta series 08(—3, x, z) is 
given by 


1 : = 
63(—3, x, 2) = = 5 x(a + yw)(z + yw) etue) ety) (15.2.30) 
s+ywEZ+Zw 


where z € H. Noting that (x 4- yw)(x 4- y) = x? +xy+y?, we define, for each 
£ € {0,1, 2,3, 4, 5}, 


Ap _ w x + yw Tg cte q= eriz, 
y 


(z,y)eZ? 
r+yw=w" (mod 2+2w) 


5 5 
baib (mS eren 
£—0 


(z,y)eZ? 
m4-ywmw* (mod 2+2w) 


5 
1 2 
"92 $5 0 X + yw)(w y) tmm 


£=0 (az,y)eZ? 
z--yw zw (mod 2+2w) 


1 
-$ 2 — Xle + yw)(w + yay qn tmm 
rd-ywC€Z-Zw 
gcd(z--yw,2--2w)-—1 


1 . E 
UN s 5 x(a + yw) (x + yw) e? iG rye) (e +yw)z 


z-FywCcZL-Zw 
= 0s(—3,x, z), (15.2.31) 
by (15.2.30). 
Next, we evaluate Ao, A1,..., A5 by making the indicated changes of vari- 


able in the corresponding series: 


Ao  (z,y)= (r— 8, 2s), 

Aj (x,y) = (2s,r — s), 

Ag (x,y) = (-r+s,r+s), 
As — (a, y) = (=r - 52s), 
A4 (x,y) = (2s, —r — s), 
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As — (t,y) =(r+8,—-r +8). 


We calculate one of the sums; the other calculations are similar. To that end, 


A5 =w 5 (a + yw) qo tety’? 


(z,y)eZ? 
(2,9) 51,1) (mod 2) 
x—y=2 (mod 3) 


=w M (utta) g 4 
(r,s)eZ? 
r—s=1 (mod 3) 
r=1 (mod 2) 


=u 5 (=ru? P sw? /—3) qr +37 
(r,s)eZ? 
r—s=1 (mod 3) 
r=1 (mod 2) 


wearer, 
(r,s)EZ? 


r—s=1 (mod 3) 
r=1 (mod 2) 


In summary, we find that 


Ap=4As=45s= So (res/-3yq v, (15.2.32) 
(r,s)€Z? 
r—s=1 (mod 2) 
r=1 (mod 3) 


Ar=42=43= M (r—sv—=3)"q™ m. (15.2.33) 
(r,s)EZ? 
r—s=1 (mod 2) 
r=1 (mod 3) 


Hence, by (15.2.32) and (15.2.33), 


5 
5 A, —3 5 ((r + V—3) + (r — sV—3)") qt, 
£—0 (r,s)eZ? 
r—s=1 (mod 2) 
r=1 (mod 3) 


and so, by (15.2.31), 


1 == 
63(—3,x,2) = » 5 ((r + sV—3)" + (r — sV—3)") gr +38”, 
(r,s)€Z? 
r—s=1 (mod 2) 
r=1 (mod 3) 
(15.2.34) 
Now [188, p. 122], 


05(—3. X, z) = af (7a?) R(q9). (15.2.35) 
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Thus, from (15.2.27), (15.2.35), and (15.2.34), 


1 
om== M; ((rt+sV—3)" + (r-sv-3)). (15.2.36) 
(rs) eZ? 
r—s=1 (mod 2) 

=1 (mod 3) 

r?- 3s? —n 
As the only solution to r? + 3s? = 1, r — s = 1(mod2), r = 1(mod3) is 
(r, s) — (1,0), we find from (15.2.36) that 


o(1) 2 1. (15.2.37) 


The conditions r — s = 1(mod2), r? + 3s? = n imply that n = 1(mod2). 
Hence, 


$(n) =0,  if2[n. (15.2.38) 
The conditions r = 1 (mod3), r? + 3s? = n imply that n = 1 (mod 3). Hence, 
$(n) 20,  if3[n. (15.2.39) 
If p is a prime with p = —1(mod6) and n is odd, then there are no integers 


r and s such that p? = r? + 3s?. Thus, 
o(p")=0, | ifp=—1(mod6), n odd. (15.2.40) 


If p is a prime with p = 1(mod6), then there are integers A and B 
such that p = A? + 3B?. Replacing A by —A, if necessary, we may sup- 
pose that A = 1(mod3). Replacing B by —B, if necessary, we may sup- 
pose that B > 0. All solutions of p = z? + 3y? are given by (x,y) = 
(A, B), (A, - B), (CA, B), (CA, — B). Thus, 


(((4 + BV -3) + (A - Bv-3)) 


(A= BV-3) + (A+ BvV-3))) 
= (A+ By. —3)! + (A — BJ —3y,, (15.2.41) 


where A and B are given uniquely by p= A? + 3B?, A= 1 (mod 3), B > 0. 
'The Hecke theta series 


on) =5 
+ 


-3,3,2 E gue (15.2.42) 


where ¢(n) is given by (15.2.36), is a modular form of weight 8 on the group 
I9(36) [188, p. 77]. We also know [188, p. 70] that $(n) is multiplicative and 
satisfies the recursion relation 


$(p") — é(p)ó(p"—) + pol?) = 0, (15.2.43) 


for each integer m > 2 and each prime p with p = 1(mod6) [188, equa- 
tion (5.7)], and the exact formula 
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o(p?™) = (—p")™, (15.2.44) 


for each positive integer m and each prime p with p = —1 (mod 6) [188, p. 71]. 
Hence, for p = —1 (mod 6), by (15.2.37), (15.2.40), and (15.2.44), 


ó(p d o(p Bm 9e. fk VME 
3 pms => = = = 


m=0 m=0 m=0 
1 1 
p 28) m 
= = = , (15.2.45 
“Lo 1+pi*s 1- o(p)p-s + pts l ) 


by (15.2.40) once again. 
For p = 1 (mod 6), by (15.2.43), 


(1—¢(p)p~* 4- p^ 7?*) oe") 
m=0 p 
E ote”) -é(p) Y on") Oy "P 
m=0 p m=1 p m=2 p 
-14 20) Ay K 5 o(p™) — Pape + p'd(p"—?) 
E a (15.2.46) 


Thus, by (15.2.45) and (15.2.46), 


< o(p™) 1 
D ou aes (15.2.47) 
S |? 1-ó(pp^-p 


Clearly, by (15.2.38) and (15.2.39), 


5 le Y CM (15.2.48) 
respectively. Thus, as ¢(n) is multiplicative, by (15.2.47) and (15.2.48), 


n) 2) Boom 
oS, 2ms 2 ms "d = ms 
p prime 


1 
= te (p)p~* p^ 25 


This completes the proof of Entry 15.2.7. 
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Before discussing the next entry, we offer a remark on the convergence 
of the series and product in (15.2.28). The number of solutions (x,y) € Z? 
of n = x? + 3y? is Ke n°, for each e > 0 [172, Corollary 9.1(a)]. Hence, 
by (15.2.36), 
lé(n)] Ke n'?**, 


for each e > 0. Therefore, the Dirichlet series on the left-hand side of (15.2.28) 
converges absolutely for Re s > 3, and, moreover, we see that the product on 
the right-hand side of (15.2.28) also converges absolutely for Re s > 3. 


Entry 15.2.8 (p. 328). If 


5 ang” := q? f (-q*), (15.2.49) 
nzl 

then 

T 1 1 1 

lns ~ 1 — 78-378 + 38-25 1 +510. 575 + 58-25 1 + 1404 - 775 + 78-25 

1 1 1 
1+ 78-378 + 38-25 1 — 510 - 575 + 58-25 1 — 1404 - 7-8 + 18-25 
(15.2.50) 


Ramanujan writes a plus sign in front of 510 in each of the products above. 
Since one of the signs is likely to be incorrect, we have accordingly changed 
the second sign. Raghavan [226] numerically disproved Ramanujan’s formula 
as he had written it. However, even with our slight change, Entry 15.2.8 is 
still incorrect. In searching for an appropriate linear combination of products 
of eta functions and Eisenstein series in order to correct Entry 15.2.8, we are 
led to 


78g? f * (-q*) + af?(—-q*) R(q*) = q + 78g? — 510g — 1404q° +- , 


where R(q) is defined in (15.1.5). From this calculation, it is possible that Ra- 
manujan thought that 78q? f!8(—q*) + qf®(—q*)R(q*) has an Euler-product, 
which, however, is not the case. Nonetheless, Ramanujan later discovered the 
correct Euler product involving q? f!8(—q*), which is given in Entry 15.4.3. 

We quote Ramanujan in the next entry. We emphasize that he does not 
provide any product representations. 


Entry 15.2.9 (p. 328). Presumably there are analogous results for 
oua ann? where 377 | ang” is any of the functions 

PFO (~q), 

eT a), 

gr (0), 

q f22(—q!2). 
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Rangachari [233] established these Euler products, but they can also be 
found in Ramanujan’s list of 46 products given in Section 15.4. Euler products 
corresponding to the first, second, and fourth functions above can be found 
in List IV, while the Euler product associated with the third modular form 
above can be found in List I. 


Entry 15.2.10 (p. 329). Define 


F(a) = af (~) =: 5 Ang” (15.2.51) 
n=1 
and " 
Fila) = af (PQ) = 5 ang”, (15.2.52) 
n=1 
where Q(q) is defined in (15.1.4). Then 
»» an +6AnV10 - 1 1 
= n? © 1— 610. 2-5 + 27-28 1 + 96/10 - 5-8 + 57-25 
x 1 l 
1 — 260 - 1-5 + 77-25 1 + 1920/10 - 1175 + 117-28 
(15.2.53) 
and 
$ an — 6A, v10 _ 1 1 
mcd ns ~ 14 6/10 - 2-5 + 27-25 1 — 96/10 - 5-5 + 57-25 
x 1 i 
1 — 260- 7-8 + 77-28 1 — 1920/10 - 1178 +117=2s ` 
(15.2.54) 


In his definition of F(q) in (15.2.51), Ramanujan inadvertently wrote the 
factor q? instead of q on the right-hand side of (15.2.51). This result is also 
given in Part II of Section 15.4, where an and An above are replaced by £27 (n) 
and f25(n), respectively. It is noteworthy that Ramanujan had found a linear 
combination of modular forms having an Euler product, which is work for 
which E. Hecke later became famous [159], [160, pp. 644-707]. 


15.3 The Approach of Zhi-Hong Sun and Kenneth 
Williams Through the Theory of Binary Quadratic 
Forms 


As previously noted in Entries 15.2.5 and 15.2.6, on page 247 of his Lost 
Notebook, Ramanujan [232] recorded without proof Euler products for the 
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Dirichlet series $77 | a(n)n~* and $77 , b(n)n~*, where the arithmetic func- 
tions a(n) and b(n) are defined by 


Sang" 2a [[a-47)0-4?"), aE, la <1, (15.3.1) 
n=1 n=1 

and 
> b(n)? -a[[a- 470-7, «ec, |g « 1. (15.3.2) 
n=1 n=1 


In [233] Rangachari outlined proofs of Ramanujan’s formulas for the Euler 
products using class field theory and modular forms. Unfortunately, Ramanu- 
jan’s formulas are incorrect, and so Rangachari’s proofs are invalid. The proofs 
given by Sun and Williams [256] of corrected forms of Ramanujan’s formulas 
are based on the classical theory of binary quadratic forms and so are elemen- 
tary. The corrected forms of Ramanujan’s conjectures [256, Theorems 7.2 and 
8.2] are 


> OND) oa II = (15.3.3) 


S —s —2s 
nz 1-H p=2,6,7,8,10 (mod 11) Lp 
pF 
1 1 
p=3x24+2xry+4y? P P p=x2+1ly?Al1l1 p 
and 
S o= —s —2s —2s 
gi ^ Lad p=3,5,6 (mod 7) Ip p=2,8,11 (mod 21) +p 
pA3 


1 1 
* oul Oo wel rrr 039 


1 
p=x?+xy+16y? p=4r?+xry+4y2 ÆT 


which are valid for s € C with Re s > 1. Before describing the approach taken 
by Sun and Williams in [256], we describe briefly the results we need from the 
theory of binary quadratic forms. 

A binary quadratic form is a polynomial az? + bry + cy? with a,b,c € Z. 
We always assume that ax? + bry + cy? is positive-definite, equivalently a > 0 
and b? — 4ac < 0, and primitive, equivalently gcd(a, b,c) = 1. For brevity, we 
write (a,b,c) for the form az? + bry + cy”. The discriminant d of the form 
(a,b,c) is the negative integer d = b? — 4ac. We note that d = 0,1 (mod 4). 
For n € N we define 


R((a, b, c); n) := card((z, y) € Z? | az? + bry + cy? = n) 
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so that R((a,b,c);n) counts the number of representations of n by the form 
(a,b,c). The class of the form (a, b,c) is the set of forms 


[a, b, c] :— {a(ra + sy)? + b(ra + sy)(ta + uy) + c(t + uy)? 
|r,s,t,u € Z,ru — st = 1}. 


Each form in [a,b,c] is positive-definite, primitive, and of discriminant d. 
Clearly the class [a, b, c] contains the form (a, b, c). Furthermore, if (A, B, C) € 
[a,b,c], then [A, B, C] = [a,b,c]. Moreover the number of representations of 
n € N by any form in the class [a, b, c] is the same, so we can define 


R([a, 6, c]; n) := R((a,b, c); n). 


Gauss proved that each positive-definite, primitive, binary quadratic form of 
discriminant d belongs to one and only one of a finite set H (d) of form classes. 
We denote the number of such form classes by h(d). With respect to Gaussian 
composition, which we write multiplicatively, the set H (d) is a finite abelian 
group. The identity of the group is 7 = [1,0, —d/4] if d = 0 (mod 4) and 
I = [1,1,(1 — d)/4] if d = 1 (mod 4). The inverse A^! of the form class 
A = [a,b,c] is the form class |a, —5, c]. As H(d) is a finite abelian group, there 
exist r € N, A1,..., A, € H(d), and hi,...,h, € N with hi---h, = h(d), 
such that 


H(d) = (AP -.. A | ky 20,1,..., hi — 1,..., kr 20,1,..., hr — 1}. 
1 r 


For n € N and M = Aj" .-- A7" € H(d), we define [255, Definition 7.1] 


kms. 


kımı i - 
TUM ese re 5 cos 27 ( hi Te ) rai Ani n), 


T 


where 
6, ifd--3, 
w(d)= < 4, ifd--4, 
2, ifd«-4. 


Since each of H(—3) and H(—4) is the trivial group, we have w(d) — 2 if 
Hd) is nontrivial. From [255, Theorem 7.2] we know that F(M,n) is a mul- 
tiplicative function of n € N. Sun and Williams [256, p. 372] proved that in 
{s € C | Res > 1} the Dirichlet series $5»- , F(M,n)n ? converges abso- 
lutely, is an analytic function of s, and has an Euler product. 

For our purposes we are interested in the function F when H (d) is a cyclic 
group of order 3 or 4 (so that w(d) = 2). If H(d) is a cyclic group of order 3, 
say, H (d) = (I, A, A4?) with A? = I, Az I, then 


F(A,n) = z(R(I,n) — R(A,n)) (15.3.5) 


NI = 
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is a multiplicative function of n, which is given explicitly in [255, The- 
orem 10.1]. Similarly, if H(d) is a cyclic group of order 4, say, H(d) = 
(1, A, A?, A) with At = I, A? Æ I, then 


lina, n) — R(A?,n)) (15.3.6) 


F(A,n) — 5 


is a multiplicative function of n, whose value is given in [255, Theorem 11.1]. If 
H (d) is a cyclic group of order > 5 generated by A, then F(A, n) does not have 
a simple representation such as (15.3.5) and (15.3.6); see [255, Theorem 7.4]. 
We are now in a position to describe the approach taken by Sun and 
Williams [256]. To keep notation consistent with that of Ramanujan, we re- 
place their function ¢(q) by f(—4), which is defined in (15.1.2). Next they 
defined, for k € {1,2,3,...,12}, the arithmetic function à; : N > Z by 


af (~) f(a") =X eela) q, q€C, |d «1 (15.3.7) 


so that we are interested in ¢2(n) = a(n) and ¢3(n) = b(n). Using (15.1.2) 
in the left-hand side of (15.3.7), and manipulating the resulting product of 
series, Sun and Williams [256, Theorem 2.2] found, on equating coefficients, 
explicit formulas for $i (n), k € {1,2,3,...,12}, namely, 


o1(n) = &(R(I,1,6; 2) — R([2,1,3];n)) (d= —23, H(d) = Z/32), 
$»(n) = 5(R( 1,0,11]; n) — R([3,2,4]; n)) (d = —44, H(d) ~ Z/3Z), 
é3(n) = $(R([1, 1,16]; n) — R([4,1,4];n)) (d = —63, H(d) ~ Z/4Z), 
a(n) = $(R((1, 0, 20]; n) — R([4,0,5];n)) (d = —80, H(d) ~ Z/4Z), 
ós(n) = $(R((1, 1, 24]; n) — R((4,1,6];n)) (d = —95, H(d) ~ Z/8Z), 
é6(n) = $(R([1, 0, 27];n) — R([4, 2, 7]; m)) (d = —108, H(d) ~ Z/3Z), 
óz(n) = $(R([1, 1, 30); n) — R((4,3,8];n)) (d = —119, H(d) ~ Z/10Z), 
s(n) = $(R( 1,0,32]; n) — R([4, 4,9]; n)) (d = —128, H(d) ~ Z/AZ), 
$o(n) = 5(R( 1,1,34];n) — R([4,3,9]; n)) (d = —135, H(d) ~ Z/6Z), 
$1o(n) = 3(R([L,0,35]; n) — R([4,2,9];m)) (d = —140, H(d) ~ Z/6Z), 
gu(n) = 1(R([1, 1,36]; n) — R([4,1,9];n)) (d = —143, H(d) ~ Z/102), 
$12(n) = $(R([1, 0, 36]; n) — R([4,0,9];n)) (d = —144, H(d)  Z/AZ) 

In each line of the list above, the value of d is the discriminant of each of 

the two forms appearing in the formula for ¢,(n). For k = 1,2,...,12, we 


have d = k(k — 24). The first form class in each line is the identity class of 
discriminant d. All of the form class groups H (k(k — 24)), k = 1,2,...,12, are 
cyclic. Moreover, exactly seven of them have H (k(k — 24)) ~ Z/3Z or Z/AZ. 
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For k = 1,2,6, we have d = —23, —44, —108, respectively, and 


H(-233) = {7,A,A4*}, I = [1,1,6], A = [2,1,3], Æ? = [2, —1, 3], A? = T, 
H(—44) = {I, A, ATI = (1,0, 11], A = [3, 2, 4], A? = [3, —2, 4], A? = I, 
H(-108) = (1, A, A?}, I = [1,0,27], A = [4, 2, 7], A? = [4,—2, 7], A? = I. 


For these three values of k, we see from the list that 


(R(I,n) — R(A,n)) = F(A,n). (15.3.8) 


N| = 


ox(n) = 
Thus (n) (k = 1,2,6) is a multiplicative function of n, whose value is given 


by [255, Theorem 10.1]; see [256, Theorem 4.4]. Using these evaluations, Sun 
and Williams [256, Theorem 7.2] deduced that 


o 1 1 
n=1 


1 1 
x II L4-gp-7* +p” Il ( ap 
p=2x?+ry+3y? p=x?+ry+6y? 723 


1 1 
D BU E E II — (15.3.10) 
aci ^ 7 p=2,6,7,8,10 (mod 11) 1—p 
p#2 
1 1 
x II 1c p^34 —2s Il (=p)? 
p=3xr? +2ry+4y? p p p—z2--11y2z11 p 
and 


S goln) 1 EN 
2. nE H 1 m II 592 


p=5 (mod 6) p=r2+27y? (1 m D 
1 
^ a= EL (15.3.11) 
l+p "+p 


p=4x?+2ry+7y? 


For k = 3, 4,8,12, we have d = —63, —80, —128, —144, respectively, and 


H(—63) = (I, A, A?, A}, where 


I = [1,1,16], A = [2,1,8], A? = [4, 1,4], 4? = [2, —1, 8], A* = J, 
H(—80) = LI, A, A’, A9), where 

I = (1,0, 20], A = [3, 2, 7], A? = [4,0, 5], A? = [3, —2, 7], A* = I, 
H(—128) = (1, A, A”, A*}, where 

I = [1,0,32], A = [3, 2, 11], A? = f4, 4, 9], A? = [3, 2, 11], A* = T, 
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H(—144) = (1, A, A”, A*}, where 
I = [1,0,36], A = [5, 4, 8], A? = [4,0,9], 4? = [5, 4,8, A = I. (15.3.12) 


For these four values of k, we see from the list that 


(R(I,n) — R(A2,n)) = F(A,n). 


NI = 


óx(n) = 
Thus ó&(n), k = 3,4,8,12, is a multiplicative function of n, whose value is 


given by [255, Theorem 11.1]; see [256, Theorem 4.5]. Using these evaluations, 
Sun and Williams [256, Theorem 8.2] deduced that 


S s(n) — 1 1 1 
Xe IT adhan o” sdl aa Ire” 


n=1 p=3,5,6 (mod 7) 1—p p=2,8,11 (mod 21) 1 
pz3 
1 1 
x —842 —842? 
=p) ap) 


p=x?+2y+16y? p=4r?+ry+4y2 ÆT 


(15.3.13) 


< a(n) 1 1 1 
X E m —s l | —2s | | —2s 
ucro 1+5 p=11,13,17,19 (mod 20). CP 23,7 (mod 20) l+p 


1 1 
n II a-p) II xp (15.3.14) 


l-p 1 
p-—z?--20y? ( p p=4a?+5y2A5 


S ós(n) _ II 1 II 1 
E m —2s —2s 
n=1 " p=5,7 (mod 8) t=? p=3 (mod 8) itp 


x |] sate II — (15.3.15) 


—s)\2 —842? 
p—z?--32y? (1 m p ) p—4z?-FAzy--9y? Z7 (1 tp ) 
and 
= $12 (n) B 1 1 
5 ns m II T gj Il 1 +p” 
n=1 p=3 i 4) p=5 (mod 12) 
P 
1 1 
p=x? +36y? ( =P ) p—4z?-4-9y? ( +p ) 


Formulas (15.3.10) and (15.3.13) are the corrected formulas (15.3.3) 
and (15.3.4) of Ramanujan. Formulas (15.3.9), (15.3.11), (15.3.14), (15.3.15), 
and (15.3.16) were not stated by Ramanujan. 
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15.4 A Partial Manuscript on Euler Products 


Pages 233-235 in the volume [232] containing the Lost Notebook are devoted 
to a manuscript by Ramanujan on Euler products in four sections, but in 
the handwriting of G.N. Watson. The original manuscript can be found in the 
library of Trinity College, Cambridge. We copy the manuscript section by sec- 
tion and then offer proofs and commentary after each section. As we shall see, 
Ramanujan discovered many Euler products associated with linear combina- 
tions of modular forms. We do not have any ideas on how Ramanujan found 
these Euler products without invoking the theory of modular forms. It would 
be extremely interesting to find a new, more elementary method to attack 
these formulas. In our transcription, we have taken the liberty of introducing 
standard notation for g-products. Recall also that Ramanujan’s Eisenstein 
series P(q), Q(q), and R(q) are defined by (15.1.3)-(15.1.5), respectively. 

The following proposition is useful in deducing that 1 (n) = n(n) in 
the first two series of formulas below. 


Proposition 15.4.1. Let a be a divisor of 24. Then 
d 
04 fal2) = fal2)P(a2), 
q 


where falz) = "^, (az). 
Proof. Since 


24 = 
log fa(2) = logq + — 5 log(1 — q?"), 


n=1 


we arrive at 


d oo Q^ 
qq, fa) = fa(z) (: = n ru) = fa(z)P(az), 


as desired. 


Another simple proof can be constructed using the theory of modular 
forms. Observe that agg fa (z)— fa(z)P(az) is a modular form of weight 12 +2 


with level 976 


only need to check that the first few terms vanish. Note that this method 
only works for modular forms of integral weight, i.e., when 24/a is an even 
number. 

In the following four lists, except for the aforementioned notational simpli- 
fications, we quote Ramanujan. In our proofs, we frequently appeal to dimen- 
sions of certain spaces of modular forms, all of which can be found in [112] or 
which can be calculated using MAGMA. 


with a proper quadratic character. Using Sturm's bound, we 
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Entry 15.4.1 (List I). Suppose that A and B are any two integers such that 
A? + 3B? = p and A = 1 (mod 3), p being a prime of the form 6k +1. Let 


» Qo (n)q"/9 = 4° (q; q)2.. 

2 £2 (n)qr!® = q'(q; q), P(a), 
Y joy = d^ (goto). 
D 23(n)q”’® = 4° (q; q)2, R(q), 
5 (n)a = 4° (a; q)2, Ql), 
3 (ng? = ° aaa, 

n=1 


y(n) = Q4 (n) + 288w/70 in w? =1, 


Y 25(n)qr/® = qU (a; 4)5. ADR), 


Y ng! = 4g.) Q*(g) R(), 


n=1 
Y 07 (n)g"/* = q/9 (a; q)22 R(q), 
n=1 


(n) = O(n) + 10080wV286 QU (n), w? = 1. 


In all these cases, 


San] : 
= ns : 1— Ny (pp: + p2rti—2s? 


(15.4.1) 


(15.4.2) 


(15.4.3) 


(15.4.4) 


(15.4.5) 


(15.4.6) 


(15.4.7) 


(15.4.8) 


(15.4.9) 


where p assumes all prime values greater than 3. If A = 0,2,3,5, then 


Oxy = n p = —1(mod6), 


(A--iBJ/3)^*! cF(A-iB/3)?^*1, p=1(mod6). 


For all values of n, €21(n) = nQo(n). But Q4(n) and Q7(n) do not seem to 


have such simple laws. 


In our arguments below, we always work with forms supported only on 
integral exponents. This enables us to avoid the use of multiplier systems. 
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Moreover, we note that we proceeded in this fashion throughout Sections 15.2 
and 15.3. 


Proof of (15.4.1). For the following facts, we refer to [124, Chapter 3]. The 
right side of (15.4.1) equals 7*(6z), and this is a modular form of weight 2 
and level 36 with trivial character. Though the dimension of this space is 12, 
its new-space has dimension 1 and its basis element is the unique new form 
n (6z). Therefore, its Euler product is given as [176, p. 118] 


= R(n) _ 
2 n? Ili 


n=1 


1 
p: * 4p 


1—2s° 


Now, we give an elementary proof of the explicit formula for £29 (p). First, note 
that, by the pentagonal number theorem and Jacobi's identity, respectively, 


3 n— n? 
Wwe X» qeu egre 
n=1 (mod) 


oo 


2 
wie. W ne”. 
n=1 (mod 4) 
Therefore, 
No(p) = 5 (-1)®-D/6k, (15.4.10) 
n? -3k? -4p 


n=1 (mod 6), k=1 (mod 4) 
For integers n and k satisfying the conditions in (15.4.10), we define 
n+ 3k n—k 


A:= 1 and B:= 1^ if n = 1 (mod 12), 
Ant and B:= un if n = 7 (mod 12). 


Thus, A and B are integers satisfying A? + 3B? = p, with A = 1 (mod 3). 
Therefore, from (15.4.10), 


m= $, (A-B) 
A?+3B?=p 
A=1 (mod 3) 


Note that if (A, B) satisfies the foregoing conditions, then so does (A, — B). 
Therefore, we deduce that 


ou 2A, if p=1(mod6), p= A? -3B?, and B » 0, 
cm 0, otherwise, 


which completes the proof. 
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The form 7*(6z) is associated with the elliptic curve y? = x? + 1, i.e., 


f2o(p) =1+p—alp), 


where a(p) is the number of points on this elliptic curve after reducing mod- 
ulo p. 

Observe that (15.4.2) follows from Proposition 15.4.1 and (15.4.1). 

The remaining Euler products with explicit formulas for the p-th coeffi- 
cients can be derived from the fact that these are modular forms with complex 
multiplication, or, in other words, newforms associated with a certain Hecke 
Gróssen-charakter. For the following description, we refer to K. Ono's mono- 
graph [221]. 

For the field K = Q(4/—3), we can define a Hecke Gróssen-charakter ¢ by 


$((o)) = a*t, 


where k > 2 is an integer, and a is a generator of the ideal (o), such that 
a = 1 (mod A), where A = (3). Then, 


= 5 Lola" 3 alma" 


is a newform of weight k of level 36 with a trivial character. Moreover, the 
ideal (p) is inert if p = 5(mod6), and if p = 1 (mod 6), then (p) splits in the 
form 


(p) = (x + iv3y)(z — iv3y), 


where x and y are integers such that x = 1 (mod3). From these, we deduce 
that 


a(p) = é((z + iv3y)) + &((z — iv3y)) = (a + iv3y)^! + (x — iv 3y)* t, 


which implies Ramanujan's claim (15.4.3). Actually (15.4.3) is identical to 
Entry 15.2.7, for which a complete proof was given earlier. 

Now we examine the entries that are represented as linear combinations 
of two forms. 

For f2,(n), note that fo, (z) = n*(6z)Q?(6z) and for (z) = n”? (6z) are in 
STS” (D9(36)), the new space of cusp forms. The dimension of 16^ (10(36)) 
is 4, but there are only two forms for which the exponents are supported on 
one residue class modulo 6. Note that if f(z) = q^ X a(n)q9" € ST?" (I9(36)), 
then a must be coprime to 6. 

By a simple calculation for the Hecke operator 75, we see that 


Ts fo; (z) = 5806000 foy (2), 
Ts fay (z) = fa, (2). 


The eigenvalues of the matrix 
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0 5806000 
1 0 


are +288,/70. Therefore, 


fas(2) = fo; (2) € 288V70 foy (2) 


is an eigenform for 75. 
Since T, and T; are commutative, where p is a prime larger than 5, we 
can conclude that fo,(z) is a Hecke eigenform as was claimed. Thus, the 
verifications of (15.4.4)-(15.4.6) have been demonstrated. 
For Q7(n), the argument is exactly the same as that above. In particular, 


Therefore, the verifications of (15.4.7)-(15.4.9) follow. 


Ts (m^ (62)Q? (62) R(62)) = 290594304007? (62) R(6z), 


Ts (n^ (62) R(6z)) = n*(62)Q? (62) R(6:). 


Entry 15.4.2 (List II). Suppose that A and B are defined as in Entry 15.4.1 
containing List I, and let 


dolar? = q (à: q)5,, 

n=1 

Y Anjan’? = qi! (; q)5, P(a), 
n=l 

3 n) = q!(g; q)5, Q(a), 
n=1 

dE ngog"? = (Ga), 

n=1 


f25(n) = R(n) + 6wV10 24 (n), 
Y 0s(n)g"? = q! (a; q)5, R(q), 
n=1 
So (nar? = q la; q)5, Q?(q), 
n=1 
So 0 (n)g"? = P(g, q)1$Q(q), 


Q4(n) = O(n) + bw VTO (n), 


NO 05()a"? = 4P (a q)5, Q(q) R(a), 


w =1 


w= 1 


, 


3 


(15.4.11) 


(15.4.12) 
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NO wn’? = q? P (q; q) R(g), 
n=1 


s(n) = O(n) + 12wV55 Q7 (n), w? =1, 


Y Ang’? = qi (gi a), Q? (aq) R(q), 
n=l 
Y in)? = la) EOR), 
n=1 
f27(n) = O(n) + 12wV910 R(n), w? =1. 


In all these cases, 


San] : 
= ns ; j= f2X(p)p-$ + p2^t3-2s* 


where p assumes all prime values except 3. If A — 0 or 3, then 


pulus 0, if p = —1 (mod 3), 
oe (A +iBV3)4+5 + (A —iBV3)+3, if pz 1(mod3). 


Furthermore, Ri (n) = n(n). 


Note that (15.4.12) follows from (15.4.11) and Proposition 15.4.1. First 
observe that 7°(3z) is a modular form of weight 4 and level 9 with trivial 
character. Though the dimension of this space is 4, its new-space has dimen- 
sion 2, and 7°(3z) is a basis element and eigenform. 

It should be possible to derive explicit formulas by using Hecke Gróssen- 
charakters, which we have used in the previous entry. Note that, except for 
p = 2, every prime is congruent to 1 modulo 2. Thus, there is no essential 
difference between the explicit formulas (15.4.3) in List I and (15.4.11) in List 
II. For the formulas for (24, 25, and 97, the derivations are like those above, 
and so are omitted. 

Here we give another proof for the first entry, (15.4.11). From [185, p. 373], 


1 2 2 
q(q?; q?)? = e 5 xq? T3zy3y 
(z,y) eZ? 
1-2 (mod 3) 


Therefore, for n € N, 


(z,y)eZ? 
12 (mod 3) 
z?--3zy--3y? =n 
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Let n be a prime p. If p = z? + 3zy + 3y?, then p = x? = 0, 1 (mod 3). Hence, 
if p = 2 (mod 3), then p Z x? -- 3zy + 3y? and so 2(p) = 0. Now suppose that 
p = 1 (mod 3). We can define integers A and B uniquely by 


p= 4 +3B?, A=1(mod3), B0. 


, x. 
(z,y)eZ? 
x=2 (mod 3) 
x? +3ry+3y? =p 


We consider the sum 


If y = 0, then p = z?, which is not feasible. If z + y = 0, then y = —z, so 
p = x”, which is also not possible. If z 4-2y = 0, then z = —2y, and so p = y?, 
which leads to a contradiction. Therefore, 


y#0, ct+yF#0, r+2y 40. 


Moreover, as p = 1 (mod 3), (x, y) Æ (0,0) (mod 2). Thus, we arrive at 


x= —A—3B, y=2B, if (a, y) = (1,0) (mod 2) and y > 0, 
z——A-c3B, y= —2B, if (x,y) = (1,0) (mod 2) and y < 0, 
x=—-A+3B, y= A-B, if (z, y) = (1, 1) (mod2) and x + y > 0, 
z——A-—3B, y— —A-« B, if (x,y) = (1,1) (mod 2) and x+y < 0, 
v=2A, y— —A-« B, if (x,y) = (0, 1) (mod2) and z + 2y > 0, 
xz —2A4, y — —A-— B, if (x,y) = (0, 1) (mod2) and x + 2y < 0. 


In summary, for p = 1 (mod 3), 


5 x? = 124? — 108AB?, 
(z,y)eZ? 
12 (mod 3) 
x27? +3ay+3y?=p 

so o(p) = (124 — 108AB?) = 24? — 18AB?. Finally, we can easily check 
that f25(3) = 0, which completes the proof. 

Entry 15.4.3 (List III). Suppose that A and B are integers such that A? 4- 
4B? = p where p is of the form 4k +1. Then 


Y mln) = q^ (a; 0%, (15.4.13) 
T 
NO m(n) = q^ (g; q)&, P(A), (15.4.14) 
n=1 


» aoln) = ala a) SRA), 
n=1 


>> Bing = 


(24 (n) = 


$5 mn" = 


> os" = 


QR! 
La 
n=l 


tn^ = 


n=1 


27(n) = 


In all these cases, 


where 


II, = 


5 (n)qr/4 = 
(25 (n) = 


+(n)qr/4 = 
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q!/^ (q; q) R(q), 


w? -—-1 


£25 (n) + 24 v/35 24 (n), 


q!/^ (q; q)8, Q? (q), 


jJ 


q^ (q; q)$,Q(q) R(a), 


q*/^ (q; DERA), 
wt = —1, 


Ng (n) + 24wV1155 (27 (n), 


q!/^ (q; q)$, Q? (q) R(q), 


q^ (q; q)15 Q? (q), 


we = —1. 


QL (n) + 1200 v/3003 24 (n), 


ONG 
Dae N 


1 
II L= Ope 


with p assuming prime values of the form Ak — 1 and 


f24(p) = i 


I= 


with p assuming prime values of the form Ak + 1. If À — 0, 2, or 4, then 


0, 


Also, Ri (n) = n(n). 


1 
II 1- f2X(p)p-5 + p2^2-2s* 


p = —1 (mod 4), 


(A-4-2iB? + (A — 2; B) ?, p=1(mod4). 


349 


As before, (15.4.14) is a consequence of (15.4.13) and Proposition 15.4.1. 
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Proof of (15.4.13). First, 7°(4z) is again the unique newform in the space 
new 4 
ss" (16, a 


4.1 
). We derive explicit formulas for each p-th coefficient. Let K = 
Q() and A — (2). Define a Hecke Gróssen-charakter by 


$((o)) = o^71, 


where k is an integer at least equal to 2. Then 


= 7 oa" =F Lone" 


is a newform in the space 572" (16, (=*)). Now p = —1 (mod 4) is inert in K, 
and for the primes p = 1 nod 4), we have the splitting 


a(p) = (a + iy)" + (x — iy), 


where x is an odd integer and y is an even integer. (Ramanujan sets y = 2B.) 
This argument also explains the Euler products for (2; and (24, with k = 7 
and k — 11, respectively. 

Now we give an elementary proof of the explicit formula for 7°(4z) = 
osa £2o(n)q". Again, we use Jacobi's identity in the form 


Using our previous argument, we arrive at 


(p) = 5 CD. (15.4.15) 
(C,D)=(1,1) (mod 4) 
2p=C?+D? 
Now we define CiD Bus 
A:= = and B:= z ; 


which imply that A is an odd number and B is an even number. Thus, 
from (15.4.15), 


29(p) = 5 A? — B?. 
A? B?-p 
(A,B)z (1,0) (mod 2) 
(A+B,A-—B)=(1,1) (mod 4) 


Note that if (A, B) satisfies the conditions in the summand, then (A, — B) is 
the only other pair satisfying the conditions. In summary, we have deduced 
that 


ftre 2(A? — AB?), if p=1(mod4) and p= A? + AB?, 
PE pue if p = —1(mod4), 


which completes the proof. 
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For 923(n), 25(n), and £27(n), the derivations are similar to those above. 
Now, we give Hecke relations for 23(n), with w? = —1 for these entries. 
For the Hecke operator T3, 


T3 (n° (4z) R(q^)) = —20160n"* (42), 
T3(n'*(4z)) = n° (42) R(q*). 


As T3 and T, commute for all primes p > 3 and the eigenvalues of the matrix 


0 —20160 
1 0 
are 244/35, we can conclude that 
fo, (a) :— 09 (42) R(q*) + w24v/350'? (42) 


is a Hecke eigenform. The other claims can be derived via exactly the same 
argument, and so we omit the proofs. 


Entry 15.4.4 (List IV). Let 
2 (nq? = q? (q; gy, (15.4.16) 
3 £2 (n)g"/? = q? (g; q)2, P(g), 


Y: aie) g^? = gig gy Ql), 


M Bing’? = (es gy. (15.4.17) 
n=1 


No(n) = 24(n) + 48w R(n), w? =1, 


Y (nq? = q? (q; q)2. R(g), 


oo 


$7 02 (jg eq P grs. 
n=1 
Qs(n) = Bn) + 360wV3 (n), w? — —1, 
NO (n)ar/? = qq; q)2, Q^ (g), 
nci 
SO Ang’? =F! a) Q(q), 
n=1 


f24(n) = X(n) + 6720 Q7 (n), v = 1, 
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NO (nq? = q'/? (a; q)2, Q(q) R(a), 
n=1 
NO 07 (n)? = g?l glo R(q), 


3 097 (n)g"/ = q? (g; a) Q(a), 


n-l 
35 QI (n)a? - gil/12(q; q)22, 
n=1 
Qs(n) = M5 (n) + 96:1 V/1045 OF (n) + 2162 V 7315 24" (n) 
w? =1,w3 = —1, (15.4.18) 


+ 103680w1w2 V7 2!" (n), 


n/12 = ql? (q; q)2,Q" (q) R(q), 


5 Q2" (n)g^/ 2 = q! (q; a2 Q(q), 


n=1 
Q7(n) = R(n) + 48» V910 - 2911 27 (n) 
+ 216: V/5005 - 2911 (27' (n) — 471744w1w» v 22 (27" (n), 


2 2 
wi =l, we=-l. 


Ramanujan did not provide Euler product formulas for the entries in his 
final list, Entry 15.4.4. However, we can provide the missing product formula 


with " 
c OW » 1- Q(p)p *  x(pp^ 7" 

where x is the quadratic character modulo 12 defined by 

if p = 1,5 (mod 12), (15.4.19) 

if p = 7, 11 (mod 12). 


'These Euler products follow from the general theory of Hecke eigenforms, for 


example, in [176, p. 118, equation (6.98)]. 
First, we give an elementary argument for the evaluation of a(p), where 


nf (122) = ar a(n)q". 
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Proof of (15.4.16). Using the pentagonal number theorem in the form 


2 
mzy)= F, (ges m, 


n-—-—oo 
n=1 (mod 6) 


we see that 
a(p) = ayer 
C?4+D?=2p 
(C,D)=(1,1) (mod 6) 
Setting 
—D 
PS RE and Bit ; 


we observe that A = 1(mod3), B = 0 (mod 3), and p = A? + B?. To satisfy 
these conditions, p should be congruent to 1 modulo 12, since p = 1 (mod 4) 
and p = 1 (mod 3). On the other hand, when p = 1 (mod 12) and p = A? + B?, 
then A = +1 (mod3) and B = 0 (mod 3). By employing an argument similar 
to that used before, we conclude that 


TE 2(—1)(4-0/3, if p = 1(mod12) and p = A? + 9B?, A = 1 (mod 3), 
m 0, otherwise. 


J.-P. Serre [247] proved that every L-series associated to a weight one 
newform is an Artin L-function attached to an irreducible two dimensional 
complex linear representation of Gal(Q/Q). In the case of qf?(—q12), it is 
related to the dihedral group, D4. Consult [247, pp. 242-244] for further in- 
formation. 


Proof of (15.4.16). We give an elementary proof of (15.4.16). Throughout 
the proof, we use the notation from Section 15.3. Recall that from (15.3.12), 


H(—144) = (I, A, A?, 9) =< A> Z/4Z, 
where 
IT = [1,0,36], A= [5,4,8], A?^-[40,9, A? = [5,—4,8], and A*=J. 
By [254, p. 16, Theorem 3.1] with a = b = 1, 


1 
(q =1+ 5 5 (R(,12n + 1) — R(A?, 12n + 1)) q^. 


n=1 


As R(I,1) = 2 and R(A?,1) = 0, we deduce that 


(a> =>. ; (R(,12n + 1) — R(A?, 12n + 1)) q^. (15.4.20) 


n=0 
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With the notation in (15.3.8), 
(a; 9)20 = X b12(12n + 1)q”. 
n=0 
From (15.4.20) and (15.4.21), we deduce that 


5 fg(n)g^- 0/2 = p» ói2(12n £ 1)q”, 
n=1 n=0 


so that 
uitis dia(n), » n = 1 (mod 12), 
0, if n Æ 1 (mod 12). 


By [256, p. 371, Theorem 4.5 (iv)], 
o12(n) = 0, ifn É 1 (mod 12). 
Thus, from (15.4.22) and (15.4.23), we deduce that 


2o(n) = d12(n), n € N. 


(15.4.21) 


(15.4.22) 


(15.4.23) 


(15.4.24) 


By (15.4.24) and (15.3.16) ( [256, p. 389, Theorem 8.2 (iv)]), we obtain 


v. Qo(n) qv pln) - 1 
yselyem. mp LL, 


n=1 n=1 p=3 (mod 4) p=5 (mod 12) 
pA3 
1 
on eer, 
p-—z?-4-36y? p—4z? 4-9? 
Let 
1 
F.(p): =e 


© 1— Qo(p)p™* + x(p)p 
By (15.4.24) and [256, p. 371, Theorem 4.5 (iv)], 


(+p)? 


(15.4.25) 


(15.4.26) 


(15.4.27) 


2, if p = 1 (mod 12), p = x? + 36y?, 
f2o(p) = éi»(p) = 4 —2, if p = 1 (mod 12), p = 4z? + 9y?, 
0, if p Z 1 (mod 12). 
From the definition of x(p) in (15.4.19), (15.4.26), and (15.4.27), we deduce 
that 
F,(2)—1, 


(15.4.28) 
(15.4.29) 
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1 1 
E , ifpzl(modl2), p = z? + 36y?, 
[=a i=? pe hp-c y 


= , if p=1(mod12), p = 4z? + 9y? 
1 2p-5 —2s 1 —s)2 7 ? 
F,(p) = "3 p 5-cp (14 p^?) 


if p = 3 (mod 4), p 43. 


(15.4.30) 


1 — p725’ 


Thus, appealing to (15.4.25), (15.4.28)-(15.4.30), and (15.4.26), we obtain 


5 ns SIR SE —2s 


n=1 p^ RE x(p)p 


as asserted. 

We have shown that Ramanujan’s missing product formula for A = 0 in 
Entry 15.4.4 is the formula (15.3.16) of Sun and Williams. By [255, Theo- 
rem 7.4 (ii)], ¢12(n) is a multiplicative function of n, so by (15.4.24), Ro(n) 
is a multiplicative function of n. 


For 222, 223, and (24, we can verify Ramanujan’s claims by using the 
same argument, so we omit the proofs here. For f25(n), we give a more 
detailed verification. Note that fi(q) :— 7?(12z)Q(q'*)R(q'), fsla) :— 
n (122) R(qP), fr(q) := q*(122)Q(q'?), and fii(q) := n”? (122) are in the 
space STf'" (Ip(144), x), where x is defined in (15.4.19). Moreover, each form 
fa is supported on one residue class a modulo 12, which is coprime to 12. We 
can easily observe that Tp f, is supported on the residue class pa modulo 12 
and that 


fa 0963007 0 0 fi 

T. fs |] [1 0 0 0 fs 
SR 0 0 0 46080] | f 
fu 0 0 209 0 fu 


Thus, we find that 
96 
fi + w 196 V 1045 fs and fr + Wy 209 V 1045 fii 


are eigenforms with eigenvalue 96? - 1045 under the action of T5. By a similar 
calculation, we observe that 


216 
fi w3216v 7315f7 and f5 + W2 909 V 1315 fii 


are eigenforms under the action of 77, and 


103680 
fı -- 63103680 V7 fij. and fetus eran V T í 
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are eigenforms under the action of T41, where w3 = —1. Therefore, 


96 
ipai ey a MM 
= fi +w2216V7315 f7 + w196/1045( fs m 7 - 1045/11) 


“103680 
= fi + 43193680V 7 fir + w196V1045( f5 + us" cc VT fg) 


= fi w196v 1045 fs + w2216V7 - 1045 + wiwe 103680V7 fi 


is the Hecke eigenform as desired. For (27, we can use exactly the same argu- 
ment, so we omit it. We remark that Rangachari [233] pointed out that the 
coefficient in the definition of Q7(n) should be 4717440 instead of 471744, as 
was written by Ramanujan. 

We further remark that an approach of H.H. Chan, S. Cooper, and 
P.C. Toh [91] can be used to derive representations for certain coefficients 
that Ramanujan did not provide. For example, Theorem 7.1 in [91] implies 
that 


1 : a? +62 
LC n" = PQ = 7 Y. CHH apipit, 

a=1(mod6 

papers 


where i(n) is defined in List IV, and Theorem 7.4 in [91] implies that 


~ 1 
$5 (y? -P()9)--5 D (origeqo mm, 
n=1 a=1 (mod 4) 

B=1 (mod 4) 


which give another explicit formula for 22(n) in List III. 
The results in [91, Section 7] can also be used to establish some of the for- 
mulas in Lists I-III that we derived by employing Hecke Gróssen-charakters. 


| Check for | 


1 6 | updates 


Continued Fractions 


16.1 Introduction 


Recall that the Rogers-Ramanujan continued fraction is defined by 


1/5 g e g 


I +1+1+1.+¢-’ 


The continued fraction R(q) satisfies two famous and useful identities recorded 
by Ramanujan in his notebooks [55, p. 265, Entry 11(iii)], namely, 


R(g) :- 2 


lg| < 1. (16.1.1) 


JE. deed (16.1.2) 
R(q) gF) 
and 
1 41 _ p5 _ f*(-q) 
F5 (q) w= af®(—@)’ Hd 
where 


f(-d:-(dde-q7 e) eer, Imr>0; (16.14) 


the function (7) is the Dedekind eta function. 
The account that follows is based on the paper [62], which the second 
author co-authored with S.-Y. Kang and J. Sohn. 


16.2 Finite and Infinite Rogers-Ramanujan Continued 
Fractions 


'The first entry that we examine does not appear to be correct. Appearing in 
Ramanujan's purported identity is the expression 


(Leg (L-q) m, (16.2.1) 
© Springer International Publishing AG, part of Springer Nature 2018 357 


G. E. Andrews, B. C. Berndt, Ramanujan’s Lost Notebook: Part V, 
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so that the nth term in this product is (1—a°")°”. We think that (16.2.1) is in- 
correct, and that Ramanujan mis-recorded the second term of the product rep- 
resentation for f°(—q°). On the right-hand side of Ramanujan’s formula, we 
find the function F(q), which is not defined by Ramanujan. However, F(q) is 
evidently the Rogers-Ramanujan continued fraction R(q) defined in (16.1.1). 
Recall that in his second letter to Hardy, Ramanujan used the same notation, 
but without the factor q!/°, to denote the Rogers-Ramanujan continued frac- 
tion [67, p. 57]. This entry is also difficult to read in [232]. There appears to 
be a spurious constant, possibly 5, or 25, or v5, before the quotient on the 
right-hand side of (16.2.2). 


Entry 16.2.1 (p. 56). Define 


Then, if F(q) = R(q), 


= (16.2.2) 


Qla) 1 g /5—1 7 ; 
Imm] +f g F(q "| 


Proof. For brevity, we set t = F(q) = R(q) and a = (1 — V/5)/2. We employ 
the identities 


-avi = f) II = : (16.2.3) 


1 
Vi EL fg) F aq"/5 4 qin/5" 
5 oo 
1 ( 5_ 1 j[f(-q) 1 
CN WT avi) = , 16.2.4 
(z) arco lurar 0929 
which are found on page 204 in Ramanujan’s lost notebook [232], [32, pp. 21- 


22]. Now, with the use of (16.2.3), we find that the numerator of the right-hand 
side of (16.2.2) is equal to 


1 v5-1 T dd zb 
Iz NN 


5 
- (n 1/10 [A E num) . (16.2.5) 


n (16.2.4), replace q by q!/9 and let t! = R(q!/?) = F(q!/5). Then the de- 
nominator on the right-hand side of (16.2.2) equals 
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5 V- a 5 5 5 
vr] "Lor rem] - e) - (9) 


1 j[f(-q5) II 1 
= qi/io fa a (1 + aqn/5 + q2n/5)5" 


(16.2.6) 


If we now divide (16.2.5) by (16.2.6), we find that the right-hand side 
of (16.2.2) is equal to 


y f*(-a) fa _ joo 
aP) f-a5) V Qi ^ 


which establishes (16.2.2). 


On page 57 of [232], Ramanujan examines four finite Rogers-Ramanujan 
continued fractions that we failed to examine in [32]. We state the first as 
Ramanujan recorded it, although it is perhaps more natural to interchange 
the hypothesis and conclusion. 


Entry 16.2.2 (p. 57). If 36 = 1-- x^, then 


x 2 py) 4 pp? 6 

t T tx T Un x 
1 =0. 2. 
C es a Ma d. 


Observe that (16.2.7) is simply the sixth partial quotient Ag/ Bg of F(q) :— 
1/(q-1/5 R(q)), where R(q) is the Rogers-Ramanujan continued fraction de- 
fined in (16.1.1), and where q = —ix. Ramanujan’s claim is that if xê = 1+3, 
then Ag = 0. 

Proof. First, for a continued fraction 
a1 a2 On 


hd dep eu 


recall the standard recurrence relations for the nth partial quotient A,/B,, 
[195, p. 6] 


An = bn An-1 + GnAn—2, Bn = bn Bs + an Dy 2, 


for n > 1, with initial values A_; = 1, B. 1 = 0, Ao = bo, and Bo = 1. We 
calculate the numerators An, 2 < n < 6. To that end, 

A = (1— z?) — iz, 

A3 = (1— z? + 2f) — i(z — 2°), 

Ag —1- g? + 224 — z? — i(z — x? +r’) 


As = (1— z? + 204 — 239 + 38) — ix(1-- 2*3) (1 — £? + 21), 
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Ag = (1— z)(1--z)(1-4- 24 +2* — 2°) + iz(1— r? + 2*)(14+ 2* — zô). 


We see that Ag is the first pens when the real and imaginary parts have a 
common factor, which is (xê — z^ — 1). Ramanujan's Entry 16.2.2 then follows. 


Do further numerators contain a common factor? We can provide an ana- 
logue of Ramanujan's result with the next theorem. We do not have a general 
theorem, however. 


Theorem 16.2.1. If z^ -- 1 = 0, then A7/Bz; = 0, and if x!? +1 = 0 but 
x # ti, then Ag/ Bg = 0. 


Proof. We note that 


Az = (xf + 1)(z!? — x19 + 258 — 239 + zt — z? +1) 
— iz(z — 1)(z + 1)(z* + 1)(z9 — zê + z +1) 


and 


Ag = (zf + 1)(z9 — zê + 1)(z9 — xê + zt — 2? +1) 
+iz(x? — z? + gt — r? + 1)(2 — 2? + zê — rt — 1). 


Since (x8 — 26 + z* — x? + 1) | (x19 + 1), the result follows. 


The three remaining entries to be examined here are finite Rogers- 
Ramanujan continued fractions evaluated at roots of unity. The authors in- 
explicably failed to address these entries in [32]. All three results are conse- 
quences of a table found on page 133 of [32], which is incorrectly labelled, for 
it was erroneously assumed that Ramanujan was employing the same notation 
on page 46 of [232] as he was on page 57. To remedy this blunder, we redefine 
P,(x) and Q,,(a), for each positive integer n, by 

P,,(a) ar ar? az" 


Qu T dq peet 7° (16.2.8) 


Then the following table taken from [32, p. 133] is correct. In each evalu- 
ation, x is a primitive nth root of unity. 


BD La P.aü) [ERES 
n = 1,4 (mod 5)| z072) | g-(0—9n)/5 1 0 
n = 2,3 (mod 5)|-zU-*&9)/9 | - gU Fen)/S 0 1 
n = 0 (mod 5) 0 0 —(a 20/9 p gn/9y — (gy n/9 + gni?) 


Entry 16.2.3 (p. 57). If x is a primitive nth root of unity, with n = 
2,3 (mod 5), then 


N 
3 
| 
m 


T x 


T a 
tipte 


=0. (16.2.9) 


=I X 
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Proof. If n = 2,3(mod 5), then according to the table above, P,_1(1) = 0, 
which is precisely the assertion of Entry 16.2.3. 


Entry 16.2.4 (p. 57). If x is a primitive nth root of unity, with n = 
1,4 (mod 5), then 
z2 qn-2 


+1 ++ 1 
Proof. From the table above, if n = 1,4 (mod 5), then 


=0. (16.2.10) 


Pa-3(1) r r qn? 
=1+ —— =0. 16.2.11 
On-a()) ge ae ee on 


The assertion (16.2.10) is equivalent to Q,_2(1) = 0. Now, 


Qus 1 x x? gn? 
Pa—(1) 1+1+1 + 1 
1 x x? qn-3 
= Ll —. 16.2.12 
1 1 1 ed. Lt ar? ( ) 


By (16.2.11), P,-3(1) = 0, and since the partial numerators of (16.2.11) are 
identical to those of (16.2.12), it follows that Qn—2(1) = 0, which is what we 
sought to prove. 


Entry 16.2.5 (p. 57). If x is a primitive nth root of unity, then, ifn = 
0 (mod 5), 


T x? gn? 
1+-, — = 16.2.1 
L 1 pee 1 : (5.13) 
and à ^ i 
x x qu 
Php ee, TE LT =Q. 16.2.14 
1 Ie b t: T 2 ue ) 


Proof. According to the table above, when n = 0 (mod 5), 


P, »(1) E pu^ 
Ga) pa puce om pun 


which is the assertion (16.2.13). On the other hand, 


Qua. 1 z z a 
Peay), 1 1+1+ + 1 
ie z? gme 
es e (16.2.16) 


Since, by (16.2.15), Pa—-2(1) = 0, and since the partial numerators of (16.2.16) 
are identical to those of (16.2.15), we conclude that Q,-1(1) = 0, which is 
equivalent to the claim (16.2.14). 
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In the next entry, Ramanujan offers two values for the Rogers-Ramanujan 
continued fraction R(q). 


Entry 16.2.6 (p. 204). Let 


i: R(e7*V?) and i 45 he), 


Then 1 

epe. ¿v5 (16.2.17) 
and 5 

AN 5 

—— t = 1+ — 16.2.1 

Ü t + EC (16.2.18) 
where J 

21+  v5-1 

i c (16.2.19) 


The identity (16.2.18) was proved by K.G. Ramanathan [227]. 


Proof. Recall the definitions of f(—q) and (7) in (16.1.4). In both the proofs 
of (16.2.17) and (16.2.18), we employ the familiar transformation formula for 
the Dedekind eta function [55, p. 43, Entry 27(iii)] 


n(—1/T) = v rf in(r). (16.2.20) 
First, from (16.1.2), with the use of (16.2.20), we find that 


EE Ls Rid 
t d e-7V2/5 f (e-5nv2) 
_ n(v2/10) 

n(5iv/2/2) 


- Jz n(10i/ V) 
V V2 n(5iv2/2) 


_ VIO n(5iv2) 


— 21^ «(5i /2/2) 
v5 _ v5 
i 950 Bi g i 


where gso is Ramanujan’s class invariant [57, p. 183], [228], and where g = gso 
satisfies the equation [57, p. 201], [271, p. 723] 


g-g v541 
g+1 2 ` 


(16.2.21) 


If we now take € = 1/g, we see that (16.2.21) and (16.2.19) are identical. 
Thus, the proof of (16.2.17) is complete. 
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Second, using again (16.1.2) and (16.2.20), we find that 


1 fais f(-g nas 
t e—27V2/5 f (e-10nv2) 


n(iv/2/5) 


n(5iv2) 


_ | 5 n(5iv2/2) 
v2 n(5iv2) 

_ v5 n(5iv2/2) 

— 27^ n(5iv2) 


= V5950 = v5g. 


Since g = 1/£, we have completed the proof of (16.2.18). 


Recall from Ramanujan's second letter to Hardy [230, p. xxviii], [67, p. 57 
that if a8 = 1, with a, 8 > 0, then 


Ds 1 eme ps n emen) = 5 a (16.2.22) 


If we let a = V2, so that 8 = 1/V2, then (16.2.22) becomes 


Ds 1 enemy) DES +R)! = Ai (16.2.23) 


2 


Thus, given the value of t (or t'), we can use (16.2.23) to determine t' (or t). 
However, this observation does not appear to yield an easier proof than the 
one that we have given. 

Further values for the Rogers-Ramanujan continued fraction can be found 
in [57, Chapter 32] and [181], for example. 


Check for 
updates 
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Recent Work on Mock Theta Functions 


17.1 Introduction 


The work of Ramanujan has had a wide ranging impact in many branches 
of mathematics. Among many fields of research influenced by Ramanujan, 
few are as currently vibratingly active as the area of mock theta functions. 
In this chapter, we provide a brief and incomplete account of this activity. 
We have already discussed at the end of Chapter 12 many of the extensive 
contributions of B. Gordon and R. McIntosh [145-147] jointly and McIntosh 
[201—205] individually. 

We begin by noting that the work of four researchers Y.-S. Choi [103- 
105, 108], E. Mortenson [217], and D. Hickerson and Mortenson [163], and 
S. Zwegers [287] has formed the foundation of most of our chapters on mock 
theta functions. So, we will proceed to offer an account, albeit brief, of other 
recent papers. 

Zwegers [284, 285] led this explosion of activity. In Section 17.2, we provide 
a brief account of his initial insights and how they led to a foundation of 
considerable future work. We then move on to the work of K. Ono [222] 
and his colleagues, who have made many substantial contributions to these 
developments. 

We conclude this chapter with a look at some of the research on the com- 
binatorial and q-series aspects of mock theta functions. 


17.2 Zwegers’ Insights 


We provide an outline of the work of Zwegers from [284, Section 3]. Recall 
two of the third order mock theta functions 


oo gh oo qa +2n 
fa(q) :— ———— and wa(q) := —ÀÁ—. (17.2.1) 
2. (=q; a)n 2. (a; 4?)5.i 
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In [269], G.N. Watson proved transformation formulas for f3(q) and w3(q) 
under the action of the modular group, namely, 7 > 7 + 1, 7 — —1/7, with 
q = e?"'T and Im(r) > 0. Zwegers observes that Watson's transformations 
can be bundled into a revealing vector formulation. Set H = (7|Im(7) > 0]. 


Lemma 17.2.1. Define F(T) = (fo(7), fi(T), fa(7))* by 
fo(r) = q fala), 
fi(7) = 24! Pws(/q), 
fa(r) = 24! 5u3(— V), 


where q = e°", r € H. For 7 € H, we have 


cat 0 
F(r-1)-2[0 0 3] E(t) 
0 ¢ 0 
and 
1 010 
——F(-1/r)= |1 0 0 | F(r) + R(T), 
V-T 0 0-1 


where Cy = e?ri/n, 
R(r) = 4V3v -ir (J2(7), (T). 537)” , 


and 


e 2 sin(2 
A) = pu Lu MT 
0 


sin(3772) 
; T 3rira? cos(nra) 
= —— d 
jar) n . cos(3z Tc) i 
; T 3mirz? sin(rrz) 
— d 
js(7) f á sin(3m7z) ü 


The functions j,(7), n = 1,2,3, are often called Mordell integrals. 
The next step is to represent R(7) in terms of the following theta functions 
of weight 3: 


go(z) = >> (-1)"(n t+ 1/3)gmi rt 
gi) = — M (n 1/6) 
ga(2) = 5 (n+ 1/3)ePrit- 1/32. 


Zwegers next obtains an explicit formula for R(T). 
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Lemma 17.2.2. For 7 € H, 


R(T) = 


= œ  g(z) , 
2 v5 [ CERE 


where g = (go, g1, 92)”, and where each component of the vector is integrated 


above. 


The objective of this representation is to aid in the construction of a non- 
holomorphic function G(7) that satisfies the same modular transformation 
properties as those given in Lemma 17.2.1. Namely, we define 

ioo _ T 
G(r) = 2/3 (g1(2), go(z), ga(z)) dz 


-7 —i(z 4- T) 


The function G(r) satisfies the desired modular properties. 


Lemma 17.2.3. For 7T € H, 


b 0-3 
G(r-1)-2[0 0 3] G(r) 
0 ¢ 0 
and 
1 010 
—=G(-1/r)= |1 0 0 | G(r) + R(T), 
vor 00-1 


where R(T) is given in Lemma 17.2.2. 


With these three lemmas at our disposal, we are prepared to deduce the 
modular properties of the difference between F(r) and G(r). 


Theorem 17.2.1. The function 


where F and G are defined, respectively, in Lemmas 17.2.1 and 17.2.8, is a 
(vector-valued) real-analytic modular form of weight 4 satisfying 


i 0-0 
H(r+1)=|0 0 63] H(7) 
0 ¢ 0 
and 
1 010 
H(—1/r)= |1 0 0 | H(r) 
B 00-1 
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Moreover, H is an eigenfunction of the Casimir operator 


Ù 3 
Q jo = —Ay? tiy—+—, 
Sr or "ST 16 
with eigenvalue i where T = x + iy, EE = (E if) and È = 


1 ô -ô 


The development above constitutes the prototype for Zwegers’ treatment 
of all the known mock theta functions in his Ph.D. thesis [285]. An earlier 
example related to Zwegers’ ideas was provided by F. Hirzebruch and D. Zagier 
[170]. Indeed, this analysis is the starting point for the work of Bringmann, 
Ono, R.C. Rhoades [82, 84] and others described in the next section. Also 
see the papers by Bringmann and Lovejoy [77] and Bringmann and Ono [80]. 
Elegant proofs of Bringmann et al’s results on Dyson’s ranks and Maass forms 
can be found in the paper by Hickerson and Mortenson [164], where new 
Appell-Lerch series identities are employed. 

Several recent papers are related either directly or indirectly to the ideas 
of Zwegers. Among these are papers by J.H. Bruinier and M. Schwagenscheidt 
[86], S. Ahlgren and B. Kim [7], N. Andersen [9], O. Imamoğlu, M. Raum, and 
O.K. Richter [175], R.C. Rhoades [236], M. Griffin, Ono, and L. Rolen [148], 
A. Folsom [135], Bringmann, J. Lovejoy, and K. Mahlburg [78], Bringmann 
and Ono [81-83], Bringmann, Folsom, and Ono [74], Bringmann, Ono, and 
Rhoades [84], Bringmann and Rolen [85], Folsom, Ono, and Rhoades [138], 
and S.-Y. Kang [182]. Short q-series proofs of further results of [84] can be 
found in Mortenson’s paper [213]. 

In addition, excellent, informative, and short surveys have been written 
by Folsom [134] and W. Duke [129]. 


17.3 The Coefficients of Mock Theta Functions 


In [11], it was shown, by extending Watson’s transformations to all elements 
of the modular group, that the following could be established about the mock 
theta function f3(q), defined in (17.2.1). 


Theorem 17.3.1. If we set 


fs(a) = X A(n)q”, 


n=0 
then 
Vi Alk) expiry n — 1/24/(kV6)} |i. 
A(n) = 3 TA + O(n‘), (17.3.1) 
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where 


Mk) = $(-1)"tY/? As, (n), if k is odd, 
= 5$(—1)*/? Aa, (n — sk), if k is even, 


€ is an arbitrarily small positive number, and A;,(n) is the exponential sum ap- 
pearing in the Hardy-Ramanujan-Rademacher formula for the partition func- 
tion p(n) and defined in (14.3.3). 


Theorem 17.3.1 is an improvement of a theorem of L. Dragonette [127], 
who had an error term of O(,/nlogn) instead of O(n*) in (17.3.1). In [11], 
'Theorem 17.3.1 is followed by the paragraph, 


It seems likely that a closer study of the asymptotic expansion for A(n) 

would show that the above series would diverge if extended to infinity 
1 1 

(since A(k) = O(k2**) and probably |A(k)| > c-k2 for some c > 0 and 

an infinite number of k). If, however, e” is replaced by 2sinh z in the 

above expansion, the problem becomes deeper. I would conjecture that 


the new series is not absolutely convergent (for probably |A(p)| > euis 
for some c > 0 and a positive proportion of all primes p), but the 
extreme accuracy of Dragonette's numerical results [127, p. 494] makes 
plausible the conjecture that the new series is conditionally convergent 
and that it converges to A(n). 


This last conjecture became known as the Andrews-Dragonette conjecture. 

In a grand tour de force, Bringmann and Ono [79] proved this conjecture. 
They built on Zwegers’ foundation, but it is an immense task to take this 
likely convergent series for A(n) and show that (1) that it converges, and (2) 
that indeed these are the exact coefficients for f3(q). H. Rademacher [225] 
provided a prototype for such results when he performed a similar feat for the 
modular invariant J(7), but Rademacher's task was easier by comparison in 
that the modular invariant, J(7), is the effectively unique modular function 
satisfying the equations J(7) = J(r +1) and J(r) = J(—1/r). Subsequently, 
S.A. Garthwaite [140] provided a similar treatment for the coefficients in the 
power series expansion of ws(q). Of related interest is the paper by Folsom 
and Ono [137]. 

With regard to these achievements and related developments, readers are 
strongly urged to consult surveys by Bringmann [72], Ono [222], and D. Zagier 
[280]. 


17.4 Quantum Modular Forms and Beyond 


In 2001, Zagier [279] presented what he called *a strange identity," namely, 


oo 


3:0-90-2)--a-49)- = Y nx(njg—D/4, (17.4.1) 
n=0 n=1 
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where y(n) is the quadratic character defined by 


1, if n = +1 (mod 12), 
x(n) = 4-1, if n = +5 (mod 12), 
0, otherwise. 


Why is this identity strange? Primarily because it is always false (as opposed 
to ordinary identities which are always true). Indeed, as Zagier points out, 
there is no value of q for which both sides of (17.4.1) are actually defined 
simultaneously. The right-hand side of (17.4.1) is defined inside the unit circle 
ją] < 1, while the left-hand side is defined only when q is a root of unity. 

Therefore, what does (17.4.1) really mean (if anything)? As Zagier [279, 
p. 247] notes, 


'The meaning of the equality is that the function on the left agrees at 
roots of unity with the radial limit of the function on the right, and 
similarly for derivatives of all orders. 


The expression on the left side of (17.4.1) is an example of what Zagier 
[281] later defined as a quantum modular form. Speaking descriptively, Zagier 
[281, p. 1] describes quantum modular forms as *... objects which live at the 
boundary of the space X, are defined only asymptotically rather than exactly, 
and have a transformation behavior of a quite different type with respect to 
some modular group." The space X in all of the six examples considered 
by Zagier is effectively the unit disc for q (or the upper half-plane for 7 if 
q = €?"'T), and the support of such functions is restricted to Q U {1} for T 
(or equivalently the roots of unity for q). Among the examples considered by 
Zagier are functions arising from the “sums of tails” identities of Ramanujan; 
see Entries 7.3.1, 7.3.2, and 7.3.3 in Chapter 7 of our second book on the 
“Lost Notebook" [33, pp. 162-164]. 

The work of Zagier on quantum modular forms generated substantial fur- 
ther work on the subject. Notably, among these further papers is one by Fol- 
som, Ono, and Rhoades [138], who show that the false theta functions arising 
from the Rogers-Fine identity (see [32, Chapter 9]) specialize to quantum 
modular forms. 

Of related interest is the paper by M.-J. Jang and S. Lóbrich [178] on 
radial limits of certain mock theta functions, and one by K. Hikami [165] on 
mock theta functions and quantum invariants. See also Hikami's paper [166] 
on second order mock theta functions. 


17.5 Combinatorial Interpretations 
We begin by addressing two functions of two variables, R;(z) and R2(z), which 


specialize and relate to many of Ramanujan's mock theta functions. They are 
defined by Andrews and Berndt [34, p. 13, equation (2.1.24)] 
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oo 12 oo oo 


Ra(z) cO wen 3 Y Nm nz (17.5.1) 


n=0 m=—oo 


and 


oo 2 


— q” 1 di > > m.n gm TL 
is gem RUPTA 2724.27 WD US CS) 


n=0 m=—co 


where N(m,n) denotes the number of partitions of n with rank m, and 
qo(m, n) denotes the number of partitions of n into non-negative parts with 
rank m. We note that (17.5.2) is implicit in a paper by Dyson [131], who 
studied the coefficients in the expansions of both (17.5.1) and (17.5.2). We 
have translated Dyson's equation (2) and initial conditions into (17.5.2). 
Many third and fifth order mock theta functions are specializations of (17.5.1) 
or (17.5.2); see, for instance, [19, Sections 8, 13]. 

'There are occasional surprises in combinatorial interpretations of defini- 
tions and identities appearing in the theory of mock theta functions. Indeed 
both (17.5.1) and (17.5.2) are naturally interpreted via the Durfee squares, 
8 concept greatly generalized in [73] and [28]; two conjectures made in [28] 
have been proved by L. Wang [268]. Also, Andrews, A. Dixit, and A.J. Yee 
[37] prove that qw3(q) is the generating function for partitions in which each 
odd part is less than twice the smallest part. T'his does not follow directly 
from a term-by-term interpretation of the series defining w3(q). This theorem 
was refined in [43], and a similar theorem for va(g) was also proved in [37]. 
An unexpected interpretation of the fifth order mock theta functions appears 
in the paper by Andrews and S. Hill [40]. Yee [275] has provided a purely 
combinatorial treatment of this latter result. 

Further combinatorial interpretations of mock theta functions have been 
given by Bringmann, J. Lovejoy, and K. Mahlburg [78]; Bringmann, A. E. Hol- 
royd, Mahlburg, and M. Vlasenko [76]; J.K. Sareen and M. Rana [244]; 
A.K. Agarwal [1] and Agarwal with coauthors G. Sood [5], G. Narang [3], 
and M. Rana [2, 4]; E.H.M. Brietzke, J.P.O. Santos, and R. da Silva [70, 71]; 
Y.-S. Choi and B. Kim [111]; W.Y.C. Chen, K. Ji, and E.H. Liu [101]; and 
S.H. Chan, R. Mao, and R. Osburn [97]. A survey of some of the combinatorial 
aspects of mock theta functions appears in the monograph by Agarwal and 
Sood [6]. 

Congruences for the coefficients of some of the mock theta functions are 
given in the papers by Andrews, D. Passary, J.A. Sellers, and A.J. Yee [42], 
M. Waldherr [263], Wang [267], and Mortenson [218]. 


17.6 q-Series 


It is clear, both from the “Lost Notebook” and Ramanujan’s last letter, that 
Ramanujan thought of mock theta functions in the setting of q-series, or 


372 17 Recent Work on Mock Theta Functions 


Eulerian series, as he called them. Each of Ramanujan’s mock theta functions 
is originally defined in the world of q-hypergeometric series. As mentioned in 
Chapter 19, The Continuing Mystery, Ramanujan seems to have possessed an 
understanding of this entire topic from a truly q-series perspective, and we 
have only uncovered a few of the more elementary aspects of this viewpoint, 
beginning with Watson’s work on the fifth order mock theta functions [270]. 

Recent work in this general area includes many results that rely on ap- 
plications of Bailey pairs and Bailey’s Lemma, as was done in Chapter 6 for 
the fifth order functions, Chapter 7 for the sixth order functions, and Chap- 
ter 8 for the tenth order functions. Included in such recent research are papers 
by N.S.S. Gu and J. Liu [149], K.Q. Ji and A.X.H. Zhao [179], F.G. Garvan 
[143], J. Lovejoy and R. Osburn [198], E. Mortenson [211], and B. Srivastava 
[252, 253]. Finally, in [286], S. Zwegers studies the two fifth order mock theta 
functions that were ignored by Andrews [13, 15]. 

Other research contributions chiefly utilize classical q-series identities while 
also invoking Bailey’s ideas. These include papers by Choi [109], Lovejoy [196], 
Lovejoy and Osburn [197], A.K. Srivastava [251], D. Shukla and M. Ahmad 
[248], R. McIntosh [201], and Y. Sanada [242, 243]. 


Check for 
updates 
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Commentary on and Corrections to the First 
Four Volumes 


18.1 Part I 


An excellent survey article on the Rogers-Ramanujan continued fraction, es- 
pecially from the viewpoint of modular forms, has been written by W. Duke 
[128]. 

Recall that the classical theory of elliptic functions began with the work 
of C.G.J. Jacobi [177]. A wonderful insight of Ramanujan was his realization 
that one could develop new theories of elliptic functions to alternative bases, 
with the classical theory originating with Jacobi being associated with the 
theory of level 4. In particular, in his notebooks [231], Ramanujan derived 
several beautiful results in levels 3, 2, and 1. See the second author’s book 
[57, Chapter 33] for a description of this work. 

In the classical theory, there are parameters x and z which can be written 
in terms of p(q) :2 Xy% q”? by [55, pp. 101-102] 


1-z- — and z= g?(q). 
(p 


Inspired by the Rogers-Ramanujan continued fraction, S. Cooper [117, Chap- 
ter 5] has developed a quintic theory of elliptic functions in which the ana- 
logues of x and z are defined by 


4, B5 "o 
Chater we (os 
(P5959 Joo (LOT )o0 
where R(q) denotes the Rogers-Ramanujan continued fraction. 

Ramanujan defined the parameter k = R(g)R?(q?) and derived several 
beautiful identities involving k; these are established in Section 1.8 of [32]. 
Cooper and M.D. Hirschhorn extensively studied this function in their papers 
[114], [116], and [119] and books [117, Chapter 10] and [168, Chapter 41], 
respectively. We briefly mention a couple of Cooper's results. First [117, p. 530, 
Theorem 10.8], 


ws := R°(q) =4 
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k(1— 4k — k?)* 
(1— k&*)*(1-- k — k?)’ 


where n(r) denotes the Dedekind eta function and 


mr) o y 


d 
y-q0,- log k and q = exp(2mir). 
q 
He has similar elegant formulas for 7?4(27), 7?4(57), and 774(107). Second 


[L17, p. 549], 


d k(1— k?) 
log J 3 
(1-4- k — k*)(1— 4k — k^) 


-5 S (£ E c = 2 (18.1.1) 


n=0 [ j20 V 


In regard to (18.1.1), also see the paper by H.H. Chan, Y. Tanigawa, Y. Yang, 
and W. Zudilin [92]. 

Ramanujan's results on his cubic continued fraction C(q) are covered in 
Sections 3.3 and 3.4 of our book [32, pp. 94-105]. Cooper [117, Chapter 6] 
has established further results and demonstrated that C(q) can be utilized to 
develop an alternative theory of level 6. Analogous theories for levels 7-12 are 
developed in Chapters 7-12, respectively, in Cooper's book [117]. 

In Chapter 13 of Part I [32], we considered two closely related entries from 
the Lost Notebook. The first, given in [32, Equation (13.1.1), p. 285], concerns 
the series 


oo 2 
n^--n,4n 
Ma 


q 


Kæ(a;q) :— Kœ (a) = 2- Tos 


(18.1.2) 


for fixed |q| < 1, as an entire function of a, and the second does the same for 
uns 2 
Doo(G; q) := pæla) = 5 q" a”. (18.1.3) 
n=0 


In each instance, the objective is to provide a Hadamard product expansion 
which expresses the zeros of each function of a in terms of power series ex- 
pansions in q. 

For Kə(a), in [32, Theorem 13.6.1, p. 295], with q real and 0 < q < n it 
was shown that all zeros of K,,(a) are simple and real, and that the nth zero 
Zn lies in the interval 

—q "LRzgÉu»-—g (18.1.4) 


Similarly, for ps, (a), in [32, Theorem 13.9.3, p. 304], with q real and 0 < q < i 
it was shown that all zeros of ps; (a) are simple and real and that the nth zero 
£n satisfies the inequalities 
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ep 5 E py (18.1.5) 
Sip? reas a S a a, (18.1.6) 


For each of K.(a) and pæla), formal series expansions were given for each 
zero. What was omitted was a proof that the formal series for the 
zeros actually converge! It was mistakenly assumed that this assumption 
was implicit in our application of the Implicit Function Theorem. We are 
grateful to Tim Huber for pointing out this omission to us. 

In order to exhibit intervals of validity for the expansions of these zeros 
given in Section 13.1 of Part I [32], we must rely on the following implicit 
function theorem given by S. Krantz and H. Parks [190, pp. 29-31]. We have 
changed variables to avoid confusion. 


Theorem 18.1.1 (Implicit Function Theorem). Suppose that the power 
series 


oo 
Fay) :- $ ajxa’y* 
j,k=0 


is absolutely convergent for |g| < Ri and |y| € Re. If aoo = 0 and agi Z 0, 
then there exists rg > 0 and a power series 


oo 
fa) = 5 cjq? 
j=l 
which is absolutely convergent for |g| < ro, and 


F(q, f(q)) = 0. 


Furthermore, if M is the supremum of F(q,y) for \q| € Ri, |y| € Ro, then ro 
can be taken to be the radius of convergence of the algebraic function y defined 


by 
M+ Ro 2 1 Ry 


14 = 
MR” M” Rı—q 


0. (18.1.7) 


Corollary 18.1.1. The number ro in Theorem 18.1.1 may be taken to be 
|. RRS 
12M?’ 
provided that 0 < R4, Ro < 1 and M » 1. 


ro (18.1.8) 


Proof. The majorant of y given by (18.1.7) is the positive root of (18.1.7), 
i.e., 


|. MR3 1 1 (,_ 4M + R)M?4 us 
V €MER)AM M MR3(Ri - q) i 
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Remembering that all of the parameters are positive and that q < R4, we 
expand y above into a convergent power series, needing that 


A(M + R3)Mq 
E dni a M 
R$(Rà — q) 
i.e., 
RiR? 
18.1. 
1< RP AM Ry +4M? D, 
Now 
RÀ RÀ OA T 


R2 + AM Rə + AM? > AM? + AM? + AM? 12M? 


Hence, we see from (18.1.10) that (18.1.9) is satisfied by letting ro take the 
value in (18.1.8). 


Lemma 18.1.1. Define, for j > 1, 
Fj(q,y) ^ q! Ks, (~q (14- y)). (18.1.11) 
Then 
F;(0,0) =0 and F;(0,y) = (C1? y(12- y). 
Proof. From the definitions (18.1.11) and (18.1.2), 


oo 


n? n4-j2—j 1n 4—2nj3 n 
q [Lg ULP 
Fj(q,y) = V i 

= (q; q)n 
e g= 0-91) y 
= (d; a)n l 


Hence, 

F;(0,y) = (1A c y)! + (A - y 
(717 (1 4 y) 1 (71-414 y) 
= (-1yy(1 +y), 


as desired, and the equality F;(0,0) = 0 follows as well. 


Lemma 18.1.2. For j > 1, define 
Fila y) = Ipo (7a 77 0 y)). (18.1.12) 
Then 


F;(0,0)=0 and  F;(0,y)=(-1)%y(1+y). (18.1.13) 
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Proof. From the definitions (18.1.12) and (18.1.3), 
= 2 - . « 
Fily) = do gh t"? 4 (-1)"g (1+ y) 
= yn tapa. 
n=0 


Hence, proceeding precisely as in the proof of Lemma 18.1.1, we find that 


£;(0,y) = (C1) y(1 - yy 1, 


and so the proof of (18.1.13) is complete. 


Note that Lemmas 18.1.1 and 18.1.2 imply that F;(q, y) and F;(q, y) fulfill 
the hypotheses of the Implicit Function Theorem 18.1.1. 


Lemma 18.1.3. We have 


T 1 3 
Ir E 


Proof. By aspecial case of the g-binomial theorem [33, p. 6, Equation (1.2.2)], 


oo 1 oo 47^ 
là 
1 = 1 
= 14+ —_ + 
4(1— 1) 2. GaGa) Ga) 
1 4 «4X 1 
<1+ 
3 315 2s pa 
1 4 1 
—1- ; 
3 3.15 1-1 
22 3 
~ 15 ^2! 


and the proof is complete. 
Lemma 18.1.4. For |q| < 1, |y| < 1, and j > 0, 


IFi(q,y)| < 3: 27. (18.1.14) 


Proof. From the definitions (18.1.11) and (18.1.2), for |g| € 1 and |y| € 1, 
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s 


Fal = (d; d)n 

3 2 /1N 790-5 
«- — 2” 
E» 

n=0 

3 j71 ee 1 (n-j)?(n—j) 

= 22 (1) 2 
n—0 n=j 

=: Sı + Sb. (18.1.15) 


First, if j > 1, 


CRM I RUNE T — 
&-3X(u) et =3- 


n=1 
a oe aie (i » se =3. 2-1 (2*3) <27. (18.1.16) 
2 7 2 63 em 
n=1 


If j = 0, the sum Sı is empty, and the last inequality in (18.1.16) is trivial. 
Second, 


3 oo 1 n?+n ius: ja oo oe 
&- 33 (1) "WELL QM 


n=0 n=0 
LAM . 8 
3271X 8 =3. 271., 18.1.17 
< 2. =. (8117) 
Using (18.1.16) and (18.1.17) in (18.1.15), we conclude that 
12 
IFj(q,y)| € $14- S2 < 2? (: + =) «dg, 
and so (18.1.14) has been shown. 
Lemma 18.1.5. For |q| < 1, |y| € 1, andj > 0, 
Flaw S270. (18.1.18) 


Proof. The argument used to prove Lemma 18.1.4 applies here as well. The 
only difference is that the estimate 3/2 was used for the summands' denomi- 
nators in the previous proof, whereas such a step is superfluous in the present 
situation. Thus, the bound that we obtained in the previous proof must be 
multiplied by 2/3 in the present proof, and this yields the proffered bound of 
2J+1 in (18.1.18). 
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Theorem 18.1.2. The nth zero, zn, of K..(a) is of the form 


zn = —q "(1 +y), (18.1.19) 


1 


5, and y can be represented by a convergent power series in 


1 1 
0 Epod a 
TD ( i) 


Proof. In Chapter 13 of Part I [32, p. 295, Theorem 13.6.1], it is proved that 
Zn lies in the interval 


where -i <y< 
q in the interval 


pl- 2n 


q ee maa 


Thus, 


—2n4-2 —2n4-1 |. 4-2n-1 


Zn-1 > —q >-4q > 2n > -q 7" > -q > Zn+1- 


Therefore, since 0 < q < 1 and —4 < y < 4, 


Zu «2(-q 7") < =q (1 +y) < -1q- 7^ < —qU?^*! < z, ,. (18.1.20) 
Hence, we need to show that there is a convergent series for y in q such that 
Ko (-q?"(1 + y)) — 0, 


or, equivalently, such that 
Fa (q, y) = 0, (18.1.21) 


because that value of y must coincide with zn = —q ?"(1 4 y), since that is 
the only zero of K..(a) in the given domain (18.1.20). 

Thus, by Corollary 18.1.1 of the Implicit Function Theorem and 
Lemma 18.1.1, there is a convergent power series expansion for Zn, provided 


that — 
GX L l5-»-6 
12.3.2" 9 ` 


Consequently, the computations from [32, p. 296] are valid for 0 < q < 
32 "5. and not for the larger interval 0 < q < 1 as stated in [32, p. 297]. 


0<q< 


Theorem 18.1.3. The 2nth zero, ton, of Pœ l(a) is of the form 


Tn = - ^" zu y); 


where -i <y< i. 


q for 


and y can be represented as a convergent power series in 


1 1 
0<q< Qr (« ) 


380 18 Commentary on and Corrections to the First Four Volumes 


Proof. In Chapter 13 of Part I [32, pp. 303-304, Theorem 13.9.3], it is proved 
that r2, lies in the interval 


-q ^" > Lan > -g ^. 
Thus, by [32, p. 304, Theorem 13.9.3], 
pa ag > £an Sg eg seg cy 


As in the previous proof, since 0 < q < 1 and -3 < y < 3, 


Dont < Bag M < —g “+t (14y) < -i(-q ?") < E i < X951. 

(18.1.22) 
Hence, we need to show that there exists a convergent series for y in q such 
that 


Doo (79-7 1 (1 + y)) =0, 


or, equivalently, such that 
Fon(q,y) = 0, (18.1.23) 


because that value of y must force x2, to coincide with —q-4"*(1 +y), since 
that is the only zero of ps; (a) in the given domain (18.1.22). 

Therefore, by Corollary 18.1.1 of the Implicit Function Theorem, 
Lemma 18.1.5, and Lemma 18.1.2, there exists a convergent power series 
expansion for x2, provided that 


(i)? _ lo-m-T. 


0 Ri a O 
795 19.92»43 ~ 3 


Consequently, the computations in Part I [32, pp. 305-308, Section 13.11 
for the zeros of even subscript are valid for 0 < q < 127977, 


Theorem 18.1.4. The (2n — 1)st zero, £on—1, of Poo(a) is of the form 


$241 —q 7''3(1-4 y), 


1 


3, and y can be represented by a convergent power series in 


1 1 
0<q< p (< ) . 


where -i <y< 
q for 


Proof. In [32, p. 304, Theorem 13.9.3], it is shown that x2, , lies in the 


interval 


—4 3 —4 2 
cq 77? > da, a eq m, 


and furthermore that 


—4n45 —4n+3 
Tan—2 > —G OPP > —q UU? > ton-1 > —q 
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Recalling that 0 < q < 1 and —$ < y < 3, we see that 


Lon < Sg z Wag) z cup ees 


«i(-q int?) < —gq79"*? < y, 5. (18.1.24) 


Thus, we need to show that there exists a convergent series for y in q such 
that 


Poo (7-4 ^"? (1 )) = 0, 
or, equivalently, such that 


Fan-i(q, y) = 0, (18.1.25) 


because that value of y must force £ən—1 to be equal to —q- 4" *?(1 +y), since 
that is the only zero of ps; (a) in the given domain (18.1.24). 

Hence, by Corollary 18.1.1, Lemma 18.1.2, and Lemma 18.1.5, there exists 
a convergent power series representation for r5, 1, provided that 

1Y1 
0< q< (DG) = 1 Samar 
12.22n 3 

which is what is claimed in Theorem 18.1.4. 

Consequently, the computations of the zeros of odd subscript for ps; (a) in 
[32, pp. 305-308, Section 13.11] are valid for 0 < q < 12-?^-6. 


The elliptic integrals of orders 14 and 15 discussed in [32, pp. 349-361 
were employed by Cooper and D. Ye [120] in order to develop alternative 
theories of elliptic functions of orders 14 and 15, respectively. 

The generating function for representations of integers by sums of six tri- 
angular numbers given in Entry 18.2.6 [32, p. 398] and three similar results 
were proved in a uniform manner by Cooper in his book [117, p. 202, Theo- 
rem 3.34]. 

Entries 18.2.12-18.2.15 [32, pp. 403-405] have been shown by Cooper [117, 
Chapter 7] to be part of a vaster level 7 theory. Further proofs of Entries 
18.2.22 and 18.2.23 [32, pp. 406—407] have been given by Cooper [117, p. 310]. 
The remaining entries in Chapter 18 of [32] are examined in Chapter 3 in 
Cooper's book [117]. 


Further Errata, Part I 
page 183. On the right-hand side of (7.2.11), replace zM by x77. 
page 252. In line 8b, replace (92) by (99). 


page 256. Each of the theta functions appearing on the right sides of (11.4.1)— 
(11.4.3) is incorrect. In (11.4.1), replace f(—4?/?, —q) by f(—q?,—q?), in 
(11.4.2), replace f(—q?,—4?/7) by f(—4*,—q?), and in (11.4.3), replace 
F, d) FCU. 9. 

page 385. The right-hand side of Entry 17.3.3 should be 2/21/8(1 — a). 


382 18 Commentary on and Corrections to the First Four Volumes 


18.2 Part II 


Three of Ramanujan’s famous series for 1/7 appear on page 370 of his lost 
notebook [232], and we discussed them in [33, pp. 375-384]. Since the publi- 
cation of [33], finding new series for 1/7 and demonstrating their connections 
with other topics in mathematics has been a very active area of research. 
We provide a brief summary of some of this activity. For a much more de- 
tailed account of recent research on series for 1/7 and related constants, see 
S. Cooper’s book [117, Chapter 14]. N.D. Baruah, H.H. Chan, and the second 
author [52] have written an historical survey on series for 1/7 beginning with 
Ramanujan’s work [228] in 1914 and ending with their publication in 2009. 
Although it is always dangerous to claim that one has discovered Ramanujan’s 
methods, Baruah and the second author [51] employed Eisenstein series, like 
Ramanujan possibly did, to establish most of Ramanujan’s series for 1/7 and 
some new ones. 

A new, general, and excitingly innovative approach by A. Berkovich, 
H.H. Chan, and M.J. Schlosser [53] employs Wronskians of theta functions 
to derive new and old series for 1/7 in the classical theory and level 2 and 
level 3 analogues. The famous work of D.V. and G.V. Chudnovsky on se- 
ries for 1/7 is discussed in [33, pp. 366, 368]. Their contributions are further 
explained in relation to elliptic curves, modular curves, and Picard-Fuchs dif- 
ferential equations by I. Chen and G. Glebov [100]. The WZ method was 
further developed by J. Guillera [150], [152] to obtain new series for 1/7. 
Cooper, J. Ge, and D. Ye [118], Guillera and W. Zudilin [154], Cooper and 
Zudilin [121], and Zudilin [282] used transformation formulas for hypergeo- 
metric series to establish series for 1/7. For those wanting to prove new series 
formulas for 1/7 (and certain other mathematical constants), we suggest that 
they consult lists of conjectures made by Z.-W. Sun [257], [258], [259]. These 
conjectures motivated papers by Chan, J. Wan, and W. Zudilin [93], Guillera 
and Zudilin [154], Wan and Zudilin [266], [282], and M. Rogers and A. Straub 
[240]. 

For further series for 1/7, see papers by A. Aycock [46], Chan and Cooper 
[89], Chan, Y. Tanigawa, Y. Yang, and Zudilin [92], Chan and Zudilin [94], 
Cooper [115], Berkovich, Chan, and Schlosser [53], and H.H. Chan, S.H. Chan, 
and Z.-G. Liu [88]. See also papers by Wan [265], and Cooper and D. Ye [120], 
and the theses of A.M. Aldawoud [8], Wan [264], and Ye [274]. Beautiful papers 
by Huber, D. Schultz, and Ye [173], [174] provide many elegant, new series for 
1/7, associated with modular forms of levels 17 and 20, respectively. 

In a similar vein, Guillera [151], [153] and Baruah and the second author 
[50] established series for 1/7. 

Readers interested in series for 1/7 are encouraged to read Cooper’s ac- 
count in his book [117, Chapter 14]. He classifies the series according to levels 
and degrees and presents them in fourteen tables. He also provides a thorough 
discussion of the various methods that have been used to establish series for 
1/7. In [33, pp. 375-384] and in this book, we have offered many references 
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for Ramanujan’s series for 1/7 and the many further series for 1/7 that have 
been inspired by Ramanujan's series. Cooper's book [117, pp. 658-659] also 
contains an extensive bibliography of such papers. 

The arithmetical function U,,, defined in (14.1.5) of [33, p. 356], occurs in 
the power series expansion of a q-analogue s(0) of sin 0, which is defined by 


More precisely [117, p. 23], [260, p. 30], 


A (1) Un wu 
0) = o o gm 9 EC. 
2) » 22n(2n + 1)! 

H.H. Chan [87] showed how differential recurrence relations for Up and 
another sequence V,, of Ramanujan can be used to give elegant proofs of Ra- 
manujan's famous differential equations for the Eisenstein series P, Q, and R. 


Further Errata, Part II 
page 158. In lines 8b and 6b, replace Entry 7.2.3 by Entry 7.2.4. 


18.3 Part III 


'The 5 assertions beginning page 23 are proved in exactly the way that Entry 
2.1.3 is deduced from Entry 2.1.2 in [34, pp. 11-12]. Indeed, the second and 
third assertions on page 23 are explicitly (2.1.21) and (2.1.22) from Entry 
2.1.3 in [34, p. 12]. The remainder are proved in the same manner by setting 


5 = e17i/? in Entry 2.1.2 and recalling that cos 4* = —¥5+1, 
5 4 


Further Errata, Part III 
page 236. Delete the equation numbers (8.4.33) and (8.4.36). 


18.4 Part IV 


Highlights of our fourth volume [35] are Entries 2.2.1 and 2.2.2 [35, p. 8], 
which are closely connected with the famous unsolved circle and divisor prob- 
lems, respectively. Since that volume was written, the second author, S. Kim, 
and A. Zaharescu have written a survey paper [65] on these notorious prob- 
lems highlighting the two aforementioned identities of Ramanujan. The second 
author, A. Dixit, A. Roy, and Zaharescu [61, pp. 866-867] have established 
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generalizations of Ramanujan’s identities in which the new identities have 
more general Dirichlet series on their left sides. 

In Section 4.5 [35, pp. 117-120], Ramanujan offers very precise approxima- 
tions for the gamma function I(x + 1). M.D. Hirschhorn and M.B. Villarino 
[169] improved Ramanujan's theorem when z is a positive integer. We offer 
their theorem below [169, p. 74]. 


Theorem 18.4.1. For positive integral n, define On by 
a bn 1/6 
nl =: va (2) an? +4n? +n + | 3 
e 30 
Then, 


11 79 11 79 20 


6,<1 
in ane S St gn Tere 4398 


Moreover, 0,, is an increasing function of n and satisfies the inequalities 


(18.4.1) 


043 E On < On m 951. 


The monotonicity of 0, was established slightly earlier by Villarino, 
D. Campos-Salas, and J. Carvajal-Rojas [261]. 

On page 118, lines 7b,8b, we note that h(a) = 300,, and not, as indicated, 
h(x) = 0z. 

The inequality (18.4.1) was improved further by C.-.P. Chen [99] who 
proved the following theorem. 


Theorem 18.4.2. For positive integral n, 
_ynyn 15 5 11 
-— 8n? + 4n? — 1— —_ } <n! 
vi) (v NH tatag) ( E P 


n\n 1 \ 1⁄6 11 
< z 34 4n? rue Ime e 18.4.2 
s vs (7) (sn EL tat) ( me) Dom 


where the best possible constants a and b are given, respectively, by 


39 
= 27 = 0.2532... 
"= Ge 


1/4 6 \ 1/6\ 71/4 
11 30e 
_ ay a — 1 = 013549... 
2 (xs) (: E oe 


In equation (6.4.1) on page 159, replace the given expression by 
1 
(= = 3-3 


2 2 


This same correction should be made two lines later. 
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M.D. Hirschhorn [167] studied and extended the material in Section 8.4. In 
particular, he examined the corresponding polynomial of degree 8; Ramanujan 
had considered the polynomials of degree 1-7. On page 199, line 8, the signs 
of 104/2 in both cases should be changed. Also observe that in this line and 
in (8.4.16), tito = 1. 

Hirschhorn (personal communication) provided an elegant proof of a beau- 
tiful algebraic identity of Ramanujan [35, p. 201, equation (8.5.5)]. Observe 
that (3x? + 16x — 7)? + (6x? — 4x + 14)? is an even function of æ. Now take 
the identity 


(3z? + 162 — 7)? + (6a? — 4x + 14)? = (3x? — 16x — 7)? + (6x? + 4x + 14)? 


and set x = (a 4- b)/(a — b). Clear fractions and simplify to obtain (8.5.5), i.e., 
(3a? -- bab — 56^)? + (4a? — 4ab-- 6b)? + (ba? — 5ab — 30?)? = (6a? — 4ab+4b7)?. 


Entry 12.3.9 offers Ramanujan's intriguing formula for ¢(2n + 1), where 
¢(s) denotes the Riemann zeta function and n is any positive integer. For 
further history of this formula, readers may consult the survey paper [69] 
by the second author and A. Straub in which the authors show that Euler's 
famous formula for ¢(2n), where n is a positive integer, and Ramanujan's 
formula for ¢(2n+1) both arise from the same general formula of Ramanujan. 

On pages 191-193, we discussed two interesting identities, each yielding 
a formula for ¢ (3), that were recorded by Ramanujan on an isolated page, 
page 332, of [232]. At the bottom of this page, Ramanujan began to possibly 
discuss a more general formula, but he does not give it. He writes 

1” 2^: 3" 


| ES 18.4.3 
gie] t grec. t gu ( ) 


“where s is a positive integer and r — s is any even integer.” It is possible that 
if Ramanujan had completed this formula, it would yield a formula for the 
Riemann zeta function at rational arguments. 

Such a formula, with probably more restrictions on r and s than envi- 
sioned by Ramanujan, was indeed found by S. Kanemitsu, Y. Tanigawa, and 
M. Yoshimoto [183, p. 13], who were unaware that Ramanujan had begun to 
address this formula in his lost notebook. We reproduce their formula. Let 


TJ b sj 7j 
j := CO —— iN = Sn | — 
| := CoS | ony yt IN 2N)’ 


An (y) = n(2ny)'/", 
e An (n/a) 


fim 2) anA) 
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and, for j > 1, 
(2h — 1)j x m(2h — 1)j 
2A b. MU OU |) — 94w(GQ/z)ajv e ote 
cos ( N(n/z)b; o +r 2N cos aN 


cosh(2Ay(n/x)a;,n) — cos(2Aw (n/x)b; v) 


Theorem 18.4.3. Let N and h be fixed natural numbers with h < iN. Then, 


for x » 0, 
© N=2h 
= P(x) + S(x), 


nNgz . 1 
n=1 P 


1 N-—2h-41 N-—2h-41 
r (N=2h+1)/N 
a a ND 


and, for odd N, 


24M (N—-2h--1)/N oo 
S(x) := S(x; N,h) -o (2) : 


" -— n2h-1)/N 


(N—1)/2 


x 4 f(zin, N) + 2, fiim M 


and, for even N, 


(N-2h+1)/N 
G) 


N/2 


(us 
N 
P» nQh- gas 2 I i(x;n, N, h). 


A. Dixit and B. Maji [126], and in another paper with R. Gupta and 
R. Kumar [125], have further generalized Theorem 18.4.3, perhaps establishing 
the kind of formula anticipated by Ramanujan when he wrote (18.4.3). They 
have also offered some interesting observations connecting the formulas of 
Ramanujan with those of S. Kanemitsu, Y. Tanigawa, and M. Yoshimoto 
[183, p. 13]; S. Wigert [273]; and K. Chandrasekharan and R. Narasimhan 
[98] at either integral or rational arguments of the Riemann zeta function. 


In [35, pp. 334, 341, 342], we discussed Ramanujan's work on Fourier- 
Bessel transforms. A. Dixit informed us that W.N. Bailey commented on this 
work in his paper [47]. 
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Prof. Watson tells me that the formula 
I F(x)J (nz) /nzdz = 4F (n), 
0 


where i 
F(v) = x”t2 Ce a 


is given by Ramanujan in an unpublished manuscript on reciprocal 
functions. It is explained, in connection with a different type of re- 
ciprocal formula, that € is zero or a positive number. Nothing is said 
about the range of validity. 

In this formula, Jnu(ngz) should apparently be replaced by J,(2nz), 
and in the exponential term v should be replaced by v?. With these 
corrections, Ramanujan’s formula can be deduced from Theorem I 
above. 

Prof. Watson remarks that the manuscript was almost certainly writ- 
ten after Ramanujan went to Cambridge, though it is probable that 
the results contained in it were obtained while he was still in India. 


Page 336 in the lost notebook comprises two incorrect formulas, which 
we discussed in [35, pp. 377-378]. The second author, A. Dixit, A. Roy, and 
A. Zaharescu have devised corrected versions of the first formula [61, pp. 813- 
815]. A corrected version of Entry 19.2.1 [35, p. 377] is given below. 

Before stating our corrected version, we need to define a general hyper- 
geometric function. Recall that the rising or shifted factorial (a), is defined 
by 


(a), — a(a *- 1)(a -- 2) --- (a -- n — 1), n 2 1, (a)o—-1. (18.44) 


Let p and q be nonnegative integers, with q < p + 1. Then, the generalized 
hypergeometric function Fp is defined by 


| Pee m 
qaFp(a1,a2,.. . , aq; b1, b2,..., bp; Z) -2. (bı) (b2) d 


n n (by). n 
where |z| < 1, if q = p-- 1, and |z| < oo, if q < p 4 1. 


Theorem 18.4.4. Let 3F5 be defined by (18.4.5). Fix s = o + it such that 
a » 0. Let x € R*. Let a be the number defined by 


T f if s is an odd integer, (18.4.6) 


1, otherwise. 
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x uU) e 27 2na an e 27V 2n) 
E Vn 4 


(s). 1 1 1 2-5-3 ['(s + 3) cot($7s)¢(—s) 
ra | GLG s) 1543/2 pti/2 ) 
Je fees) f RT E dS) 

+ s Ix nst! | V2xI(i- 1s) 


n«z 


al (s + $) cot(578) ae GP SES es sup Oa 
Del. m x Ha + Im 


n2 ? FE 
vsin(izs)I(1— s) 3 5(1 
1 
2 


1 
1 
" Y en) { nI'(s) cos(47) bn (^ eae 5) 7 i} 


TL 
n2z 


iv/nI'(s + 3) ne o p uy m ia Sie ee ix —(s+1/2) 
95*l fu 4 2 n 


TL 


2o. —(s+1/2) 2o. —(s+1/2) 
+ tom (re S (142) +(-*) 4. 
n TU 


(18.4.7) 


where, if x is an integer, we additionally require that o < i. 


Check for 
updates 
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The Continuing Mystery 


19.1 Introduction 


As we conclude this series of books devoted to proving the assertions in Ra- 
manujan’s Lost Notebook, we feel that it is important to point out that we 
are FAR from understanding how Ramanujan thought. As we will document 
below, there are many clues suggesting that we did not approach many of his 
identities in the ways that Ramanujan did. 

During the last year of his life when he was writing the pages that comprise 
his Lost Notebook, we have only his last letter to Hardy (see Chapter 14) to 
provide some hint to his thinking. He seems to have been concentrating on 
what he called “Eulerian series.” By this, he meant infinite series whose terms 
contain instances of finite g-products (a; q)n. In his last letter he contrasts the 
behavior of the “Eulerian series” 


oo n? 
q 
5 (19.1.1) 
$ 2 
“(GDA 
and T : 
> ci (19.1.2) 
d)» 
near the unit circle with 
q” (n+1)/2 
Ye (19.1.3) 
n=0 qd:d 


He points out that (19.1.1) and a are “J-functions,” but does not choose 
to mention their actual representations as theta-functions. He is intrigued by 
the fact that (19.1.1) and (19.1.2) behave nicely near the unit circle (owing 
to their nature as J-functions), but (19.1.3) does not. 

This is the motivation that leads him to consider the possibility of mock 
theta functions, and thus his list of seventeen mock theta functions in his 
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last letter. We emphasize that each of the seventeen, as well as the many 
other mock theta functions found in the Lost Notebook, are always given as 
“Eulerian series.” 

In the vast majority of cases, our proofs involve either Appell—Lerch se- 
ries, which occasionally appear in the Lost Notebook, or Hecke-type series 
involving indefinite quadratic forms, which appear nowhere in the Lost Note- 
book. We therefore have the unavoidable feeling that Ramanujan’s insights 
were completely different from ours and those of our colleagues who have in- 
tensively studied the Lost Notebook. The following pages will highlight some 
of the most striking examples of this continuing mystery. 

Before we discuss specific examples, we must address one further pos- 
sibility. Perhaps the proofs obtained by us and others are exactly those of 
Ramanujan. Perhaps he kept is proofs secret and recorded his results in the 
intractable Eulerian form to “cover his tracks.” After all, Littlewood [184, 
p. 181] said of one of Ramanujan’s letters to Hardy, “How maddening his let- 
ter is in the circumstances. I rather suspect he's afraid you'll steal his work.” 
BUT the Lost Notebook is clearly not intended for publication; it clearly is 
a private document written solely for Ramanujan himself. While he may or 
may not have been intentionally obscure in his early encounters with Hardy, 
it makes no sense to suggest that he would resort to secrecy in a document 
prepared only for his personal use. 


19.2 The Rank of a Partition 


In our third book on the Lost Notebook [34], we devoted the first three chap- 
ters to the ranks and cranks of integer partitions. The generating function 
for N(m,n), the number of partitions of n with rank m, is given by [34, p. 13, 
equation (2.1.24)| 


oo oo — co EE NN 
2 m E * -2- (zq; qg)n(a/ z; d)" (19.2.1) 


In order to state Entry 2.1.2 from [34, p. 20], we need several definitions. Let 


1 1 
icm Psa o I TIRE (975 9° )oo (935 a?) sc oon 
Set 
_ (P52 )ooG* (9) 
A(q) := a an (19.2.3) 
B(q) = (a5; g) G (4), (19.2.4) 


q 
Ca) := (qur uen (19.2.5) 
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and 
(č; Goo H*(q) wan 
Lastly, define 
:= —1 i 19.2.7 
DX 9n-1(a*; d?) l ) 
and 
OREA gr 19.2.8 
q PATT (192,8) 
Entry 19.2.1. Let G5 be a primitive fifth root of unity, and let 
NS q" 
s 2. (659; )n(45 ^45 a)n 
Then 
fs(q) = Ala") + (Gs + Gg — 2) (q^) + qB(q?) + (G5 + 65 )a C (q^) 
V 5 
-GEGE ÍD- EGD), 9.2.9) 


where A(q), B(q), C(q), and D(q) are given in (19.2.3)-(19.2.6). 


As pointed out by F. Garvan [142], Entry 19.2.1 is the principal result 
required by A.O.L. Atkin and H.P.F. Swinnerton-Dyer [45] in their proof of 
Dyson's conjectures on the Ramanujan congruences related to the modulus 5. 

Note how “clean” (19.2.9) is, with no common factors on the two sides; it 
is the 5-dissection of f5(q), and it is as concise and elegant as one could hope. 
And how does one prove this? First, we multiply the proposed identity by 
(q; q)s; and thus introduce common factors on both sides and thereby destroy 
the 5-dissection. Then we immerse everything in the world of Appell-Lerch 
series. For example, Lemma 2.4.1 from [34] implies that 


9 (-1)* n(3n4-1)/2 


(4; oofs(q) = (1— 68) Y; 4 


2 ae (19.2.10) 
From this point, throughout the entire proof of Entry 19.2.1, all is based on 
series such as that on the right-hand side of (19.2.10). The magic of elliptic 
functions is employed from Lemma 2.3.1 [34, p. 18], and lovely identities such 

s (2.4.25) in [34, p. 30] jump in at just the right time. Now we are not 
claiming that our proof of Entry 19.2.1 (a modified version of the proof of 
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Atkin and Swinnerton-Dyer) is beyond Ramanujan’s abilities—far from it. 
However, it is surprising that the Appell—Lerch series that permeate our proof 
appear nowhere in the Lost Notebook. As we noted in the Introduction of this 
chapter, Ramanujan seems to have had a special interest in and fondness for 
“Eulerian expansion,” and we wonder if there is a way in which Ramanujan 
understood and treated results like Entry 19.2.1 that is quite different from 
anything that has been subsequently discovered. 


19.3 The Role of Lerch’s Transcendant and Basic 
Bilateral Hypergeometric Series 


Recall the definitions of the fifth order mock theta functions fo(q), ¢0(q), 
wWo(q), and Fo(q) given, respectively, in (3.1.1)-(3.1.4) and the fifth order mock 
theta functions fi(q), $1(q), v1(q), and Fi(q) given, respectively, in (3.1.9)— 
(3.1.12). It should be noted that in his letters to Hardy, Ramanujan always 
used these Eulerian series definitions, rather than alternative representations, 
for these mock theta functions. 

Define the Lerch transcendant [194] by 


oo pon 


f(2,&q,2) 2 1 3 a a?" (—2€?; 2? MEO e vum =H (19.3.1) 


which is a bilateral basic hypergeometric series. G.N. Watson [270] utilized the 
connection between Lerch’s transcendant and mock theta functions to prove 
that [270, p. 299] 


fola?) + 2uo(q?) = f (/q, 1/VG4 9); 
Folq) — 1+ ¢0(-4) = f(i.3; q. q). 

fila?) + 21 (4?) = 2/ (/q, V3; 4,0), 
Fi(q) —@*1(-@) = f(iq, iq, q). 


Since Ramanujan made many original discoveries about basic hypergeometric 
series, is it possible that these served as a conduit for many of his theorems? 
We should keep in mind that pages from the Lost Notebook were likely lost. 
Y.-S. Choi [109] is perhaps the only mathematician other than Watson to 
have exploited this relationship. 


Q 
V VY x WH 


19.4 The Mock Theta Conjectures 


Entries 4.1.1 and 4.1.2 were first alluded to in [18, equation (3.5)], 
where (5.1.10) was stated explicitly. These conjectures were named “The 
Mock Theta Conjectures” in [38]. Chapter 5 of this volume is devoted to 
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showing that the five assertions in each of Entries 5.1.1 and 5.1.2 are mutu- 
ally equivalent. As an example, we restate (5.1.11) in the form 


fola) = e(7-q?)G(a) — 28(0°), (19.4.1) 


where fo(q) is defined in (3.1.1), i.e., 


n? 


v dq 
But es 19.4.2 
fo(q) Z (—a:9)n ( ) 
G(q) is defined in (19.2.2), and (q) is given by (19.2.7). The fundamental 


first step along the road to proving (19.4.1) is to obtain the Hecke-type series 
for fo(q) given by (19.4.2) and equivalently (6.2.1) [23], namely, 


1 3 j n n(5n —j? 
P= c5 Y (y - gtg, (19.4.3) 
K oo n=0 
lil<n 


We doubt that Ramanujan knew (19.4.3). Surely it is sufficiently elegant to 
appeal to him. In particular, he was well aware of the representation [34, 
p. 220, equation (8.2.11)] 


T 1 3 |o4)3n,n(5n-1)/2(4 _ „4n+2 
G(q) = CUm d 1)"q (a9), (19.4.4) 


While we do not find any Hecke-type expansions in any of Ramanujan’s 
writings, we do know that by 1919 he was very familiar with all of the work 
of L.J. Rogers, in particular his paper [238], where Ramanujan discovered 
Rogers’ statements and proofs of what we now know as the Rogers-Ramanujan 
identities. On page 323 of that paper, we find 


oo 


ntm n2— m? ntm 
CD Gig ser, (19.4.5) 
n=0 
|m|<n/2 


It is reasonable to surmise that Ramanujan had seen (19.4.5), but there is no 
hint of (19.4.3) anywhere in the Lost Notebook. 

Again, we ask: How did Ramanujan arrive at (19.4.1)? If the only repre- 
sentation of fo(q) known to him was (19.4.2), what did he know about the 
behavior of such series that is left unrevealed in the Lost Notebook? In light of 
the fact that he devoted so much of his time in his last letter to Hardy on the 
asymptotics of such series for |g| near 1, perhaps he made use of asymptotics 
in some unknown way, but we would need much more than this to have any 
idea of how he came to believe that these results are true. 
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19.5 The Seventh Order Mock Theta Functions 


Curious as the Mock Theta Conjectures are, the seventh order mock theta 
functions are even “curiouser.” All that Ramanujan ever said about them is 
contained in the last lines of his last letter to Hardy (Chapter 14): 

“ Mock ó-functions (of 7th order) 


d, q | 
"donc metusa ^ qp anaes rm 
(ii) q q^ q 4 

ia" AUA * G-e 0d 
Gi) — T 4 T +e 


14 G-#@-@)  ü-s)ü-«90- 9) 
These are not related to each other.” 

In 1938, A. Selberg [246] proved that these functions have the required 
mock theta asymptotics near q = 1. So it is possible that Ramanujan only had 
studied the asymptotics of these functions without much further knowledge. 

How did Ramanujan conjure such series? One possible starting point is 
suggested by the relationship between fo(q) and G(q), namely, by (3.1.16), 


ONS qU 
G(q) = » CT (19.5.2) 
and, by (19.4.2), 
Sat «A qV Gan 
f= 2. gs 29 (74:9). e) 


Thus, one passes from G(q) to fo(q) by simply multiplying each term in the 


q 
series for G(q) by (q; q)/(—4; a)n- 
Now, Rogers [238], [239] proved that 


oo 2 oo 
q” 1 
toa la — T 19.5. 
2. (GP )n(GQn I" 1 — q^ ( 9.5 4) 


d (Gn (Gn 
2 (P) (74:3) — 2-0 2)» (25; d?) 
a)n 


= fo. CONES 


q 
=y . * .., (19.5.5 
(d: q)2n u^ (qe gs ( ) 


n=0 n=0 
which is the first of the seventh order mock theta functions (19.5.1). The 


remaining seventh order mock theta functions may be similarly retrieved in 
further identities of Rogers. 
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19.6 The Tenth Order Mock Theta Functions 


Matters become even more incredible with the tenth order mock theta func- 
tions which occupy only eight identities on page 9 in the Lost Notebook. Only 
four tenth order mock theta functions appear in these identities. As with the 
fifth and seventh order mock theta functions, each of these tenth order mock 
theta functions can be constructed with the (q; q)n/(—q;q)n alteration of a 
q-series related to a theta function. First [250, equation (45)], 


gner0/2 1 oo 1 


c. (74:0). 7 
2 (GQ )n4i(Gan — (—G doo [I 


n=0 n=1 
n#40,+3 (mod 10) 


(19.6.1) 


and 
n(n+1)/2 gnor0/2 


Y (—4:d)n4 BUD P : 


c a)na) (aad) £ a)na 


= ((q) (19.6.2) 


by (12.1.1). Second [250, equation (43)], 


5 E - Jd II 1 (19.6.3) 
<4 GQGg)ua4)s (=g) 
n0,+1 (mod 10) 


and 


Y (—4;q)n4 


(GP )nt4(G On 


by (12.1.1). Third [250, equation (98)], 


n(n--3)/2 


(qd). | x qnO3/— qng(g) 
£ = 19.6.4 
(—q;d)n 2. (9597) n41 q’ ( ) 


n=0 


oo 2 oo 
q” 1 
= (19.6.5) 
L (t; a)2n I Tog" 
n#0,+2 10,£12,+18 (mod 20) 
and 
oo 2 oo 2 


by (12.1.2). Finally [250, equation (96)], 


2 n(n+2) 


>> 4 = Il : (19.6.7) 


$ (d: d)2n+1 


n= 


0,£14,£16 (mod 20) 
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and 


gh(nt2) (n+1)?-1 


oo 
n=0 


AEN > q 
2.2 Ex >) 
n= 


(G@)anti (—0?;0°)n $ (959? n+1(—975 9? )n 


»» ql E x10(—@) 
= (4; 


w—O£ n-0ma q 


n+1)?-1 


(19.6.8) 


by (12.1.2). Page 9 of the Lost Notebook contains six identities involving three 
of the four tenth order mock theta function in each case. For example, one of 
them is Entry 11.1.1: 


8) y(q)h(—q") 


diola) — q Hho(-q*) + q ^xao(q = tg? (19.6.9) 
where h(q) is defined by 
h(q) € 5 (d yngs ion ra 


The remaining two identities on page 9 provide “evaluations” of two elegant 
integrals, each in terms of the two tenth order mock theta functions $1o(q) 
and vio(qg). These last two identities can be interpreted as transformation 
formulas for the two tenth order functions. 

It is inconceivable that an identity such as (19.6.9) could be stumbled upon 
by a mindless search algorithm without any overarching theoretical insight. 
Yet we have no evidence that any aspects of our lengthy proofs entered into 
Ramanujan's considerations. Again, there is no hint that he was aware of any 
of the underlying representations as Hecke-type series. 


19.7 Innocents Abroad (Still) 


Section 7.4 of our second volume on the Lost Notebook [33, pp. 165-172] 
is entitled “Innocents Abroad,” and concerns the following two “innocent” 
identities in Entry 7.4.1 [33, p. 168]: 


pO; (sq n(n-4-1)/2 Hu oe = ia pe ( x: 2n? 

re ee qe 
29 gr(n+1)/2 EO n 9 ( 1)"q 2n? 

a 22, (475 a?) E ce HY eo q; q?) EIS 


Naming these formulas after the Mark Twain travelogue may seem a bit 
of a stretch, but they certainly look innocent enough. They garner their own 
section of [33] because of the extent of the mathematical machinery (e.g., two 
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different identities for a very well-poised 1999 basic hypergeometric series) 
required for their only known proof. Again, it seems unlikely that our bizarre 
proof is what Ramanujan had in mind. In [24], each of the four different 
functions appearing in (19.7.1) and (19.7.2) is discussed, and conjectures are 
made regarding their power series coefficients which show no hint of becoming 
monotone. Thus, 


Bo (—1)rgrier/? 


5 —3— = 1-qt 2 — E 494? +--+ 6q? H 72998 
& agaa 
ee + 14q!® ood 12443q15? au 530g* P — 
+ 230976974? — -..-+ 31370? +- 
+ 44443099349 — ... + 2440q38° — ... , 


In any event, Entry 7.4.1 currently exists in isolation. Are these identities part 
of a larger setting? Do they have proofs which would (1) be somewhat more 
commensurate with their simplicity, and (2) point to a wider context? 


19.8 Identities for the Rogers-Ramanujan Functions 


Recall again the definitions of the Rogers-Ramanujan functions, (3.1.16) 
and (3.1.17), respectively, 


and 


In a manuscript published with his Lost Notebook, Ramanujan stated 40 
beautiful identities for these functions. We offer only one example [60, p. 8, 
Entry 3.8], 


G(q°)H(q) — qG(q) H (9) = xq) 


where x(q) := (~q; q")oo- 

Thirty-five of the identities are proved in a Memoir by the second author 
with G. Choi, Y.-S. Choi, H. Hahn, B. P. Yeap, A. J. Yee, H. Yesilyurt, and 
J. Yi [60]. These proofs can also be found in our fourth book on the Lost 
Notebook [34, Chapter 8]. The remaining five identities were first established 
in two papers by H. Yesilyurt [277], [278]. For a history of the proofs that have 
been given for each identity, see [34, pp. 218-219]. It took over 90 years before 
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proofs for all 40 identities could be published. Although some of our proofs 
are likely similar to those found by Ramanujan, others are most likely not like 
those employed by Ramanujan. In particular, for some of our proofs, we needed 
tools not available to Ramanujan. Often, we were greatly aided in finding a 
proof because we knew the identity at the start of our conquest; Ramanujan 
did not have such an advantage. In summary, Ramanujan clearly possessed 
means for discovering and proving these identities that we do not have. Since 
we now know several generalizations and analogues of these identities, it might 
be of value to try to discover Ramanujan’s approaches to these identities in 
order to gain a better understanding of the entire subject. 


19.9 Hardy and Ramanujan on Sums of Squares 


Ramanujan arrived in England on April 14, 1914 [184, p. 199]. Although 
we have no record of their early conversations, sums of squares were likely 
discussed shortly after Ramanujan’s arrival. Hardy’s first paper [156], [158, 
pp. 243-263] on sums of squares was probably written early in 1915. The date 
of its reception is not provided, but Hardy’s paper on the Dirichlet divisor 
problem [157], [158, pp. 268-292], which was evidently written after [156], 
was received on April 17, 1915. 

Let ro(n) denote the number of ways that the positive integer n can be 
written as a sum of two squares, where representations with different orders 
and different signs on the summands are regarded as being distinct. Write 


R(x) := 5 ralni) = qz + P(x), (19.9.1) 


O<n<a 


where the prime / on the summand indicates that if x is an integer, then only 
412(x) is counted in the sum R(x). Determining the order of the “error term” 
P(x) is the famous “circle problem.” In [156], Hardy proves that 


P(x) = 24 (21$). (19.9.2) 


On page 265 of [156] (or [158, p. 245]), Hardy records the identity 


x "ra(n) —qcd D r2(n) (=) xd Ji (27 /nz), (19.9.3) 


O<n<a 


where J,(x) denotes the ordinary Bessel function of order v. In a footnote on 
the same page, Hardy writes, “The form of this equation was suggested to me 
by Mr. S. Ramanujan, to whom I had communicated the analogous formula 
for d(1) + d(2) +--+ + d(n), where d(n) is the number of divisors of n.” (In 
[157, p. 21], [158, p. 288], Hardy also relates that Ramanujan had informed 
him that G.F. Voronoi [262] first established the aforementioned identity for 


3 aes d(n)-) 


19.9 Hardy and Ramanujan on Sums of Squares 399 


It would seem that if Ramanujan had discovered the “form” of (19.9.3), 
then he really must have had also a proof of (19.9.3), although some of his 
arguments, for example, involving uniform convergence, might not have been 
rigorous. Because it would have involved ideas with which Ramanujan would 
not have been familiar in India and likely did not learn in England, it is 
doubtful that the argument establishing (19.9.3) at the end of Hardy’s paper 
[156] would have been the one found by Ramanujan. 

In his paper [156, p. 283], [158, p. 263], Hardy related another of Ramanu- 
jan’s findings connected with r2(n); for a,b > 0, the beautiful identity, 


T2 (n) —2n4/(n-ca)b _ 3 T2 (n) —2m4/ (n4-b)a 
e rs ; ; (19.9.4) 
TL 


is not given elsewhere in any of Ramanujan's published or unpublished work. 
In fact, Hardy employed an identity, which is easily derived from (19.9.4), as 
the key in his proof of (19.9.2). Moreover, Hardy remarks that Ramanujan told 
him that a similar identity holds in which the number of representations of n 
by the quadratic form z?--y? can be replaced by the number of representations 
of n by any positive definite quadratic form in two variables. 

What else did Ramanujan know about sums of two squares? In view of 
Ramanujan's contributions (19.9.3) and (19.9.4), it is unfortunate that Hardy 
and Ramanujan did not co-author a joint paper on sums of squares. Moreover, 
there is further evidence that Ramanujan thought about the circle problem. 

Recall Jacobi's formula [58, p. 56, Theorem 3.2.1] 


ra(n) 24 V (-1) 0? (19.9.5) 
d|n 
dodd 
for every positive integer n. If [x] denotes the greatest integer less than or 
equal to x, we can use (19.9.5) to rewrite R(x) in the form, 


o pe (1)-« al 


Ocnzz d|n 
=45 H sin (7) l (19.9.6) 


O<d<a 


In analytic number theory, the introduction of another parameter into a prob- 
lem gives us another variable with which to work with the possibility of intro- 
ducing new or further tools. Ramanujan possibly thought that by introducing 
an extra parameter 0 in the summands on the right-hand side of (19.9.6), 
this might help in an attack on the “circle” problem. Accordingly, he offered 
the following identity in an unpublished manuscript published with the Lost 
Notebook [232, p. 335]; we do not know when this manuscript was written. 
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Entry 19.9.1 (p. 335). Let F(x) be defined by 


F(a) = [x]; if x is not an integer, 
if x is an integer. 


Recall that J,(z) denotes the ordinary Bessel function of order 1. If 0 <0 «1 
and x > 0, then 


SF (5) sin(21n0) = «x (s — ) — Í cot(n8) (19.9.7) 


Qo Jy (4s m(n + 0z) A (4nv/min +1 — Ba) 
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As we shall see in the sequel, there is some evidence that Ramanujan did 
not intend the double sum in (19.9.7) to be interpreted as an iterated sum, 
but as a double sum in which the product mn of the summation indices tends 
to oo. As we showed in [35, pp. 57-62], with the latter interpretation, we can 
use (19.9.3) to prove (19.9.7). If Ramanujan had ideas on how to use (19.9.7) 
to attack the circle problem, he did not bequeath them to us. Maybe, he 
derived (19.9.7) simply because it is a beautiful identity! For a complete proof 
of (19.9.7), further discussion, and an analogue of (19.9.7) associated with 
Voronoi’s formula, see our fourth book on the Lost Notebook [35, Chapter 2]. 


19.10 Puzzling Approximations 


Many mathematicians are unaware that Ramanujan made important 
contributions to diophantine approximation. Three formerly unpublished 
manuscripts published with the Lost Notebook [232, pp. 262-267, 343], [35, 
pp. 163-181] provide most of his (known) discoveries. In one of these unpub- 
lished manuscripts, Ramanujan offers the best diophantine approximation 
to e?/*, where a is a positive integer. It was not until 1978, approximately 
60 years after Ramanujan wrote this manuscript, that C.S. Davis [122] es- 
tablished for the first time this best diophantine approximation to e?/*, not 
realizing, of course, that he had proved an unknown theorem of Ramanujan. 
For further work on this approximation and a proof of a related conjecture 
of J. Sondow, readers might consult a paper by the second author, S. Kim, 
and A. Zaharescu [64]. The third unpublished manuscript contains assertions 
that appear to be false. However, one should be timorous in making claims 
about Ramanujan's “mistakes.” Thus, our primary purpose in writing this 
short section is to encourage readers to give this manuscript a closer look; see 
[35, pp. 179-181] for our brief account. 
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19.11 A Word of Caution 


We do consider it potentially fruitful to contemplate how Ramanujan dis- 
covered many of his theorems, and how he either proved them or, at least, 
found evidence for them. Indeed, Ramanujan did provide an account of his 
gathering evidence for the Rogers-Ramanujan identities (see Chapter 10 of 
[32]). However, it is unwise ever to assume that one has, for certain, obtained 
Ramanujan's original proofs. A case in point is taken from [32, p. 144]. In [18], 
one of us had first proved a certain entry on page 41 of the Lost Notebook, 
which is Entry 6.2.1 in our book [32, p. 144], and which we reproduce below. 


Entry 19.11.1 (p. 41). For any complex numbers a,b, à, and q, but with 
\q| < 1, define 


De Mai 2 Le 
G(a, b, A) =>. 
= (—bq; q)n 


Then 


G(aq,b,Aq) 1  aq-d Aq bq + Ag? — ag?^-F Aq? bg? + Aq! 
G(a,bjÀ) 1+ 1 + 1 + 1 + 1 ae 


While not explicitly stated in [18], it was believed that Ramanujan proved 
the eight results on page 44 of the Lost Notebook by appealing to En- 
try 19.11.1. (In [32, pp. 150-156], these are Corollaries 6.2.1, 6.2.4, 6.2.6, 6.2.7, 
6.2.8, 6.2.9, 6.2.10, and 6.2.11.) At a meeting at the University of Illinois on 
June 1-5, 1987 to celebrate the centenary of Ramanujan’s birth, an account 
of these results as described in [18] was presented by one of us as probably 
how Ramanujan actually dealt with the items on page 44. At the end of the 
lecture, the late K.G. Ramanathan pointed out that most of the eight results 
from page 44 were proved by Atle Selberg (when he was 19) [245], and that 
Selberg’s proofs were more elementary and direct than the deductions made 
from Entry 6.2.1, i.e., Entry 19.11.1 above. The obvious suggestion was that, 
quite possibly, Ramanujan had proved these eight results more directly, as 
Selberg had done. 

The moral of our story is this. It has been fruitful and enlightening to 
attempt to discern Ramanujan’s methods. Success in such quests should be 
measured by the theorems and methods discovered. However, one should be 
very cautious in asserting that one has discovered how Ramanujan actually 
did it. 
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© Springer International Publishing AG, part of Springer Nature 2018 403 


G. E. Andrews, B. C. Berndt, Ramanujan’s Lost Notebook: Part V, 
https: //doi.org/10.1007/978-3-319-77834-1 


404 Location Guide 
Page 17 
Entries 2.3.4, 2.3.5, 4.1.3, 4.1.4, 7.5.3 


Pages 18, 19 
Entry 5.1.1 


Pages 19, 20 
Entry 5.1.2 


Page 22 
Entries 3.4.1, 3.4.2, 3.4.3, 3.4.4, 3.4.5, 3.4.6, 3.4.7 


Page 23 
Chapter 18, Part III 


Page 25 
Entry 3.4.8, 3.4.9, 3.4.10, 3.4.11, 3.4.12, 3.4.13, 3.4.14 


Page 29 
Entries 2.3.6, 2.3.7 


Page 31 
Entries 2.3.1, 2.3.8, 2.3.9 


Page 54 
Entry 15.2.1 


Page 56 
Entry 16.2.1 


Page 57 
Entry 16.2.2, 16.2.3, 16.2.4, 16.2.5 


Pages 127-131 
Chapter 14 Ramanujan's Last Letter 


Page 146 
Entry 15.2.2 


Location Guide 
Page 202 


Entry 13.1.1 (two identities) 


Page 204 
Entry 16.2.6 


Page 207 
Entry 15.2.3 


Pages 233-235 
Entry 15.4.1, 15.4.2, 15.4.3, 15.4.4 


Page 247 
Entries 15.2.4, 15.2.5, 15.2.6 


Page 249 
Entries 15.2.7 


Page 328 
Entry 15.2.8, 15.2.9 


Page 329 
Entry 15.2.10 


405 


Provenance 


Chapter 2 
G.E. Andrews [15 
G.N. Watson [269 

Chapter 3 
G.E. Andrews [15 
G.N. Watson [270 

Chapter 4 


G.E. Andrews, B.C. Berndt, S.H. Chan, S. Kim, and A. Malik [36] 
H. Yesilyurt [276] 

Chapter 5 
G.E. Andrews and F. Garvan [38] 


Chapter 6 
G.E. Andrews and F. Garvan [38] 
D. Hickerson [161] 

Chapter 7 


G.E. Andrews and D. Hickerson [39] 
B.C. Berndt and S.H. Chan [59] 


© Springer International Publishing AG, part of Springer Nature 2018 
G. E. Andrews, B. C. Berndt, Ramanujan’s Lost Notebook: Part V, 
https: //doi.org/10.1007/978-3-319-77834-1 


407 


408 Provenance 


Chapter 8 
G.E. Andrews [30] 
Y.-S. Choi [103, 104] 
S. Zwegers [287] 
E. Mortenson [217] 

Chapter 9 
Y.-S. Choi [106] 

Chapter 10 
Y.-S. Choi [106] 

Chapter 11 


D. Hickerson and E. Mortenson [163] 
E. Mortenson [217] 


Chapter 12 
Y.-S. Choi [105] 

Chapter 13 
Y.-S. Choi [110], 

Chapter 14 


G.E. Andrews [11, 27] 

B.C. Berndt and R.A. Rankin [67] 

K. Bringmann and K. Ono [79] 

L. Dragonette [127] 

A. Folsom, K. Ono, and R.C. Rhoades [138, 139] 
S. Ramanujan [230] 

W. Zudilin [283] 

E. Mortenson [214] 


Chapter 15 


B.C. Berndt, B. Kim, and K.S. Williams [63] 
L.J. Mordell [207] 

S. Ramanujan [229] 

S.S. Rangachari [233, 234] 


Chapter 16 
B.C. Berndt, S.-Y. Kang, and J. Sohn [62] 


References 


1. A.K. Agarwal, n-color partition theoretic interpretations of some mock 
theta functions, Electron. J. Combin. 11 (2004), Note 14, 6 pp. 

2. A.K. Agarwal, New combinatorial interpretations of some mock theta 
functions, Online J. Anal. Comb., No. 2 (2007), Art 5, 7 pp. 

3. A.K. Agarwal and G. Narang, Generalized Frobenius partitions and 
mock-theta functions, Ars Combin. 99 (2011), 439-444. 

4. A.K. Agarwal and M. Rana, Two new combinatorial interpretations of 
a fifth order mock theta function, J. Indian Math. Soc. (N.S.) 74 (2007), 
11-24. 

5. A.K. Agarwal and G. Sood, Split (n + t)-color partitions and Gordon- 
McIntosh eight order mock theta functions, Electron. J. Combin. 21 
(2014), paper 2.46, 10 pp. 

6. A.K. Agarwal and G. Sood, A survey of mock theta functions from the 
combinatorial point of view, in Recent Advances in Mathematics, 118, 
Ramanujan Math. Soc. Lect. Notes, Ser. 21, Ramanujan Math. Soc., 

Mysore, 2015. 

7. S. Ahlgren and B. Kim, Mock theta functions and weakly holomorphic 

modular forms modulo 2 and 3, Math. Proc. Cambridge Philos. Soc. 158 

2015), 111-129. 

8. A.M. Aldawoud, Ramanujan-type series for 1/m with quadratic irra- 

tionals, Master of Science Thesis, Massey University, New Zealand, 2012. 

9. N. Andersen, Classification of congruences for mock theta functions and 

weakly holomorphic modular forms, Quart. J. Math. 65 (2014), 781—805. 

10. N. Andersen, Vector-valued modular forms and the mock theta conjec- 
tures, Res. in Number Thy. 2 (2016), 14 pp. 

11. G.E. Andrews, On the theorems of Watson and Dragonette for Ramanu- 
jan’s mock theta functions, Amer. J. Math. 88 (1966), 454—490; [29, 
pp. 17-53]. 

12. G.E. Andrews, On basic hypergeometric series, mock theta functions, 
and partitions (T), Quart. J. Math. (Oxford) 17 (1966), 64-80. 


© Springer International Publishing AG, part of Springer Nature 2018 409 
G. E. Andrews, B. C. Berndt, Ramanujan’s Lost Notebook: Part V, 
https: //doi.org/10.1007/978-3-319-77834-1 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


References 


G.E. Andrews, On basic hypergeometric series, mock theta functions, 
and partitions (II), Quart. J. Math. (Oxford) 17 (1966), 132-143. 


. G.E. Andrews, Enumerative proofs of certain q-identities, Glasgow 


Math. J. 8 (1967), 33-40. 


. G.E. Andrews, On a transformation of bilateral series with applications, 


Proc. Amer. Math. Soc. 25 (1970), 554-558. 


. G.E. Andrews, On the q-analogue of Kummer's theorem and applica- 


tions, Duke Math. J. 40 (1973), 525-528; [29, pp. 58-61]. 


. G.E. Andrews, The Theory of Partitions, Addison-Wesley, Reading, 


MA, 1976; reissued: Cambridge University Press, Cambridge, 1998. 


. G.E. Andrews, An introduction to Ramanujan’s Lost Notebook, 


Amer. Math. Monthly 86 (1979), 89-108; [29, pp. 248-267]. 


. G.E. Andrews, Ramanujan’s “lost” notebook. I. partial 0-functions, 


Adv. Math. 41 (1981), 137-172. 


. G.E. Andrews, Multiple series Rogers-Ramanujan type identities, 


Pac. J. Math. 114 (1984), 267-283; [29, pp. 113-129]. 


. G.E. Andrews, Hecke modular forms and the Kac-Peterson identities, 


Trans. Amer. Math. Soc. 283 (1984), 451—458. 


. G.E. Andrews, Generalized Frobenius ^ Partitions, | Memoir 


Amer. Math. Soc. 49 (1984), No. 301. 


. G.E. Andrews, The fifth and seventh order mock theta functions, 


Trans. Amer. Math. Soc. 293 (1986), 113-134; [29, pp. 130-151]. 


. G.E. Andrews, Questions and conjectures in partition theory, 


Amer. Math. Monthly 93 (1986), 708-711. 


. G.E. Andrews, q-Series: Their Development and Application in Anal- 


ysis, Number Theory, Combinatorics, Physics, and Computer Algebra, 
CBMS Regional Conference Lecture Series, No. 66, American Mathe- 
matical Society, Providence, RI, 1986. 

G.E. Andrews, Mock theta functions in Theta functions-Bowdoin 1987, 
Part 2, L. Ehrenpreis and R.C. Gunning, eds., Proc. Symp. Pure Math., 
vol. 49, American Mathematical Society, Providence, RI, 1989, pp. 283- 
298. 

G.E. Andrews, Partitions: At the interface of q-series and modular 
forms, Ramanujan J. 7 (2003), 385—400. 

G.E. Andrews, Partitions, Durfee symbols and the Atkin-Garvan mo- 
ments of ranks, Invent. Math. 169 (2007), 37-73. 

G.E. Andrews, The Selected Works of George E. Andrews, A.V. Sills, 
ed., Imperial College Press, London, 2013. 

G.E. Andrews, Bailey pairs with free parameters, mock theta functions 
and tubular partitions, Ann. Combin. 18 (2014), 563-578. 

G.E. Andrews, R. Askey, and R. Roy, Special Functions, Cambridge 
University Press, Cambridge, 2000. 

G.E. Andrews and B.C. Berndt, Ramanujan’s Lost Notebook, Part I, 
Springer, New York, 2005. 


33. 


34. 


35. 


36. 


3T. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


AT. 


48. 


49. 


50. 


51. 


References 411 


G.E. Andrews and B.C. Berndt, Ramanujan's Lost Notebook, Part II, 
Springer, New York, 2009. 

G.E. Andrews and B.C. Berndt, Ramanujan's Lost Notebook, Part III, 
Springer, New York, 2012. 

G.E. Andrews and B.C. Berndt, Ramanujan's Lost Notebook, Part IV, 
Springer, New York, 2013. 

G.E. Andrews, B.C. Berndt, S.H. Chan, S. Kim, and A. Malik, Four 
identities for third order mock theta functions, Nagoya Math. J., 
to appear. 

G.E. Andrews, A. Dixit, and A.J. Yee, Partitions associated with the Ra- 
manujan/ Watson mock theta functions, Res. in Number Thy. 1 (2015), 
19 pages. 

G.E. Andrews and F.G. Garvan, Ramanujan's “Lost” Notebook VI The 
mock theta conjectures, Adv. Math. 73 (1989), 242-255. 

G.E. Andrews and D. Hickerson, Ramanujan’s “Lost Notebook" VII: 
The sixth order mock theta functions, Adv. Math. 89 (1991), 60-105. 
G.E. Andrews and S. Hill, Partition identities with mixed modular 
forms, J. Number Thy. 158 (2016), 356-364. 

G.E. Andrews, R. Lewis, and Z.-G. Liu, An identity relating a theta 
function to a sum of Lambert series, Bull. London Math. Soc. 33 (2001), 
25-31. 

G.E. Andrews, D. Passary, J.A. Sellers, and A.J. Yee, Congruences re- 
lated to the Ramanujan/ Watson mock theta function w(q), Ramanujan 
J. 43 (2017), 347-357. 

G.E. Andrews and A.J. Yee, Some identities associated with the mock 
theta functions w(q) and v(q), Ramanujan J., to appear. 

R. Antony, Results on sixth order mock theta functions, Inter- 
nat. J. Math. Res. 5 (2013), 65-76. 

A.O.L. Atkin and H.P.F. Swinnerton-Dyer, Some properties of parti- 
tions, Proc. London Math. Soc. (3) 4 (1954), 84-106. 

A. Aycock, On proving some of Ramanujan’s formulas for 1/m with an 
elementary method, preprint. 

W.N. Bailey, Some classes of functions which are their own reciprocals 
in the Fourier-Bessel integral transform, J. London Math. Soc. 1 (1930), 
258-265. 

W.N. Bailey On the basic bilateral hypergeometric series sp2, 
Quart. J. Math. (Oxford) (2) 1 (1950), 194-198. 

J. Bajpai, S. Kimport, J. Liang, D. Ma, and J. Ricci, Bilateral series and 
Ramanujan’s radial limits, Proc. Amer. Math. Soc. 143 (2015), 479-492. 
N.D. Baruah and B.C. Berndt, Ramanujan’s Eisenstein Series and new 
hypergeometric-like series for 1/7?, J. Aprox. Thy. 160 (2009), 135-153. 
N.D. Baruah and B.C. Berndt, Eisenstein series and Ramanujan-type 
series for 1/1, Ramanujan J. 23 (2010), 17-44. 


412 


52 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


References 


N.D. Baruah, B.C. Berndt, and H.H. Chan, Ramanujan’s series for 
1/n: A survey, Math. Student (Special Centenary Volume 2007), 1-24; 
Amer. Math. Monthly 116 (2009), 567—587. 

A. Berkovich, H.H. Chan, and M.J. Schlosser, Wronskians of theta func- 
tions and series for 1/m, submitted. 


. B.C. Berndt, Ramanujan's Notebooks, Part I, Springer-Verlag, New 


York, 1985. 


. B.C. Berndt, Ramanujan’s Notebooks, Part III, Springer-Verlag, New 


York, 1991. 


. B.C. Berndt, Ramanujan's Notebooks, Part IV, Springer-Verlag, New 


York, 1994. 


. B.C. Berndt, Ramanujan's Notebooks, Part V, Springer-Verlag, New 


York, 1998. 


. B.C. Berndt, Number Theory in the Spirit of Ramanujan, American 


Mathematical Society, Providence, RI, 2006. 


. B.C. Berndt and S.H. Chan, Sizth order mock theta functions, 


Adv. Math. 216 (2007), 771-786. 


. B.C. Berndt, G. Choi, Y.-S. Choi, H. Hahn, B. P. Yeap, A. J. Yee, 


H. Yesilyurt, and J. Yi, Ramanujan's forty identities for the Rogers- 
Ramanujan functions, Memoir No. 880, 188 American Mathematical 
Society, Providence, RI, 2007. 

B.C. Berndt, A. Dixit, A. Roy, and A. Zaharescu, New pathways and 
connections in number theory and analysis motivated by two incorrect 
claims of Ramanujan, Adv. Math. 304 (2017), 809—929. 

B.C. Berndt, S.-Y. Kang, and J. Sohn, Finite and infinite Rogers- 
Ramanujan continued fractions in Ramanujan’s lost notebook, J. Num- 
ber Thy. 148 (2015), 112-120. 

B.C. Berndt, B. Kim, and K.S. Williams, Euler products in Ramanujan’s 
lost notebook, Internat. J. Number Thy. 9 (2013), 1313-1349. 

B.C. Berndt, S. Kim, and A. Zaharescu, Diophantine approximation 
of the exponential function and Sondow’s conjecture, Adv. Math. 248 
(2013), 1298-1331. 

B.C. Berndt, S. Kim, and A. Zaharescu, The circle problem of Gauss and 
the divisor problem of Dirichlet-still unsolved, Amer. Math. Monthly 
125 (2018), 99-114. 

B.C. Berndt and K. Ono, Ramanujan’s unpublished manuscript 
on the partition and tau functions with proofs and commentary, 
Sém. Lotharingien de Combinatoire 42 (1999), 63 pp.; in The Andrews 
Festschrift, D. Foata and G.-N. Han, eds., Springer-Verlag, Berlin, 2001, 
pp. 39-110. 

B.C. Berndt and R.A. Rankin, Ramanujan: Letters and Commentary, 
American Mathematical Society, Providence, RI, 1995; London Mathe- 
matical Society, London, 1995. 


68. 


69. 


70. 


71. 


72. 


73. 


T4. 


T5. 


76. 


TT. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


References 413 


B.C. Berndt and R.A. Rankin, Ramanujan: Essays and Surveys, Ameri- 
can Mathematical Society, Providence, RI, 2001; London Mathematical 
Society, London, 2001. 

B.C. Berndt and A. Straub, Ramanujan’s formula for ¢(2n + 1), in 
Exploring the Riemann Zeta Function, H. Montgomery, A. Nikeghbali, 
and M. Rassias, editors, Springer, 2017, pp. 13-34. 

E.H.M. Brietzke, J.P.O. Santos, and R. da Silva, A new approach and 
generalizations to some results about mock theta functions, Discrete 
Math. 311 (2011), 595-615. 

E.H.M. Brietzke, J.P.O. Santos, and R. da Silva, Combinato- 
rial interpretations as two-line array for the mock theta functions, 
Bull. Braz. Math. Soc. (N.S.) 44 (2013), 233-253. 

K. Bringmann, Mock theta functions, weak Maass forms, and applica- 
tions, in Modular Forms on Schiermonnikoog, Cambridge Univ. Press, 
Cambridge, 2008, 29-56. 

K. Bringmann, On the explicit construction of higher deformations of 
partition statistics, Duke Math. J. 144 (2008), 195—233. 

K. Bringmann, A. Folsom, and K. Ono, q— series and weight 3/2 Maass 
forms, Compositio Math. 145 (2009), 541—552. 

K. Bringmann, A. Folsom, K. Ono, and L. Rolen, Harmonic 
Maass Forms and Mock Modular Forms: Theory and Applications, 
Amer. Math. Soc., Providence, 2017. 

K. Bringmann, A.E. Holroyd, K. Mahlburg, and M. Vlasenko, k-run 
overpartitions and mock theta functions, Quart. J. Math. 64 (2013), 
1009-1021. 

K. Bringmann and J. Lovejoy, Dyson’s rank, overpartitions, and weak 
Maass forms, Int. Math. Res. Not. (2007), ram063. 

K. Bringmann, J. Lovejoy, and K. Mahlburg, A partition identity and 
the universal mock theta function g2, Math. Res. Lett. 23 (2016), 67-80. 
K. Bringmann and K. Ono, The f(q) mock theta function conjecture 
and partition ranks, Invent. Math. 165 (2006), 243-266. 

K. Bringmann and K. Ono, Lifting cusp forms to Maass forms with an 
application to partitions, Proc. Nat. Acad. Sci. 104 (2007), 3725-3731. 
K. Bringmann and K. Ono, Arithmetic properties of coefficients of half- 
integral weight Maass—Poincaré series, Math. Ann. 337 (2007), 591-612. 
K. Bringmann and K. Ono, Dyson’s ranks and Maass forms, 
Ann. Math. 171 (2010), 419-449. 

K. Bringmann and K. Ono, Coefficients of harmonic Maass forms, in 
Partitions, q-Series, and Modular Forms, K. Alladi and F. Garvan, eds., 
Develop. in Math. 23, 2011, Springer, New York, 23-38. 

K. Bringmann, K. Ono, and R.C. Rhoades, Eulerian series as modular 
forms, J. Amer. Math. Soc. 21 (2008), 1085-1104. 

K. Bringmann and L. Rolen, Radial limits of mock theta functions, Re- 
search Math. Sci. 2 (2015), 2-17. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


105. 


References 


J.H. Bruinier and M. Schwagenscheidt, Algebraic formulas for the coef- 
ficients of mock theta functions and Weyl vectors of Borcherds products, 
J. Algebra 478 (2017), 38-57. 

H.H. Chan, Triple product identity, quintuple product identity and 
Ramanujan’s differential equations for the classical Eisenstein series, 
Proc. Amer. Math. Soc. 135 (2007), 1987-1992. 

H.H. Chan, S.H. Chan, and Z-G. Liu, Domb’s numbers and 
Ramanujan-Sato type series for 1/x, Adv. Math. 186 (2004), 396-410. 
H.H. Chan and S. Cooper, Rational analogues of Ramanujan’s series for 
1/z, Math. Proc. Cambridge Philos. Soc. 153 (2012), 361—383. 

H.H. Chan, S. Cooper, and W.-C. Liaw, On n? (ar)j (br) with a+b = 8, 
J. Austral. Math. Soc. 84 (2008), 301-313. 

H.H. Chan, S. Cooper, and P.C. Toh, Ramanujan's Eisenstein series 
and powers of Dedekind’s eta-function, J. London Math. Soc. (2) 75 
(2007), 225-242. 

H.H. Chan, Y. Tanigawa, Y. Yang, and W. Zudilin, New analogues 
of Clausen’s identities arising from the theory of modular forms, 
Adv. Math. 228 (2011), 1294-1314. 

H.H. Chan, J.G. Wan, and W. Zudilin, Legendre polynomials and 
Ramanujan-type series for 1/1, Israel J. Math. 194 (2013), 183-207. 
H.H. Chan and W. Zudilin, New representations for Apéry-like se- 
quences, Mathematika 56 (2010), 107-117. 

S.H. Chan, Generalized Lambert series identities, Proc. London 
Math. Soc. (3) 91 (2005), 598-622. 

S.H. Chan, Congruences for Ramanujan’s @ function, Acta Arith. 153 
(2012), no. 2, 161-189. 

S.H. Chan, R. Mao, and R. Osburn, On recursions for coefficients of 
mock theta functions, Res. Number Thy. 1 (2015), 18 pp. 

K. Chandrasekharan and R. Narasimhan, Hecke’s functional equation 
and arithmetical identities, Ann. Math. (2) 74 (1961), 1-23. 

C.-P. Chen, A sharp version of Ramanujan’s inequality for the factorial 
function, Ramanujan J. 39 (2016), 149-154. 

L.C. Chen and G. Glebov, On Chudnovsky-Ramanujan type formulae, 
Ramanujan J., to appear. 

W.Y.C. Chen, K.Q. Ji, and E.H. Liu, Partition identities for Ramanu- 
jan’s third-order mock theta functions, Quart. J. Math. 63 (2012), 353- 
365. 

B. Chern and R.C. Rhoades, The Mordell integral, quantum modular 
forms, and mock Jacobi forms, Res. Number Theory 1 (2015), 14 pp. 
Y.-S. Choi, Tenth order mock theta functions in Ramanujan’s lost note- 
book, Invent. Math. 136 (1999), 497—569. 

Y.-S. Choi, Tenth order mock theta functions in Ramanujan’s lost note- 
book. II, Adv. Math. 156 (2000), 180—285. 

Y.-S. Choi, Tenth order mock theta functions in Ramanujan’s lost note- 
book. IV, 'Trans. Amer. Math. Soc. 354 (2002), 705—733. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


114. 


115. 


116. 


117. 
118. 


119. 


120. 


121. 


122. 


123. 


124. 


125. 


126. 


References 415 


Y.-S. Choi, Identities for Ramanujan’s sixth order mock theta functions, 
Quart. J. Math. 53 (2002), 147-159. 

Y.-S. Choi, Generalization of two identities in Ramanujan’s lost note- 
book, Acta Arith. 114 (2004), 369-389. 

Y.-S. Choi, Tenth order mock theta functions in Ramanujan’s lost note- 
book. III, Proc. London Math. Soc. (3) 94 (2007), 26-52. 

Y.-S. Choi, The basic bilateral hypergeometric series and the mock theta 
functions, Ramanujan J. 24 (2011), 345-386. 

Y.-S. Choi, Modular transformations involving the Mordell integral in 
Ramanujan’s lost notebook, Pacific J. Math. 272 (2014), 59-85. 

Y.-S. Choi and B. Kim, Partition identities from third and sixth order 
mock theta functions, European J. Comb. 33 (2012), 1739-1754. 

H. Cohen and J. Oesterlé, Dimensions des espaces de formes modu- 
laires in Modular Functions of One Variable VI, Lecture Notes in Math., 
No. 627, Springer-Verlag, Berlin, 1977, pp. 69-78. 

S. Cooper, The quintuple product identity, Internat. J. Number Thy. 2 
(2006), 115-161. 

S. Cooper, On Ramanujan’s function k(q) = r(q)r?(q?), Ramanujan 
J. 20 (2009), 311-328. 

S. Cooper, Sporadic sequences, modular forms and new series for 1/7, 
Ramanujan J. 29 (2012), 163-183. 

S. Cooper, Level 10 analogues of Ramanujan’s series for 1/r, J. Ra- 
manujan Math. Soc. 27 (2012), 59-76. 

$. Cooper, Ramanujan’s Theta Functions, Springer, New York, 2017. 
S. Cooper, J. Ge, and D. Ye, Hypergeometric transformation formulas of 
degrees 3, 7, 11 and 23, J. Math. Anal. Applics. 421 (2015), 1358-1376. 
S. Cooper and M. D. Hirschhorn, Factorizations that involve Ramanu- 
jan’s function k(q) = r(q)r?(q?), Acta Math. Sinica, English Series, 27 
(2011), 2301-2308. 

S. Cooper and D. Ye, Level 14 and 15 analogues of Ramanujan’s elliptic 
functions to alternative bases, Trans. Amer. Math. Soc. 368 (2016), 
7883-7910. 

S. Cooper and W. Zudilin, Hypergeometric modular equations, 
arXiv:1609.07276v1. 

C.S. Davis, Rational approximation to e, J. Austral. Math. Soc. 25 
(1978), 497—502. 

P. Deligne, La conjecture de Weil. I, Inst. Hautes Études 
Sci. Publ. Math. (1974), no. 43, 273-307. 

F. Diamond and J. Shurman, A First Course in Modular Forms, 
Springer, New York, 2005. 

A. Dixit, R. Gupta, R. Kumar, and B. Maji, Generalized Lambert series, 
Raabe’s integral and a two-parameter generalization of Ramanujan’s for- 
mula for ¢(2m + 1), submitted. 

A. Dixit and B. Maji, Generalized Lambert series and arithmetic nature 
of odd zeta values, submitted. 


416 


127 


128. 


129. 


130. 


131. 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


143. 


144. 


145. 


146. 


References 


L. Dragonette, Some asymptotic formulae for the mock theta series of 
Ramanujan, Trans. Amer. Math. Soc. 72 (1952), 474—500. 

W. Duke, Continued fractions and modular functions, 
Bull. Amer. Math. Soc. (N.S.), 42 (2005), 137-162. 

W. Duke, Almost a century of answering the question: what is a mock 
theta function?, Not. Amer. Math. Soc. 61 (2014), 1314-1320. 

F.J. Dyson, Some guesses in the theory of partitions, Eureka, Cambridge 
8 (1944), 10-15. 

F.J. Dyson, A new symmetry of partitions, J. Comb. Thy. 7 (1968), 
56-61. 

N.J. Fine, Basic Hypergeometric Series and Applications, American 
Mathematical Society, Providence, RI, 1988. 

A. Folsom, A short proof of the mock theta conjectures using Maass 
forms, Proc. Amer. Math. Soc. 136 (2008), 4143-4149. 

A. Folsom, What is ...a mock modular  form?, Notices 
Amer. Math. Soc. 57 (2010), 1441-1443. 

A. Folsom, Kac- Wakimoto characters and universal mock theta func- 
tions, Trans. Amer. Math. Soc. 363 (2011), 439-455. 

A. Folsom, Perspectives on mock modular forms, J. Number Thy. 176 
(2017), 500—540. 

A. Folsom and K. Ono, Duality involving the mock theta function f (q), 
J. London Math. Soc. (2) 77 (2008), 320-334. 

A. Folsom, K. Ono, and R.C. Rhoades, Mock theta functions and quan- 
tum modular forms, Forum of Math. Pi 1 (2013), 1-27. 

A. Folsom, K. Ono, and R.C. Rhoades, Ramanujan’s radial limits, in Ra- 
manujan 125, Contemp. Math. 627, K. Alladi, F. Garvan, and A. J. Yee, 
editors, American Mathematical Society, Providence, RI, 2014, 91-102. 
S.A. Garthwaite, The coefficients of the w(q) mock theta function, 
Int. J. Number Thy. 4 (2008), 1027-1042. 

F.G. Garvan, Generalizations of Dyson's Rank, Ph.D. Thesis, Pennsyl- 
vania State University, University Park, PA, 1986. 

F.G. Garvan, New combinatorial interpretations of Ramanujan’s parti- 
tion congruences mod 5, 7, and 11, Trans. Amer. Math. Soc. 305 (1988), 
AT-TUT. 

F.G. Garvan, Universal mock theta functions and two-variable Hecke- 
Rogers identities, Ramanujan J. 36 (2015), 267—296. 

G. Gasper and M. Rahman, Basic Hypergeometric Series, 2nd. ed., Cam- 
bridge University Press, Cambridge, 2004. 

B. Gordon and R.J. McIntosh, Some eighth order mock theta functions, 
J. London Math. Soc. (2) 62 (2000), 321-335. 

B. Gordon and R.J. McIntosh, Modular transformations of Ramanujan’s 
fifth and seventh order mock theta functions, Ramanujan J. 7 (2003), 
193-222. 


147 


148. 


149. 


150. 


151. 


152. 


153. 


154. 


155. 


156. 


157. 


158. 


159. 


160. 


161. 


162. 


163. 


164. 


165. 


References 417 


B. Gordon and R.J. McIntosh, A survey of classical mock theta func- 
tions, in Partitions, q-Series and Modular Forms, K. Alladi and F. Gar- 
van, eds., Develop. in Math. 23, 2011, Springer, New York, pp. 95-144. 
M. Griffin, K. Ono, and L. Rolen, Ramanujan's mock theta functions, 
Proc. Nat. Acad. Sci. 110 (2013), 5765-5768. 

N.S.S. Gu and J. Liu, Families of multisums as mock theta functions, 
Adv. Appl. Math. 79 (2016), 98-124. 

J. Guillera, On WZ-pairs which prove Ramanujan’s series, Ramanujan 
J. 22 (2010), 249-259. 

J. Guillera, A matriz form of Ramanujan-type series for l/m?, in 
Gems in Experimental Mathematics, T. Amdeberhan, L.A. Medina, and 
V.H. Moll, eds., Contemp. Math. 517, Amer. Math. Soc., Providence, 
RI, 2010, 189-206. 

J. Guillera, WZ-proofs of “divergent” Ramanujan-type series, in Ad- 
vances in Combinatorics, Springer, New York, 2013, pp. 187-195. 

J. Guillera, A new Ramanujan-like series for 1/1?, Ramanujan J. 26 
(2011), 369-374. 

J. Guillera and W. Zudilin, Ramanujan-type formulae for 1/1: The art 
of translation, in The Legacy of Srinivasa Ramanujan, B.C. Berndt and 
D. Prasad, eds., Ramanujan Math. Soc., Mysore, 2013, pp. 181-195. 
G.H. Halphen, Traité des fonctions elliptiques et de leurs applications, 
Vol. 1, Gauthier-Villars, Paris, 1888. 

G.H. Hardy, On the expression of a number as the sum of two squares, 
Quart. J. Math. (Oxford) 46 (1915), 263-283. 

G.H. Hardy On  Diürichlet/s divisor problem, Proc. London 
Math. Soc. (2) 15 (1916), 1-25. 

G.H. Hardy, Collected Papers, Vol. II, Oxford University Press, Oxford, 
1967. 

E. Hecke, Uber Modulfunktionen und die Dirichletschen Reihen mit Eu- 
lerscher Produktentwicklung, I, II, Math. Ann. 114 (1937), 1-28, 316- 
351. 

E. Hecke, Mathematische Werke, Vandenhoeck & Ruprecht, Gottingen, 
1970. 

D. Hickerson, A proof of the mock theta conjectures, Invent. Math. 94 
(1988), 639-660. 

D. Hickerson, On the seventh order mock theta functions, In- 
vent. Math. 94 (1988), 661-677. 

D. Hickerson and E. Mortenson, Hecke-type double sums, Appell-Lerch 
sums and mock theta functions, I, Proc. London Math. Soc. (3) 109 
(2014), 382-422. 

D. Hickerson and E. Mortenson, Dyson's Ranks and Appell-Lerch sums, 
Math. Ann. 367 (2017), 373-395. 

K. Hikami, Mock (false) theta functions as quantum  invariants, 
Regul. Chaotic Dyn. 10 (2005), 509-530. 


418 


166 


167. 


168. 


169. 


170. 


171. 


172. 


173. 


174. 


175. 


176. 


177. 


178. 


179. 


180. 


181. 


182. 


183. 


184. 


185. 


References 


. K. Hikami, Transformation formula of the “second” order mock theta 
function, Lett. Math. Phys. 75 (2006), 93-98. 

M.D. Hirschhorn, Elementary analysis in Ramanujan's lost notebook, 
Ramanujan J. 37 (2015), 641—651. 

M.D. Hirschhorn, The Power of q, Develop. Math., Vol. 49, Springer, 
New York, 2017. 

M.D. Hirschhorn and M.B. Villarino, A refinement of Ramanujan’s fac- 
torial approximation, Ramanujan J. 34 (2014), 73-81. 

F. Hirzebruch and D. Zagier, Intersection numbers of curves on Hilbert 
modular surfaces and modular forms of nebentypus, Invent. Math. 36 
(1976), 57-113. 

L.K. Hua, Introduction to Number Theory, Springer-Verlag, Berlin, 
1982. 

J.G. Huard, P. Kaplan, and K.S. Williams, The Chowla-Selberg formula 
for genera, Acta Arith. 73 (1995), 271-301. 

T. Huber, D. Schultz, and D. Ye, Series for 1/7 of signature 20, J. Num- 
ber Thy. 188 2018, 121-136. 

T. Huber, D. Schultz, and D. Ye, Level 17 Ramanujan-Sato series, sub- 
mitted. 

Ó. Imamoglu, M. Raum, and O.K. Richter, Holomorphic projections 
and Ramanujan’s mock theta functions, Proc. Natl. Acad. Sci. USA 111 
(2014), 3961-3967. 

H. Iwaniec, Topics in Classical Automorphic Forms, American Mathe- 
matical Society, Providence, RI, 1997. 

C.G.J. Jacobi, Fundamenta Nova Theoriae Functionum Ellipticarum, 
Sumptibus, Fratrum Borntrager, Regiomonti, 1829. 

M.-J. Jang and S. Lóbrich, Radial limits of the universal mock theta 
function g3, Proc. Amer. Math. Soc. 145 (2017), 925-935. 

K. Ji and A.X.H. Zhao, The Bailey transform and Hecke—Rogers identi- 
ties for the universal mock theta functions, Adv. Appl. Math. 65 (2015), 
65-86. 

C. Jordan, Course d'Analyse, vol. II, 3rd ed., Gauthier-Villars, Paris, 
1913; reprinted by Jacques Gabay, Sceaux, 1991. 

S.-Y. Kang, Ramanujan's formulas for the explicit evaluation of the 
Rogers-Ramanujan continued fraction and theta-functions, Acta Arith. 
90 (1999), 49-68. 

S.-Y. Kang, Mock Jacobi forms in basic hypergeometric series, Com- 
pos. Math. 145 (2009), 553-565. 

$. Kanemitsu, Y. Tanigawa, and M. Yoshimoto, On the values of the 
Riemann zeta-function at rational arguments, Hardy-Ramanujan J. 24 
(2001), 10-18. 

R. Kanigel, The Man Who Knew Infinity, Simon and Schuster, New 
York, 1991. 

F. Klein and R. Fricke, Vorlesungen über die Theorie der Elliptischen 
Modulfunctionen, Bd. 2, Teubner, Leipzig, 1892. 


186. 


187. 


188. 


189. 


190. 


191. 


192. 


193. 


194. 


195. 


196. 


197. 


198. 


199. 


200. 


201. 


202. 


203. 


204. 


205. 


References 419 


M.I. Knopp, Modular Functions in Analytic Number Theory, Markham, 
Chicago, 1970; reprinted by Chelsea, New York, 1993; reprinted by the 
American Mathematical Society, Providence, RI. 

N. Koblitz, Introduction to Elliptic Curves and Modular Forms, 
Springer-Verlag, New York, 1984. 

G. Kohler, Eta Products and Theta Series Identities, Springer, Berlin, 
2011. 

T.H. Koornwinder, On the equivalence of two fundamental theta identi- 
ties, Anal. Applics. 12 (2014), 711-725. 

S. Krantz and H. Parks, The Implicit Function Theorem, Birkhauser, 
Boston, 2002. 

L. Kronecker, Zur Theorie der elliptischen Functionen, Monats. Konig. 
Preussischen Akad. Wiss. (1881), 1165-1172. 

L. Kronecker, Summierung der Gausschen Reihen TETRI LA 
J. Reine Angew. Math. 105 (1889), 267—268. 

L. Kronecker, Zur Dastellung von Reihen durch Integrale, J. Reine 
Angew. Math. 105 (1889), 345-354. 

M. Lerch, Nová analogie řady theta a některé zvláštni hypergeometrické 
fady Heineovy, Roz. Ces. Akad. Frantiska Josefa 3 (1893), 1-10. 

L. Lorentzen and H. Waadeland, Continued Fractions with Applications, 
North Holland, Amsterdam, 1992. 

J. Lovejoy, On identities involving the sixth order mock theta functions, 
Proc. Amer. Math. Soc. 138 (2010), 2547-2552. 

J. Lovejoy and R. Osburn, q-hypergeometric double sums as mock theta 
functions, Pacific J. Math. 264 (2013), 151-162. 

J. Lovejoy and R. Osburn, The Bailey chain and mock theta functions, 
Adv. Math. 238 (2013), 442—458. 

J. Lovejoy and R. Osburn, On two 10th order mock theta functions, 
Ramanujan J. 36 (2015), 117-121. 

Y. Martin, Multiplicative n-products, Trans. Amer. Math. Soc. 348 
(1996), 4825-4856. 

R.J. McIntosh, Second order | mock theta | functions, 
Canad. Math. Bull. 50 (2) (2007), 284-290. 

R.J. McIntosh, Modular transformations of Ramanujan’s sixth. order 
mock theta functions, preprint. 

R.J. McIntosh, Some identities for Appell-Lerch sums and a universal 
mock theta function, Ramanujan J. 45 (2018), 767—779. 

R.J. McIntosh, New mock theta conjectures, Part I, Ramanujan J. 46 
(2018), 593-604. 

R.J. McIntosh, On the universal mock theta function gs and 
Zwegers’ u-function, Analytic Number Theory, Modular Forms and q- 
Hypergeometric Series (in Honor of Krishna Alladi's 60th Birthday, Uni- 
versity of Florida, Gainesville, March 2016), G.E. Andrews and F. Gar- 
van, eds., Springer, 2018, pp. 497—502. 


420 


206. 


207. 


208. 


209. 


210. 


211. 


212. 


213. 


214. 


215. 


216. 


217. 


218. 


219. 


220. 


221. 


222. 


223. 


224. 


References 


W. Moore, Modular transformations of Ramanujan’s tenth order mock 
theta functions, preprint. 
L.J. Mordell, On Mr. Ramanujan’s empirical expansions of modular 


functions, Proc. Cambridge Philos. Soc. 19(1917), 117-124. 
at? +bt 
e 


L.J. Mordell, The value of the definite integral / 


a dt, 
woe" +d 
Quart. J. Math. 48 (1920), 329-342. 
oo ,at?-Ebt 
L.J. Mordell, The definite integral | z 
e +d 


of numbers, Acta Math. 61 (1933), 323-360. 

E. Mortenson, Ramanujan’s ıp1-summation, Hecke-type double sums, 
and Appell-Lerch sums, Ramanujan J. 29 (2012), 121-133. 

E. Mortenson, On three third order mock theta functions and Hecke-type 
double sums, Ramanujan J. 30 (2013), 279—308. 

E. Mortenson, On the dual nature of partial theta functions and Appell- 
Lerch sums, Adv. Math. 264 (2014), 236—260. 

E. Mortenson, Eulerian series as modular forms revisited, 
Proc. Amer. Math. Soc. 143 (2015), 2379-2385. 

E. Mortenson, Ramanujan's radial limits and mixed mock modular bi- 
lateral q-hypergeometric series, Proc. Edinburgh Math. Soc. 59 (2016), 
181—199. 

E. Mortenson, A double-sum Kronecker-type identity, 
Adv. Appl. Math. 82 (2017), 155-177. 

E. Mortenson, A Kronecker-type identity and the representations of a 
number as a sum of three squares, Bull. London Math. Soc. 49 (2017), 
770-783. 

E. Mortenson, On the tenth-order mock theta functions, J. Australian 
Math. Soc. 104 (2018), 44-62. 

E. Mortenson, On ranks and cranks of partitions modulo 4 and 8, J. 
Combin. Thy. Ser. A 161 (2019), 51-80. 

M. Newman, Modular forms whose coefficients possess multiplicative 
properties, Ann. Math. 70 (1959), 478—489. 

M. Newman, Construction and application of a class of modular func- 
tions IT, Proc. London Math. Soc. (3) 9 (1959), 373-387. 

K. Ono, The Web of Modularity: Arithmetic of the Coefficients of Mod- 
ular Forms and q-series, American Mathematical Society, Providence, 
RI, 2004. 

K. Ono, Mock theta functions, ranks, and Maass forms, in Surveys in 
Number Theory, Dev. Math. 17, Springer, New York, pp. 119-141, 2008. 
K. Ono, Unearthing the visions of a master: Harmonic Maass forms 
and number theory, Proc. 2008 Harvard-MIT Current Developments 
in Mathematics Conference, International Press, Somerville, MA, 2009, 
pp. 347-454. 

K. Ono, The last words of a genius, Notices Amer. Math. Soc. 57 (2010), 
1410-1419. 


dt and the analytic theory 


225. 


226. 


227. 


228. 


229. 


230. 


231. 


232. 


233. 


234. 


235. 


236. 


237. 


238. 


239. 


240. 


241. 


242. 


243. 


244. 


References 421 


H. Rademacher, The Fourier series and the functional equation of the 
absolute modular invariant J(r), Amer. J. Math. 61 (1939), 237—248. 
S. Raghavan, On Ramanujan and Dirichlet series with Euler products, 
Glasgow Math. J. 25 (1984), 203-206. 

K.G. Ramanathan, On Ramanujan’s continued fraction, Acta Arith. 43 
(1984), 209—226. 

S. Ramanujan, Modular equations and approximations to m 
Quart. J. Math. 45 (1914), 350-372. 

S. Ramanujan, On certain arithmetical functions, Trans. Cambridge 
Philos. Soc. 22 (1916), 159-184. 

S. Ramanujan, Collected Papers, Cambridge University Press, Cam- 
bridge, 1927; reprinted by Chelsea, New York, 1962; reprinted by the 
American Mathematical Society, Providence, RI, 2000. 

S. Ramanujan, Notebooks (2 volumes), Tata Institute of Fundamental 
Research, Bombay, 1957. 

S. Ramanujan, The Lost Notebook and Other Unpublished Papers, 
Narosa, New Delhi, 1988. 

S.S. Rangachari, Ramanujan and Dirichlet series with Euler products, 
Proc. Indian Acad. Sci. (Math. Sci.) 91 (1982), 1-15. 

S.S. Rangachari, Euler products, modular identities and elliptic integrals 
in Ramanujan’s manuscripts, II, in Ramanujan Revisited, G.E. Andrews, 
R.A. Askey, B.C. Berndt, K.G. Ramanathan, and R.A. Rankin, eds., 
Academic Press, Boston, 1988, pp. 347-357. 

R.A. Rankin, Modular Forms and Functions, Cambridge University 
Press, Cambridge, 1977. 

R.C. Rhoades, On Ramanujan's definition of mock theta functions, 
Proc. Nat. Acad. Sci. USA 110 (2013), 7592-7594. 

S. Robins, Generalized Dedekind m-products, Contemp. Math. 166 
(1994), 119-128. 

L.J. Rogers, Second memoir on the expansion of certain infinite prod- 
ucts, Proc. London Math. Soc. 25 (1894), 318-343. 

L.J. Rogers, On two theorems of combinatory analysis and some allied 
identities, Proc. London Math. Soc. 16 (1917), 315-336. 

M. Rogers and A. Straub, A solution of Sun's $520 challenge concerning 
520/7, Internat. J. Number Thy. 9 (2013), 1273-1288. 

S. Saba, A study of a generalization of Ramanujan’s third order and 
sizth order mock theta functions, Appl. Math. 2 (2012), 157-165. 

Y. Sanada, A new identity relating mock theta functions with distinct 
orders, Tokyo J. Math. 29 (2006), 199—207. 

Y. Sanada, Some identities relating mock theta functions which are de- 
rived from denominator identity, Math. J. Okayama Univ. 51 (2009), 
121-131. 

J.K. Sareen and M. Rana, Combinatorics of tenth-order mock theta func- 
tions, Proc. Indian Acad. Sci. Math. Sci. 126 (2016), 549-556. 


T 


422 


245 


246. 


247. 


248. 


249. 


250. 


251. 


252. 


253. 


254. 


255. 


256. 


257. 


258. 


259. 


260. 


261. 


262. 


References 


A. Selberg, Uber einige arithmetische Identitäten, Avh. Norske Vid.- 
Akad. Oslo I. Mat.-Naturv. Kl. No. 8, (1936), 3-23. 

A. Selberg, Über die Mock-Thetafunktionen siebenter Ordnung, 
Arch. Math. og Naturvidenskab 41 (1938), 3-15. 

J.-P. Serre, Modular forms of weight one and Galois representa- 
tions, in Algebraic Number Fields: L-functions and Galois Properties 
(Proc. Sympos., Univ. Durham, 1975), Academic Press, London, 1977, 
pp. 193-268. 

D.P. Shukla and M. Ahmad, Bilateral mock theta functions of order 
2r +1” and their behaviour on the unit circle, Ganita 60 (2009), 27- 
56. 

C.L. Siegel, Über Riemanns Nachlass zur analytischen Zahlentheorie, 
Quellen und Studien zur Geschichte der Mathematik, Astronomie und 
Physik 2 (1932), 45-80. 

L.J. Slater, Further identities of the Rogers-Ramanujan type, Proc. Lon- 
don Math. Soc. 54 (1952), 147-167. 

A.K. Srivastava, Fifth and sixth order mock theta functions represented 
as 3», J. Indian Acad. Math. 31 (2009), 119-133. 

B. Srivastava, A comprehensive study of second order mock theta func- 
tions, Bull. Korean Math. Soc. 42 (2005), 889-900. 

B. Srivastava, Modular transformations for Ramanujan's tenth order 
mock theta functions, Kyungpook Math. J. 45 (2005), 211—220. 

Z.-H. Sun, The expansion of J|}; (1 — q@)(1 — q"), Acta Arith. 134 
(2008), 11-29. 

Z.-H. Sun and K.S. Williams, On the number of representations of n by 
ax? + bry + cy”, Acta Arith. 122 (2006), 101-171. 

Z.-H. Sun and K.S. Williams, Ramanujan identities and Euler products 
for a type of Dirichlet series, Acta Arith. 122 (2006), 349-393. 

Z.-W. Sun, On sums related to central binomial and trinomial coeffi- 
cients, in Combinatorial and Additive Number Theory: CANT 2011 and 
2012, M.B. Nathanson, ed., Springer, New York, 2014, pp. 257-312. 
Z.-W. Sun, Some new series for 1/x and related congruences, Nanjing 
Univ. J. Math. 131 (2014), 150-164. 

Z.-W. Sun, Neu series for some special values of L-functions, Nanjing 
Univ. J. Math. 32 (2015), 189-218. 

K. Venkatachaliengar, Development of Elliptic Functions according to 
Ramanujan, Department of Mathematics, Madurai Kamaraj Univer- 
sity, Technical Report 2, 1988, edited and revised by S. Cooper, World 
Scientific, Singapore, 2012. 

M.B. Villarino, D. Campos-Salas, and J. Carvajal-Rojas, On the mono- 
tonicity of the correction term in Ramanujan's factorial approximation, 
Math. Gaz. 97 (2013), 274-275. 

G.F. Voronoi, Sur une fonction transcendante et ses applications à la 
sommation de quelques séries, Ann. École Norm. Sup. (3) 21 (1904), 
207—267, 459—533. 


263. 


264. 


265. 


266. 


267. 


268. 


269. 


270. 


271. 
272. 


273. 


274. 


275. 


276. 


277. 


278. 


279. 


280. 


281. 
282. 


283. 


284. 


285. 


References 423 


M. Waldherr, On certain explicit congruences for mock theta functions, 
Proc. Amer. Math. Soc. 139 (2011), 865-879. 

J.G. Wan, Random Walks, Elliptic Integrals and Related Constants, 
Ph.D. Thesis, The University of Newcastle, Australia, 2013. 

J.G. Wan, Series for 1/rm using Legendre’s relation, In- 
tegr. Transf. Spec. Funct. 25 (2014), 1-14. 

J.G. Wan and W. Zudilin, Generating functions of Legendre polynomi- 
als: a tribute to Fred Brafman, J. Approx. Thy. 164 (2012), 488-503. 
L. Wang, New congruences for partitions related to mock theta functions, 
J. Number Thy. 175 (2017), 51-65. 

L. Wang, Arithmetic properties of odd ranks and k-marked odd Durfee 
symbols, submitted. 

G.N. Watson, The final problem: An account of the mock theta functions, 
J. London Math. Soc. 11 (1936), 55-80; reprinted in [68], pp. 325-347. 
G.N. Watson, The mock theta functions (2), Proc. London 
Math. Soc. 42 (1937), 274-304. 

H. Weber, Lehrbuch der Algebra, dritter Band, Chelsea, New York, 1961. 
E.T. Whittaker and G.N. Watson, A Course of Modern Analysis, 4th 
ed., Cambridge University Press, Cambridge, 1966. 

S. Wigert, Sur une extension de la série de Lambert, Arkiv Mat. As- 
tron. Fys. 19 (1925), 13 pp. 

D. Ye, Level 13 modular forms and their applications, B.S. Honours 
Report, Massey University, New Zealand, 2013. 

A.J. Yee, Combinatorics of Andrews’s and Hill’s partition identities as- 
sociated with mized mock moduar forms (personal communication). 

H. Yesilyurt, Four identities related to third order mock theta functions 
in Ramanujan’s lost notebook, Adv. Math. 190 (2005), 278-299. 

H. Yesilyurt, A generalization of a modular identity of Rogers, J. Num- 
ber Thy. 129 (2009), 1256-1271. 

H. Yesilyurt, Elementary proofs of some identities of Ramanujan for the 
Rogers-Ramanujan functions, J. Math. Anal. Appl. 388 (2012), 420- 
434. 

D. Zagier, Vassilier invariants and a strange identity related to the 
Dedekind eta-function, Topology 40 (2001), 945-960. 

D. Zagier, Ramanujan’s mock theta functions and their applications 
(after Zwegers and Ono-Bringmann), Astérisque 326 (2009), 143-164. 
D. Zagier, Quantum modular forms, Clay Math. Proc. 12 (2010), 1-17. 
W. Zudilin, Lost in translation, in Advances in Combinatorics, Springer, 
New York, 2013, 287-293. 

W. Zudilin, On three theorems of Folsom, Ono and Rhoades, 
Proc. Amer. Math. Soc. 143 (2015), 1471-1476. 

S. Zwegers, Mock -functions and real analytic modular forms, Con- 
temp. Math. 291 (2001), 269-277. 

S. Zwegers, Mock Theta Functions, Doctoral Dissertation, Universiteit 
Utrecht, 2002. 


424 References 


286. S. Zwegers, On two fifth order mock theta functions, Ramanujan J. 20 
(2009), 207—214. 

287. S. Zwegers, The tenth-order mock theta functions revisited, Bull. London 
Math. Soc. 42 (2010), 301-311. 


Index 


Ü-functions, 389 

q-binomial coefficient, 2 

q-binomial theorem, 19 

q-binomial theorem, corollary, 18, 
art 

q-notation, 1 


Agarwal, A.K., 371 

Ahlgren, S., 368 

Ahmad, M., 372 

Aldawould, A.M., 382 

alternative theories of elliptic 
functions, 373 

Andersen, N., 78, 368 

Andrews, G.E., 74, 76, 319, 320, 
B11, 372 

Andrews-Dragonette conjecture, 
369 

Antony, R., 147 

Appell-Lerch series, 3, 89, 110, 
185, 211, 230, 231, 291, 
294—296, 318, 368, 390-392 

Artin L-function, 353 

Atkin and Swinnerton-Dyer 
Lemma, 37, 99, 200 

Atkin, A.O.L., 37, 74, 75, 98, 391, 
392 

Aycock, A., 382 


Bailey pair, 116, 117, 119, 120, 
122-125, 145, 149, 159-162 

Bailey pairs, 372 

Bailey's 21/3 transformation, 232 

Bailey's Lemma, 80, 115, 116, 372 

Bailey, W.N., 234, 386 

Bajpai, J., 318 

Baruah, N.D., 382 

beautiful algebraic identity, 385 

beautiful identity, 399, 400 

Berkovich, A., 382 

Berndt, B.C., 147, 311, 324, 373 

Bhargava, S., 4 

binary quadratic form, 337 

binary quadratic form, class 
number, 338 

Brietzke, E.H.M., 371 

Bringmann, K., 1, 147, 318, 320, 
368, 369, 371 

Bruinier, J.H., 368 


Campos-Salas, D., 384 

Carvajal-Rojas, J., 384 

Chan, H.H., 324, 356, 374, 382, 
383 

Chan, S.H., 58, 87, 147, 371, 382 

Chandrasekharan, K., 386 

Chen, I., 382 


© Springer International Publishing AG, part of Springer Nature 2018 425 
G. E. Andrews, B. C. Berndt, Ramanujan’s Lost Notebook: Part V, 


https: //doi.org/10.1007/978-3-319-77834-1 


426 Index 


Chen, W.Y.C., 371 

Chern, B., 295 

Choi, Y.-S., 4, 147, 149, 171, 185, 
207, 229, 249-251, 256, 291, 
293, 295, 296, 307, 309, 365, 
371, 372, 392 

Chu-Vandermonde theorem, 118 

Chudnovsky, D.V., G.V., 382 

circle problem, 398, 399 

class of binary quadratic forms, 
338 

constant term method, 95, 177 

continued fractions, vii 

Cooper, S., 4, 85, 146, 324, 356, 
373, 374, 381, 382 

crank of a partition, 316, 390 


da Silva, R., 371 

dark curtain, 311 

Davis, C.S., 400 

Dedekind eta function, 256, 257, 
321, 322, 324, 357, 374 

transformation formula, 362 

Dedekind eta function, 
generalized, 256 

Deligne, P., 326 

Dewsbury, Francis, 287 

diophantine approximation, 400 

discriminant of a binary quadratic 
form, 337 

Dixit, A., 371, 383, 386, 387 

Dragonette, L., 319, 320, 369 

Duke, W., 1, 368, 373 

Dyson, F.J., 35, 371 


eighth order mock theta 
functions, 289, 290 

Eisenstein series, 321, 335, 382 

Eisenstein series, Ramanujan’s 
definition, 322 

Euler products, vii, 321, 322 

Euler’s formula for ¢(2n), 385 

Euler’s identity, 15 

Euler’s pentagonal number 
theorem, 85 


Euler’s theorem, 23, 24, 64, 127 
Eulerian series, 389, 390 


factorization formula, f(a, b), 59 

false theta functions, 14, 312 

Ferrers graph, 30 

Folsom, A., 1, 78, 316, 318, 
368-370 

Fourier—Bessel transforms, 386 

Frobenius partitions, 146 

fundamental region, 257 


Garthwaite, S.A., 369 

Garvan, F., 4, 74-76, 296, 372, 
391 

Ge, J., 382 

generalized eta functions, 259 

generalized hypergeometric 
function, 387 

Glebov, G., 382 

Gordon, B., 288-290, 294, 365 

Griffin, M., 368 

Gu, N.S.S., 372 

Guillera, J., 382 

Gupta, R., 386 


Hadamard product, 374 

Halphen's identity, 46, 49 

Hardy, G.H., vii, 1, 2, 5, 6, 8, 24, 
2; 287, 311, 312, 858, 363, 
389, 390, 392-394, 398, 399 

Hardy-Ramanujan-Rademacher 
formula for the partition 
function p(n), 319, 320, 369 

harmonic weak Maass form, 78 

Hecke eigenform, 346, 351, 352, 
356 

Hecke Grössen-charakter, 345, 
347, 350, 356 

Hecke operator, 345 

Hecke theta series, 331, 333 

Hecke, E., 336 

Hecke-type identity, 122 

Hecke-type series, 3, 78, 115, 159, 
390, 393, 396 


Hickerson, D., 4, 60, 78, 108, 147, 
229, 230, 251, 294, 296, 365, 
368 

Hikami, K., 370 

Hill, S., 371 

Hirschhorn, M.D., 4, 373, 384, 385 

Hirzebruch, F., 368 

Holroyd, A.E., 371 

Huber, T., 375, 382 


Imamoglu, O., 368 

implicit function theorem, 375, 
377, 379, 380 

indefinite quadratic forms, 390 

Innocents Abroad, 396 


Jacobi form, 295 

Jacobi’s formula, 399 

Jacobi’s identity, 324 

Jacobi’s triple product identity, 
44, 59, 65, 66, 85, 89, 
103-105, 111, 113, 114, 142, 
177, 179, 180, 185, 230, 250, 
296—298 

Jacobi, C.G.J., 373 

Janaki, S., 287 

Jang, M.-J., 370 

Ji, K.Q., 371, 372 

Jordan, C., 87 

Jordan-Kronecker function, 87 


Kanemitsu, S., 385, 386 

Kang, S.-Y., 3, 4, 357, 368 
Kim, B., 3, 4, 147, 322, 368, 371 
Kim, S., 58, 383, 400 

Kimport, S., 318 

Knopp, M., 256 

Krantz, S., 375 

Kronecker, L., 87, 291 

Kumar, R., 386 


Lóbrich, S., 370 

last letter to Hardy, 394 
Lerch sums, 231 

Lerch transcendant, 392 
Liang, J., 318 


Index 427 


Liaw, W.-C., 324 

Littlewood, J.E., 390 

Liu, E.H., 371 

Liu, J., 372 

Liu, Z.-G., 382 

Lovejoy, J., 147, 309, 368, 371, 372 


Ma, D., 318 

Maass—Poincaré series, 320 

Mahlburg, K., 147, 368, 371 

Maji, B., 386 

Malik, A., 58 

Mao, R., 371 

Martin, Y., 326 

Mathematica, 258-262 

McIntosh, R., 147, 288-290, 294, 
365, 372 

mindless search algorithm, 396 

mock theta conjectures, 3, 59, 60, 
69, 77, 78, 95, 106, 294, 392, 
394 

mock theta conjectures, 
analogues, 109, 110 

mock theta function, definition, 
318 

mock theta functions, vii, 365 

mock theta functions, 
combinatorial 
interpretations, 371 

mock theta functions, fifth order, 
17,99, TT, 314, 315 

mock theta functions, first 
appearance, 312, 313 

mock theta functions, partitions, 
73 

mock theta functions, second 
order, 370 

mock theta functions, seventh 
order, 315, 394 

mock theta functions, sixth order, 
109 

mock theta functions, tenth order, 
149, 395, 396 

mock theta functions, third order, 

8, 43, 314, 316, 365 


428 Index 


mock theta functions, third order, 
partial fraction expansions, 
35 

modular forms, 257 

modular group, 257, 366 

modular invariant, 369 

Moore, W., 309 

moral of story, 401 

Mordell integrals, 249, 251, 287, 

288, 290-292, 294, 295, 366 

Mordell, L.J., 251, 291, 295, 302, 

321, 328 

Mortenson, E., 4, 78, 147, 149, 
229, 230, 318, 365, 368, 371, 
372 

multiplier system, 257 

mystery, 389 


Narang, G., 371 
Narasimhan, R., 386 
Newman's criterion, 324 
Newman, M., 326 


Ono, K., 316, 318, 320, 324, 345, 
365, 368-370 

order, of a mock theta function, 2 

ordinary Bessel function J, (x), 
387, 398, 400 

Osburn, R., 309, 371, 372 


Parks, H., 375 

partitions, 29, 30, 33 

partitions, bijection, 31 

partitions, mock theta functions, 
29, 31 

partitions, unique smallest part, 
74 

Passary, D., 371 

pentagonal number theorem, 11, 
250, 322, 353 

Picard—Fuchs differential 
equations, 382 


quantum modular form, 369, 370 
Quarterly Reports, 287 


quintuple product identity, 39, 85, 
115 


Rademacher, H., 369 

radial limits, 318 

Raghavan, S., 322, 335 

Ramanathan, K.G., 362, 401 

Ramanujan’s 7-function, 321 

Ramanujan’s ;7; summation, 61, 
87 

Ramanujan’s class invariant, 362 

Ramanujan’s formula for 
C(2n + 1), 385 

Ramanujan’s general theta 
function f(a, b), 44, 59, 185 

Ramanujan’s last letter, 6, 8, 17, 
24, 26, 27, 311, 312 

Ramanujan’s notebooks, 86, 87 

Ramanujan’s second notebook, 
252 

Ramanujan’s theta function v(q), 
35, 186 

Ramanujan's theta function (q), 
186 

Ramanujan’s theta function 
f(—q), 322 

Ramanujan’s theta function 
f (a, 0), 85, 250 

Ramanujan's theta functions, 
general identity, 44 

Rana, M., 371 

Rangachari, S.S., 322, 323, 326, 
328, 329, 336, 337, 356 

rank of a partition, 35, 74, 76, 
316, 390 

rank, generating function, 35, 44 

rank, generating function, 
2-dissection, 37, 38 

Rankin, R.A., 287, 311 

Raum, M., 368 

Rhoades, R.C., 295, 316, 318, 368, 
370 

Ricci, J., 318 

Richter, O.K., 368 

Riemann zeta function, 385 


Riemann, B., 291 
Rogers, L.J., 312, 393, 394 
Rogers, M., 382 
Rogers-Fine identity, 370 
Rogers-Ramanujan continued 
fraction, 357-359, 373 
finite, 359, 360 
values, 362 
Rogers-Ramanujan functions, 
63-66, 185, 208 
Rogers-Ramanujan identities, 2, 
393, 401 
Rolen, L., 1, 318, 368 
Roy, A., 383, 387 


Saba, S., 147 

Sanada, Y., 372 

Santos, J.P.O., 371 

Sareen, J.K., 371 

Schlosser, M.J., 382 

Schultz, D., 382 

Schwagenscheidt, M., 368 

second order mock theta 
functions, 289 

Selberg, A., 401 

Sellers, J.A., 371 

series for 1/7, 382 

Serre, J.-P., 353 

Shukla, D., 372 

Siegel, C.L., 291 

Sohn, J., 3, 4, 357 

Somos, M., 4 

Sondow, J., 400 

Sood, G., 371 

Srivastava, B., 372 

Stanley, Gertrude, 287 

stealing work, 390 

Stirling's formula, 384 

strange identity, 369 

Straub, A., 382, 385 

sums of tails identity, 370 

Sun, Z.-H., 329, 336-341, 355 


Index 429 


Sun, Z.-W., 382 
Swinnerton-Dyer, H.P.F., 37, 74, 
75, 98, 391, 392 


Tanigawa, Y., 374, 382, 385, 386 

tenth order mock theta functions, 
149, 249, 290 

theta function identities, 252 

Toh, P.C., 356 

Trinity College, Cambridge, vii, 1, 
287 

Twain, Mark, 396 


universal mock theta function, 294 
University of Illinois, 401 
University of Madras, 287, 312 


valence formula, 257 
Venkatachaliengar, K., 87 
vexing question, 3 
Villarino, M.B., 384 
Vlasenko, M., 371 
Voronoi, G.F., 398, 400 


Waldherr, M., 371 

Wan, J., 382 

Wang, L., 371 

Watson’s q-analogue of Whipple’s 
theorem, 117 

Watson, G.N., 6, 9, 15, 18, 19, 24, 
26, 27, 58, 234, 287, 288, 
366, 368, 387, 392 

Weierstrass o-function, 253 

well-poised 1049 basic 
hypergeometric series, 397 

Whittaker, J.M., 287 

Wigert, W., 386 

Williams, K.S., 3, 4, 322, 329, 
336-341, 355 

word of caution, 401 


Yang, Y., 374, 382 
Ye, D., 381, 382 


430 Index 


Yee, A.J., 371 
Yesilyurt, H., 4, 36, 37, 58 
Yoshimoto, M., 385, 386 


Zagier, D., 1, 318, 368-370 
Zaharescu, A., 383, 387, 400 


Zhao, A.X.H., 372 
Zudilin, W., 317, 318, 374, 382 


Zwegers, S., 4, 78, 149, 170, 171, 
177, 185, 231, 294, 296, 365 
366, 368, 369, 372 


